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TERMS and cnaadersks 


Uſed in this TaBATISE. 


AXIOM. | 
T mee 
to by every one at firſt fight, 1 | 
| DEMAND. 


Is 8 which doth not ap Self-evident at firſt ab , 
but becomes ſo ſoon as it is conſid and is therefore S re- 
quired to be granted as 


| DEFINITION: | 
1. a. Propoſition that explains the meaning of = Word; or which 
gives in exact Idea of the thing Signifd by that Word, 5 
; — 


THEOREM... | 1 
11 


Is likewite called a Propoſition, the truth of which myſt bo 
Demonſtrated. + *1 
| 
x 


* PROBLEM. ADE 

Is alfo a e muſt be demonſtrated, but any” 8 

in it ſomething required to be done; and that which was req | 

to do, mil" ere WER ee. . ; 

py EMMA. 

Ts 6 Propoſition made uſe of, in order to abbreviate the Proof 

ef the following Demonſtration. | 
CORALLARY. N 105 


1s a truth or conſequent OY gained from ſome pre- 4 
ceeding Demonſtration. : 
* E M o N. 


* 


(2 21 2 
reer | 


Is a train of arguments, deduced from ſuch plain Axioms and 
other Self. evident Truths, as cannot be dend by any One that 
conſiders them, but convince the Mind of the — thereof, even 
of the moſt obſtinate, who will t nothing but what is extorted 
by its undeniableneſs, and is the higheſt degree of Proof, human 
Reaſon is * of attaining to. N 


SCHOLIUM. NE 
. nn or Oblerration upon ſome precedent 
Diſcourſe. ' 
N. B. Eucrip includes the Terms Theorem and Problem both 


in one general Term Propoſition. - 


CHARACTERS. 

This mark-+fj gnifies plus, or more, A+B, that is A more B, 

This—Signifies Minus or 4%. A—B, Signifies A lefs B. is the | 

Mark or Sign of Equality, C=D, ſignifies that C is equal to DP). 
J Greater, Y Leſſer. 

X By, This is the Sign of Multiplication, as 22 A mul- . 

tiplied by D. i 

Sup. Supra or above. b. Book. n. Numbdr, 


There are figures put in the Margin of this Book, which ſhew 
how to find the Propoſitions alluded to, thus b. 2. n. 6. fignifies 
Book the Second, Number the Sixth. But if the Place referred to, is 
in the ſame Book, then it is cited with this note up. thus /p. n. 5. 
that is number the fifth above. a 

When the Propoſition treated of is to be found in Euclid the 
Place is denoted thus: Excl. 1. Prop. 7. that is, Euclid Book the 
Furſt, Propoſition the Seventh. 


. As to what other Notes may be uſed in this Work, tbey will 4 
explained in the Places where they firſt occur; and that the Je e 
above Characters may became Familiar, 1 feall make uſe of them is 


jropefing the following Truths. 
| | AXIOMS, 
1. Tux awhole is greater than its part. 


If A and B are the parts of the Line X, the whole Line X is 
15225224 B taken ſeparately. 


2. Tur Whele is equal to all its parts taken Fans: a2 


If A and B are all the parts of X, it is evident that Ag, that 
is A with B is equal to X: which is expreſied thus, A+B=X., 


3. Quan- 


| 


(3) 
3. O rrriss which are Equal to te fame Sri we qual 


one to another. 
' Suppoſe A=Z and B=Z; cats A qual l wad Ball f, 
to Z, then A and B are two this reaſoning * vo 
thus: if A=Z and 2 n bs the ame) if 
B. then A=B. I ſhall often uſe this E : it muſt 
— be well obſerved. To this Aro may added the fol- 
lowing one, which is no leſs Evident: If A is — to B, every 
quantity greater or leſs than B, b mf 


„een, awill 
If A=B, the ſame Quantity X being added to A and B, 7. 
will continue equal ATX BX. 


FR. Ir frog ou ee, ui me. the Remaia- 


If A=B, then A—X=B—X; that is if A and B are two equal 
Quantities, then A leſs X is equal to B lefs x. 


6. Ir ies be added to unequal Ones, they will conti- 
nue unequal, greateſt that which was greater, and leſſer that which 
was leſſer. 

If X and Z are two unequal Quantities, and A and B two 
equal Ones, XA and Z+B are unequal, n 
than the Other, according as they were before. 


be the R- 
Le fn ſubtracted from unequal ar, 


That is, if X and Z are ual Quantities, XA and 2—4 
are unequal, one greater or leſſer the other, ED Be ws 
2 were before. 

8. 4 heving the , hang adhel to) 
* — Sign——, is ay. (0 e 
+. — 0 


9. Tons wth half or third &c. oth ame aha 


L E unequal if the whole Quantities, are 
——— Sand. Whoeles are greater or 2. 


10. QuanTITIES. which — =P coincide together when placed 


one upon the other, are- 


If two Lines placed one upon the other do exaRtly coincide, - 
they are equal. 


a i 
bat | is 


B2 ADVER- 


* 


which. . upon, Thus if it r, Aan to 2 2 


into two e 


t advancing an Abfurdity, or what is mani . 


65 . e 
ADVERTISEMENT 


To theſe Avioms may be added this Propyfition, that 4 thi 
is true by Conftrudtion, when it is pay tg accurding to the 


", 


Parts aud that A Ce ſo divided at the paint 
ann AB and C are * the U . 


2 4 
of h 7 


2 Propoſition 6s alſo inconteſtable when it cannot be dried 7 
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G EOMETRY, 


BOOK I SECTION . 
"0x TUB | MT: 


-% 


Different Nee, of E XTENSION, 
DEFINITIONS. 


— 


ws AL HERE are are three Sarts of Extenſion gh, 
Breadth, and Depth, ae the three om. 
r 
= e 
Extenſion of ſuch Bodies as are tended 


into 47 8 "Breath, and Depth, it is ſuch an i Exten- | 
ſion, as the Mind conceives, ſo that were there no Bodies im the 
World, yet what Geometers demonſtrate of Extenſion would never- 
theleſs be true; hence it is, that altho Bodies are liab to alter- | 
ations yet the Truths of Geometry remain immutable ; for they do' . */\"8 
not depend upon Matter, but upon clear and diſtinct 12 whi ©" 
are in the Mind, therefore altho' there is no Body but what: h Ea. 
three Dimenſions; yet one may 'be confidered without the aber, . * 
Length may be conſidered: without Breadth, and Breadth without * | 
Depth, as the length of a Road may be conſidered without refle&i | 
on its. Breadth, and the Breadth without thinking on the Berk 
of the Earth; the Idea of Length excludes thoſe of Breadth and 
Depth, and that of Breadth excludes that of Depth, and theſe No 
tions are true, altho' in reality thoſe three things are inſeparable, be- 4 
cauſe in the Manner they are conceived, they are diſtin in _ 
this, that the one is conſidered without the other, therefore Geo- :4 
metricians can in this manner ſuppoſe things to be Long without be- | 


2 and Broad without * n | 


— — TOC r rr 
— , * * 
— 


6 ' Elements of Geometr n. 
one aſſert that theſ — tp falſe, yet the uen · 
ces which are ded from n 
ous. For Example, Altho' there is not ip fact an exact Circle in the 
World, yet according to the Suppoſition of a Circle being a Figure 
whoſe Circumference is every where equally diſtant from its Center, 


it muſt needs follow, that all lines drawn from its Center" to its 
Circumference are equal,  ' 


| eq 
2 II. A Point is that which bath no part. AE ; 


That is, the parts thereof are not conſidered ; for every 
which is extended hath parts : New if the Point be — 
is extended, therefore it is ſaid to be without parts becauſe what 
it hath are not it being conſidered as indivilible. 

3 III. 4 Line is Length without Breadth. Se 

That is, an Extenfion which is ſuppoſed either to have no breadth 
or whoſe breadth is not conſidered, it may alſo be conceived to 
be the Trace or Fluxion made by the Motion or Change of Place of 
a Point. There are two ſorts of Lines, the right Line, and curve 


Line. 


1 TV. Tar right Line is the Shortoff wobich — 


two given points. 
V. — Lines are thoſe which are not the * between 
two given points. 
There are many Sorts of curve Lines, regular and i 
Geometrical and Mechanical, but theſe we ſhall not treat of ere. 


Lines which are compounded 
of two or mare Lines as A ; | ? 
and B are ealled crooked, the A | 


Line A compoſed of two Lines, 
and the Line B made of ſe- 
veral Lines, may either of | 
them be conſidered as only 
one Line, therefore to diſtin- B 
iſn them they muſt be called crooked. 
VI. A Surface is an Extenſion long and broad without Depth. 


6 | 
7 3 right or plane Curfce, is the Shorteft between two right 


A right Surface at be conceived to be generated by the Mo- 
tion ot a right Line 


9 VIII. 4 Surface is greater than the right or plane Sur- 


ace; Which is between the ſame- tnvo Lines. 

IX. A Solid is an Extenſion which bath three Dimenfons, Length, 
Breadth, and Depth. 

A Solid is generated by the flux or motion of a Surface. Eve- 
ry Solid js a Body, as the very Name imports; for that is Extenſion 
which hath Length, Breadth and . therefore, Extenſion % 
and 05 is the ſame' Thing. 752 

8 E Cc 7. 


** 


nd 


„ g - 1 4 # P Wy... - — -*t, 
* — a . . * —_— . 


8 E Cr. 1 ð 


Of Length which is the rand faded Dimenlion of Body 
Of right Lines. 


Evibzur Propoſitions concerning right Lives, or Cerallaries proceeding 
from the Defonition thereof. 


ProyoOs1TIONS 7 he, 


L HE [nb e of 's Liarwve ters N 10 
II. Wusn two dfferent Lines interſef, their Seftion is an 
indivoifible Paint. 11 
III. Ir a Line drawn between tene Points, is farther from one Part  , 
than another o a right Line drawn between the ſame two Paints, it is 


longer than t Line. Plate 1. Fig. 1 a 
Fi Carve rde and AD an longer thn AB, He 
„ chi ows 


crooked Lines R FGO and R HG arg 1 


from the true Idea of a right Line, which is the ſhorteſt that can be 
drawn between the fame two Points. 


2 Two Paints being given, to draw a right Line from one tes 
2 


5 
8 


V. r 14 
This may alſo be done by help of a Rule. But when the 

Line is 1 dat ie ill N de g the" Rule fo they he" 
produced Part may be in a direct Line with the one, I 
ſhall therefore ſhew how to do it geometrically, when come to 
the Recreative Problems at the End of Book V. 


VI. BzTwuzn the ſame two Points can be drawn but one iz 


VII. Two ri L Prints comments each ether ore 16, 


enly one and the ſame right Line. 


BC and, A have rwo Points common, as A and B. W 


which it is impoſſible to conceive any more than one right Line; 
therefore AB and BA make but one Line. A 


B 
BA being prolonged extend itſelf Cmm—ſ—ſ-—> 
elſewhere than towards G, nor AB but towards D. wherefore AD 
together with BD makes only one right Line; for there can be but 
one right Line between the two Points C and D. 


VIII. TarzzrFoRE the Poſition of a right Line 42 only por tec 


Points. „ ; 


For if a Line be drawn through the two given Points, it will be 
the Line required, as appears evident, by the preceeding W 00 


Book I 8105. 2; AR As, 


1 


1 
1 


9 


Elan 5 5 | 
18 Ix. Two right Lines which craſs, or interſe each other, | 
| 1x Tio rg Ls _ * ber, can moet 
19 X. Tas Part of a right Line, is a right Line. 


Wu the Part of a "op. * enn 
more — a Point. | | 


— — 


8 — 1 


2 E c r. nt. 
o . Ge Liner 


Ab vrxr 18 EMENT. | 


— of Garee Lies A G- 
| der only 1 aubich next 0"the right Ling..is 
the imple and agg to be W 1 


% » 33 


ls. _—_— 


Dar Inn one 5 5 


20 I. 4 Girels is. a: Line having neither Beginning ny End, WP: 
is in all its Parts equally diiamt from a:Point within the Same, which | 
Point is called the Center thereof. 

21 II. Tus Circle confidered as a Surface, 2 that — which is 
. contained within the Line above deſcribed. 

22 III. Tus Line which bounds > Surface of the Circle, or the Circle © 
conſidered as a Line, is called the Cir 

23 IV. Aut Lines which croſs the Surface — pa xb the Cen 
ter, are called Diameter. | 

24 V. Evenr Line which ſues from the Center and terminates 4 
the Circumference, is called a Radius, or Semi-diameter. 

25 VI-Liwzs that terminate ar the Circumference and <vhich do nr 

| & through the Center, are called Chords. 

26 VIL THAT Part of the Circumference which is cut of by a Chord 

Liar, is called an Arc. 
Wren a Chord Line paſſes through a Circle, it divides. it into 
two unequal Portions, which are both bounded by the Extremities 
of that Chord Line. When the Chord of an Arc. is mentioned, 
it ſignifies the leſſer Arc, unleſs the other be particularly expreſſed: 
A the Center. B the Circumference. DAC a Diameter. 
AC a Radius, or Semi- diameter. EF a Chord Line. Fg. 2. 

27 VIII. Tus Circumference of every Circle is ſuppoſed to be divided” 

into three hundred and fixty equal Parts called Degrees, each Degree is 
divided into 4. ixty lefjer Parts called Primes, or Minutes, each Prime, - 
or Minute, into jixty Seconds, and each Second, into Sixty Third, and 
fo on, ad inf. 

IX Circles which are deſcribed from the ſame Center, are \ concentric. / 
to each other, and thoſe which have net the ſame Center, are called 


Excentrics.” Fig. 3. 22 


- 


9 © i S#, 
Fi 4 # % #4 


| Beos S 9 

being deſeribgg Fore —— NW 

2 1 eee in Fo Bud, 
* 


* 7 
L * © > 4 Gs 


Fvidzur, . 


1. Tus Circumference of a Circle may ws Sided ay gem a 


Interval, or Diflance. Eacl. 1. 
Tas Inſtrument: common] ane LOT fo 2 a Ciele, As + 


Pair of Compaſſes ; with whi N a Line ma Ho ad 
en iro Lines from greater 
** en a to the leſſer which wake th 4. F. 
Euclid, as quoted above. 
II. [Is the ſame ar equal Circles, the Chords of equal D. 


Chords c 4 1 Arcs. 2 
werent. 2 85 AK of Sad, be. 
ing compoſed in the ſame re 4 —— n there -can- | - 
Ee es oe ee 
N . or | 31 
Try rec ; 


greats Arcs, 2 25 dro are 

Fac. 3. Prop — — Namber. of Degrees F200 5 
Res conta 0 2 or 

leer, according un a3 4 xg Cirtles are 


T 7 the Whole th 
its i Par he: 3 fer 3 pom be et 
a Foot 
"a T & of tees 
longer — 22 2 . png Linus 2 2 greater. or ” 


eſſere. 
72 — Heck 2 VRP TORS 1 
VII. ALL the Pos 


2. 


4 Circle te its 


IX. re ZETA , Pd. "6 

ſame Center, are the ſame, and xo Ways diftin& one from the ather. ; 
"P18 the ſame here 2 L 

8 ene T 1 


fn, 


1 . ©. 
* — 


* - Fe : 
* — 4 Ld : 
, * 
* » % 2 . * * g * 
* * — a "_T , v * = 
* . 4 * 0 K * 1 7 
o 1 ; 8 , 
, * 1 * * ” . *. ba 1 : 1 Y * 
- 8 J . 
- N * 
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10 g lie of ou, Fs 1. 


a Nr £8 * £ — + £ Li > WIL PUR » * * 
4 of X. Al ou TE; Wi 21 - © * * 5 * , 
8 E Q T. Iv. "a ue 10 
Or * different Polit on of two right Lins with eelpet one 
. . another. 6 * 1 ul 1 
Salk >< 
Ee 9 2 


HERE ore ua this Afinses Peltibs tro ri Lis 
1. Either they agg moet together, 7 2 5 2 5 


may croſs each other,” when they meet together, they may eit aching, 


er me * towards aach other. Al which afations are bere con: 


36 8 Af Line aue 


* 


WY ves 


Or PareavpicuLan Lifzs.,. EAT 


fam apt ur cut e Line 
that it inclines not more to one Side nn * 


15 « Peryondicaler. 19 of 


 Evioexr Propoſitions conccering eee er 1b 


39 Pnror. I. If the Ty of a Line which ſtands apon he Al of 


F to be. 
41 
from Tiov other Points of the Line which it © andi upon, wane 


other Line, be at an equal Diftance from the rate End F; thin it 
dies not incline to either Side, but is 1 er pentlicular —— 

If A, the Top of the Line AE, a rey * . 
of BD, is equ y diſtant from B and B, the Ext wes Boop 
Line BD, it is then P diculay thereupon : this follows from the 
Idea of a Perpendicular Line, as given by the prececding 

II. Ir here are tive Paints in = Line which are equally diftlant from 
the Extremities of the Line which it tand! upon, every Point in hat 


2 N diftant from the fame Extremities 'of the, 


Ho, the ewo Points A und E of the Line AE, evequity ties 
" B and D, all the other Points of AE are equally diſtant froth 
B and D, for there is no Point inthe Line AE, which can be Cm. 
ceived nearer B than to D, withour imagining AE to be curved 


in ttrit Point, and therefore not a right Line, which it was foppoſed 
Line, be 'rqunlly Heer 


III. Ir ar of the Paints e By 


Points are equally &flant from thoſe ſame tavo Points, 


If AE is Perpendicular upon BD, bog of 1 ue A. 60 R | 


be equally- 3 from B aud D, the other will be 5 1 


42 


diſtant from the fame'Points B and D, for if A be eg 
from B and D. and E is not, then AE will W macht ts wy fry 
than to the other; and therefore is not Perpendicular, ME Woke | 


Suppoſition required it to be ſo. 
V. To demonſirate that one Line is Perpendicular to another, it is 


Mer to Aua, that true Points of the one, are each at as caval Di/- 
tance ew tevo Points of the other. * T 
0 


Hi 


. TIT 
Te eee thet AR b Pere e tipen M is ki"dnt”* i 
ßcient to prove, that its Points A and E are each at an equal Dit 5 
eee onthe Link pane 3. 
V. Ir a Line is 
its produced Part will alſo be 8 
AE is Perpendicular upon BD; its produced Gs EC is alſo Per. 
pendicular u gon BD, Ge i it is only one and wy pr ſame right Line: 


r bly be conceived to be otherwiſe, by reaſon AC does 
not bend either towards B or D. 
VI. wth one Ling in Perpendicular upon another thes art theſe Liner i, 
rect cular to each other, 
An ichen 9 15 egg 
4 5 for B cannot he conceived to incline more towards 


than to C, without imagining D at the Time inclined molt to 

I and.were it ſo, 3 20. 417. towards B than to 
thereſore AE will not be N upon BD, which is con- 

trary to the Suppoſition, therefore BD is eue . 

as is alſo AC hong BD. 

Gt Cour Prentemcd, 


To draw « ; Ling . 6 given Paint 45 


avi bout the ſame. Eucl. 1. Pro K 

Lr ar 
Line Perpendicular — I, be Rack Re RES 
ter, draw the Arc B ven Line in the Points B and C 
which bing bot inthe ne 2, nnd ln he e , of 
Circle whoſe Center is K, they are Dr | 
K. 2. From'C as a Center, with the Diſtance. cribe an Arch, © 
and from B with the ſame Extent, croſs that ſame Arch whaſe Points 
of Iaterſection are K and D, which. are equally diſtant from B and 
-- LINGER . equal ditent Hoa B 

at Line K an flraction, eq rom 
and C, © mutt bes do ns hoon » chat the Line Th Fe | 
pendicular upon Z, which way to be dane. «a . ? 


PrxoBLEM, II. ont 25 19 
T'o era, on rajf'« fee. « Print" given in 
Eud. 1: Prop. rf —_ 4 „ 
From the Point K in the let there be raiſed a 
dicular, 1. From hx Ce, dw hae ee the 
Line Z in two Points, as at A and B. 2, From theſe two Points 
A and B. deſcribe two other Circles with any equal Extent taken at 
Pleafure, ſo that ps ee Fx, penny 
at D. 3. Draw a from the de b 5 K,, hich i the Px 


dicular required ; Conſtruction, ual] A itn 
A and B, whoſe Pan nb alſo by Sara r 


diſtant from A and B. it is Perpendicalar Greupos.f 2.4 . | 


* 
* 


* Capi n. 4 1. 43. 1 
3 T * 4. „ | . 


IF Henn een 
When the given Point is at or near the extre 
as A, take any Point at pleaſure as C and open 
diftance of AC, and fi #4 as a Center 756 3 Circle, nat the. 
Point where that dp croſſes the given Line, as here at B, and draw 
through B and C the Diameter B 5. then . 4 ſve * fn 

to A be the Perpendicular required. 


+200 ( x 
CORALLARY. % 4 
4 "Haven, follows the method of dividing a right Bins into two equal 
Parti. Eucl. 1. Prop. ip. 
Surrosz the given Line be A B. from A and B as Centers, and 
\ with the ſame' Extent taken at pleaſure deſcribe two Circles which 
| interſect here at C and D, then by reaſon that'C and D are'equal- 
ly diftant from A and B, a Line drawn from C to D will Per- 
endicular upon A B.“ Now the Point E common to the two. 
ines D C and A B, is equally diſtant from A and B, + therefore 
A A, equal to E B; he the Line AB is divided into two 
cee ngual parts. 
48 Tuxonzu. 1. THERE. cannot ſbe more than one Perpendicular . 
ſed pon a Line from the ſame Point. 
© AD is Perpendicular upon the Line BC. It is to be demonſtra- 
ted, that there can be no other Perpendicular raiſed from the Point 
A, as for Example, A E or any other whatſoever, | 
From A as a Center, deſcribe the Circle BFD E G C. The” 
Poin:s B and C are equally diſtant from A, and the Point D, where 
the Circle cuts the Perpendicular, is equally diſtant from B and 
Ct. Therefore DBD C. the two Arcs B F D and CGD we 
alſo equal, | Conſequently D is in the middle of the Arc BF DE 
G C. If EA is Perpendicular to BC, then by the fame Reaſon,” 
B ECE, and BF DE=CG E; conſequently E will be alſo in 
ry middle of a FD EG C, therefore F D=B FDE, which is 
urd. | 
49 fig 2. 4 Line let fall Peopendicalarly aps the Middle of 
another Line, paſſeth thro' all the Points which are 2 oath diftant 
from the Extrenities of that other Line. 
Tux Line AD is let fall Per icularly upon A the middle of 
B C. It myſt be proved, that it paſſeth thro all the Points which 
are equally diſtant from B and C, the extremities of BC, If you 
deny It, and would aſſert that the Point E, Which AD doth not paſs ' 
thro”, is . equally diſtant from B and C, then let there be drawna a 
right Line from that Point E to A. Which will be Perpe icular 
pon B C, ſecing' that two of its Points A and-E are equally diſtant 
— B and C, Now it was demonſtrated by the preceeding Theo- 
rem, .that there cannot be drawn two Pe ndiculars from the Point 
A, therefore it is not true; that the 3 is equally diſtant ED 


B, and C. | ; 
* Sup. n. 43. Þ+ TE 1. 41. t Sup. 1. 42. ye 
[| Sup. 1. Jl, / Sup. u. 43. 23 
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Tuseazw. z. From the e the Jeme. 1 


ern 1 
uE Line AD is i 

thãt from rr 

upon BC, for every other Line drawn thereto from D, will fall 
gehe on One fide or the other of the Pon: A, ſuppoſe at B then then if 
E A is a Perpendicular, the Point E muſt be equally. N 
B and C, | therefore BE is the half of the Line B C 

alſo the half, therefore B AgB E. wubich 5s e 


Tuxonzu 4. Two Liner which are Perpendicular upon a 20 


can never meet. 

Fox if they cou d meet or interſect, there would bel at that 
Point of meeting or interſection, two Perpendiculars upon the ſame 
* n has been demonſirated to be impoſſible. 


ADVERTISEMENT. 


Tux Diſtance between a Point and a Line, ood of Per 
pendicular, becauſe it is the ſimpleſt and moſt certain Meaſure, by rea- 


Jon there can be but ane Perpendicular drawn from a Point to a, Line, 
and beſides, it is the ſhorteſt of all lines which'can be drawn 


the Jame Point tothe fake” Line, a du „ made "wpyear bw 


following. 


/ Tazoxzct 5, Tus Perpendicular is the herteſt of all LU 


tote et hr" the ſame Pont to the ſame Line. 

Tus Line Perpendicular u Ie is to be'demonſira- 
ted, that it is ſhorter than any other wn from the Point B to the 
Line Z. Prolong B A unto C. making B AAC, the Line D A 


51 


is P — BT, as is BC likewiſe upon AD ® The Point 


D is therefore equally diſtant from B and C,+ therefore B D is 
to DC; But the right Line B C is ſhorter than the Line B DDC? 


conſequently A B, the half 29 Ne 


BP#DC, d. E. B. ; | 


Or Dontuve Lines, . F 


Dr. 1. A Line which . 
one fide thereof than to the __ & called an Oblique Line. 


Dey. 2. BCi an obl, x $1 Z; having drawn from its. 
43, t 


extremity B, the Perpendicu Line A C *obich is between A. 
the Foot of the Perpendicular and C that of the Oblique, is the diftance 
between the oblique Line and its Perpendicular, and that diftance is the 
meaſure of the 2 of BC. Therefore a Line Ii mire or leſs ab- 

ligue, in proportion to the ance thereof from its Perpendicular. 
Lemma. t. 1 right Lines having upon tach of them a Per- 
pendicular, i aced one upon the other, ſo as the foot of one 
Perpendicular be Fab upon that of the other, the two Perpendicu- 
lars will concide ele, 12 q 
is 


1 Sup, n. 42 Sup. 1. 42. r 2 Sup. n. 12. 


4 . FEltmnts of Geometrv. 4 
A 1 upon Z, and ab upon X. A, ts be Wome > 
That if X be laid upon Z $ that a be putuponA,the two Perpendic®- 
rs A B and ab will coincide, for ſince that after the above mentioned 
Pofition, X and Z become only one Line, A B wilt be Perpendics- 
hr upon each of them, ſo alſo will ab, therefore if AB and as 
did not coineide; there would be two Perpendiculars upon the ſame 
Line at the ſame Point, <ubich is 3mpoſſible.* - 5 
Lemma. 2. 'Is from the End of Line be drawn four Lines, ks 
57 of which unite in a Point nearer the given Line than the other baue, F 
Jay, that the two laſt taken together «will be longer than the tævo firſt 
LI BC be the Line given, and from the Points B and C, draw 
the two Lines BD and C P, and the two others BE, CE; I fay, 
that B E+CE is longer than BD+CD.A right Line being the ſhort- 
eſt between two points. F CE+EG is longer than C DD G, and 
by the ſame Reaſon BG+GD is. longer than BD, therefore CE, 
+EG+GD+BG is longer than CD+DG+ 8D, taking DG away 
from each, the remainder CE+FG-+BG or CE+EB,wi According te | 
the jeventh Axiom, be longer than BD+D Go which wes to be proved, 
88. Tuzorrem I. Wax the Perpendiculars and their Obliquities are | 
equal, the Oblique Lines are equal. de ne 
AB is Perpendicular upon A C, and ab upon ac, the two perpen- 
giculars are equal, alſo A C the diſtance of the Perpendicular A B. 
 w equal to ac, the diſtance of the Perpendicular ab. if is te be prov-- 
ad, that B C=bc. Having according to Lemma 1. Placed the two 
cegqual Lines ac, and A C upon each other, the Nr ab will 
coincide with the Perpendicular A B, and c with C, ſo likewiſe be 
with BC, Q. E. D. id Ay B 
$09 Tnzoxem. 2 OnBligus Lines drawn the ſama, Point to the © 
fame Line,” are in length Proportional to their diflance from the Per. 
cular. | © 8 


I is to be proved, That BE is longer than B D, to do which, 
ler B A be prolonged even to C ſo that A BAC, then B D 
DC, and B E=E C, now BE+E C is longer than BD+DC Ly Len- 

ma 2; therefore BE the half of BE+E C, is longer than B D the 
half of B DDC, according to Axiom 9. 2 

THEOREM. 3. Ax Oblique Line is langer. according to the Length of ' 
its Perpendicular and its Diftance therefrom ; and if its Diſtance from 
the Perpendicular be the ſame, the longer the Obligue Line is, the Au- 
* is its Perpendicular. | \ | K eat 

1, LI r BC and DE be two Oblique Lines, the Perpendicular 
AB is longer than AD, and AC its Diſtance from the Perpendicular 
B.A, is longer than AE that of DA, I fay, that the Oblique Line 
BC is longer than the Oblique DE, for (by the preceeding Theorem, 

E is longer than BA, and finge that AC is Perpendicular upon AR, 
by the ſame Theorem, BE is longer than DE, conſequently, BC bei 
fonger than BE, is alſo longer than DE. 2. AE is the ſame pit | 
tance, I ſay, that if BE is longer than DE, the 8 AB 
a | | is longe, 


'® £ys. » 49. / Sup. fl. 12. 1 Sap. u. 38+ 
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is longer than the Perpendicular AD, e 
than then, either by the fuſt or precedent Theorem, 

ſhorter than DE, E to the Mw 
which required BE to be 
Tarn 4. Is the F 


5 


ab upon AB; "the two equal Lines wil entirely 


cw age —— — ut with. D, then be will coincide 


with BD, but BD Y BC, * which is contrary . 

bC = be, Twou'd have been a equal d e e 

AC longer than ac, therefore it muſt be, that AC | 5. 
1 * — ==" hey 
A are equal are 47 

Er A g= ac, and BC be, Þ 3s to. 
Let AC be d upon ac, the two equal Lines 
the P ular ab with the Pe ular AB in 
AT ARE ADE ab and! 


ora redo therefore ab m 
cide with AB, ml toe eee, 


Or. Paal Lane 7 


DaFthreion, Two right Lines wwbich are aue, 4 — 
their Parts one From | the . Iv called Peale? 


Evipent Propofions concerning Parallel 1 


Por. I. A right Line which hath tao of its Points equal 
tant from 3 right Line, is parallil thereto. 6 
Fos the Poſition of a ri ght Line depots Kat bf 
owe = wy ron Lies being equal 
other, are ccording to | 
PAO. II i. bre cet, ad ae See, po 7 Plreliticg 
are e 
TER pepepdkeslan meaſure the Diſtance between he! tw 
Parallels, which being every where the fame, they are 
n Lr l 
in 
o they cannot unleſs approach at one end, 
are thajbfore then up e 
veaſe to be (as ſuppoſed) parallel. 1 NY | 
Proe. IV. Two right Lines which are not parallel, but nearer ur 67 


one end Bas the ether, if ſufficient * {| 
N nn 
„ n ee 


12 


16 | Elements of Gromerry. | 
ADVERTISEMENT. At 
1 is to be 3 + of right Lins for "Wit are i Comp 
Lines of ſuch a Nature, that they continually approach toward' ri g 


Lines without ever meeting them, (at is demonſirable) and 4.00 752 5 
Lines are called the Aſymptotes of the Curves. * 


68 Por. V. TW] o ines which are Perpendicular ayon one and the 


ſame Line, are parallel one to another, 
2 two Perpendiculars can never meet.“ Now if they were 
„they would meet according to the preceeding this eras 
— they muſt be 
Lemma t. Lints which are ft two parallel Lines, if they 


69 ove Perpendicular 10'one parallel, they ave / ee 
o upon 


Ir AB Perpendicular upon X is not , then Z is not ſo 
upon AB; * therefore being inclined to the Line AB, it will ap- 

either towards one end or the other of the Line X, and meet 

＋ conſeq uently it is not x thereto, contrary to the Suppoti- | 


tion which reg uired it to | 
Lemma 2., THe Line AB cn lu un Z 0nd | 


7% g the two Lines are parallel 4 * 


71 


on the two Lines (ame Figure ) are reciprocally Perpendicular 
upon AB; T and therefore they are parallel. 

Launa 3. Ir between two right Lines there are two other . 
right Lines, of aubich one is Perpendicular upon the firſt, and the other 
pon the ſecond, I ſay, that the two firſt Lines _ | 

BETWEEN Z and X, are two equal Lines AB and CD, one of 
which, namely AB is Perpendicular upon X, and CD upon D, I. - 
ſay, that Z and X are parallel. For if Z is not parallel to X. u 


either declines from it, or inclines to it, both which ſhall be ſhewn 


therefore lel to each 2 gene, to the Suppe l 


to be abſurd, therefore it muſt be that they are parallel. 1. If it 
be ſuppoſed to decline therefrom, From the Point A having drawn 
AE Perpendicular upon Z, 8 ** this Perpendicular coincide 
with AB, Z and X are Perpendicular upon AB by 83 and 


if AE fall on one fide of AB, Gr ndicular AE wi be. ſhorter 
than the Oblique Line AB, + conſequently ſhorter alſo than 


- CD=AB,$ chatelors the Line Z inclines to the Line X, contrary _ 


to the Suppoſition. 2. If it is ſuppoſed that the Line E. inclines-to 


the Line X. twill be a like Abſurdity ; for having raiſed pop. the the 


Line Z the Perpendicular BE at the Point B, | as AB is Perpe 


cular upon X, of it coincides with AB, then according to wie hat 


been ſaid, Z and X are parallel, but 3f BE falls on one fide, as AB 

and ak ſed Perpendicular upon X, BE will be Oblique, and con- 

y lodger than 'BA, q or than its equal CD, > rei, 

Rr 3 AA 2. 48 528 . i WF 

8 up. 7. up. 2.45. 5 Sup. n. 68: 

Sup. K . + Sup. u. 68. rn. $ Sup, 1. 
Axiom 3, | Sup. n. 47. q Sup. n. 51. 1 
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and X decline from each. other, contrary to the Suppoition which 
. 

roBLEW. To a Line fo a en through ., 
a given Point. Excl. 1, Prop. 1324. me 

r AD be the Line to which a Parille] muſt be drawn 
through the Point C, From the Point C let fall a Perpendicular 
upon the given Line AD, upon which having raiſed 3 a 
dicular ſuch as AB equal to CD, it is evident; that the Li 
which paſſeth through the two Points B and C will be parallel 
to AD, according to the Defmition.* 2 . 

On from any Point whatſoever as A, let ſuch an Art le deſcribed 
as will paſi through the given Point C, from which with the ſame 
extent AC, having made the Arc AB equal to DC, the Line drawn 
ge ed bed dra ped nr | 
Tonus. Two Lines parallel to a third, are parallel to each ,, 
ther. Eucl. 1. Prop. 30. BY h 

X and Y are to Z. 8 | 
upon Z, which being prolonged to C, ſeein t it is Pe - 
cular upon Z it will be ſo upon V, (a to Z 31) ch oe 
Z is a parallel to X, the Line which is Perpendicular Z 
will be ſo likewiſe _ n X, (a parallel to Z. 1) therefore fince X 


and Y are P upon AC; they are parallel to each 

other. $ Q. E. J OR, | 
CoRaLLarY. Two different Lines which art parallel to a third, 74 

cannot be drawn through the ſame Point. | 45 
For by the Theorem they muſt be parallel to each other, 

which fince they would have one Point common is abfurd, and 

it is the Property of Parallels never to meet. 


. 4s # & A" C2 4s.» *$ — = 1 : — 


— 


"BY 2 e A Ge 


Or the different Poſition of two Circles with reſpect to 
each other. | 


ADVERTISEMENT. 


LN NE Circle may be ſo placed with reſpect to anothet Circld, 
1. Tnar they may neither interſe& nor touch. 2. That 
they may interſe& or not interſect. 3. That they may touch 
either on the inſide or outſide. N 
Evibzür Propoſitions concertiing the Poſitich bf Circles. 
PAO r. 1. Concentfic-Circles do neither interſef# nor touch. . 75 
Tur Concentrit-Circles X and Z whoſe Center is A, may be 
tonceived as deſcribed by the Points D and E of the Line AE, 
therefore the Circle which D deſcribes, is always within the _ 
D r 


Sup. 2. 63. f S . 69. 1 Sup. n. 69. $ Sup. #. 68. 
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cle. Z, which is deſcribed by E, the two Circles therefore can- 
not meet. | . | „ N 
6 PRO r. 2. Two Concentric-Circles are always equal diftazt, 
N 1 X and Z there is always the ſame diſtance DE. 
(lame hg.) | | 


77 THEOREM I. TwWo Circles which interſect are nat Corocentric. | 


Eucl. 3. Pro 0 5 N a ö if 
Lr there . two Circles which interſect at the Points B and B, 

1 ſay, that they have not the ſame Point for their Center. For 

if A be the Center of the two Circles which interſect at the Point 


B, the Lines AB and AC (Radii of the ſame Circle) are equal, 


AC = AB. and by the ſame. reaſon AB = AD.. therefore 
ACZAB=AD ; then ACZAD,F that is, the Part equal to the 
Whole, which cannot be. 1 
78 Tugokzu 2. Two Cireles which touch are not Concentric, or 


have not the ſame Center. Eucl. 3. Prop. 6. 


Le r there be two Circles which touch at the Point B, I ſay, 


they have different Centers. For if A was the Center of both 
the Circles, then AD=AB, and AB=AC, Ne AD 
=AB=ZAC, therefore ADAC, that is, Part AC is equal 
to its Whole AD, which is abſurd. * b 
79 Turku 3. Ir u or more Circles have their Center in the 
ſame right Line, each croſſing it at the ſame Point, they can touch 
each other only at that Point. | 
THe Circles X, Z, V, have their Centers in the ſame Line 
which they croſs at the Point D. it 7s to be proved, that they can 
touch only at the Point D. If we ſhould ſay that they may 
touch elſewhere, or meet at the Point E, then AE AD ſeeing 


they are the Radii of the ſame Circle, by the ſame reaſon 


CD CE, therefore AE+CE=AD+CD, which is abjurd.* In 
like manner it is demonſtrated that Z and X do not meet in E,, 
for if they ſo met, BD=BE, and AE=AD, but ADZAB+BD, 
or AB+BE, then AE=AB+BE, wh:ch is abſurd. 

80 CoralLaky. Two Circles cannot touch either within fide, or 
"vithout, but only in one Point, Eucl. 3. Prop. 13. 

X and Z touch within ſide, 8 Figure) if it be at the Point D, 
they cannot touch elſewhere, for Example at the Point E. if they 
touch at ſi they can't touch at D, for AB+BE will be equal to 
AE, which is abſurd. : X and Y touch on the out- ſide, if it be at 
the Point D, they cannot touch in any other, for Example in E, 
for then ACZAE+EC, which is abſurd. 

$1 Turo. 4. Ir tro Circles touch on the infide, the right Line which 
being produced wwill join their Centers, wvill paſs through their Point of 
Contad?, Evel. 3. Prop. 11. = 


1. By Theorem 2. Theſe two Circles have not the ſame Cen- 
ter. 2. Let F be the Center of BAB, if G which is not in the 
Line FA, which paſſeth through the Point of Contact, was the 


<a aA co We MM 
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Center of DAD; thenGA= ** r . 
now FG+GAY FA Nand conſequentl 

FA FB, therefore FG for 20 708, den then — Reef 
each the common Part FG, there will remain GD than the 
Whole GB, which is impe//ible. 


TarroReM 5. Ir two Circles touch on the ont. ar, & right Line 82 


_ ag ths their Centers, will paſi through therr Paint of Contact. 
Eu rop. 1 

L DAD and EAE be the toe Circles which touch at A, 
| fay, that the Line which will join their Centers will thro? 


the Point. A. If we deny this, we muſt unavoidably fall into an 


Abſurdity ; for let B be the Center of DAD, 3nd C that of EAE, 


and that therefore the Line BC: will not paſs through A where 


the, two Circles touch: BA BD and CA=CE,* then BA+ + 


AC=BD+CE, fince that BC does not paſs through the Point 
of Contact of the two Circles which is common, D and E are 
not the ſame Point, there being between them the Diſtance DE, 
which add to BD + CE, then BD+DE-+CE is longer than 
9 which is ablard. ; | 


„ K 8 7. VI. 


or the Poſition of a right Line with rape to 3 Circle, 
ADVERTISEMENT, | 


Rionr Line may be wholly within, or without a Circle : 

A If it is without, it may be in ſuch Poſition, that when pro- 
longed it may either cxoſs it, or only touch without entering 
into it. 

Tutor 1. Ir any two Points be taken in the Circumference 
a Circle, the right Line drawn from one of thoſe Points to Wr 
will fall wholly within the Circle. Eucl. 3. Prop. 2. 

B and C are two Points in the Circumference of the Circle x. 
it muſt be proved, that the Line BC drawn between thoſe Points, 


of 8; 


is entirely within the Circle. From A the Center of X, draw a | 


right Line to D the Middle of BC; fince AB and AC, the Ra- 
du of X. are equal, and fince D is the Middle of BC, the Line 


AD is Perpendicular, and therefore ſhorter than either AB or 


AC, therefore D is within the Circle. & Now every other obli- 


ve Line drawn from A to BC, will alſs be ſhorter than either 
B or AC, all the Line BC is therefore within the Circle. 
B32 Tutoazu 2. 
; + Sap. Ax. 4. f Sup. #.12. || Sap. n..20. 
up. A 
* Sup. n, 20. + Sup. n, 12. i. ©} Sup. 2. 40. 
Sup. n. 53. 
Sup. u. 59. 


24 Turok 2. Ir a Chord is cut into (eu 
Seal ew. Toh. n Arc 


the Ar CD equally in two at B, and paſſes Lk 


3; 


Points C and D, * that BF is Perpendicular pj © 
Point D which is in this Perpendicular, is alſo Ter hom , 
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Parts, 
1147 l Geng h be ch It wk two 3 Parts by the Pers 
—4 Line BF, at the Point E, I ſay, that this Line cute 


enter. 1. Seęing that the Point E is * 


the Points C and D, + and therefore the Chord equal to 
the Chord BD, and cqnſequently the Arc BC.is equal t A Arc 


BD, therefore CBD is cut equally in t it is the 
ET the 5 fl. 2. The A ma i der BY rj thro? - 


all the Points which are equally diſtant from C now 


the Center of the Circle is Racy ay 8 two Points C | 


C and D, therefore BC enter. 


Part e b 


Re 


* 


: 


 Conguiary 1. Ir is eviden 2 ther Ye bs Bok as Af 


into r 4. N muſt be rait = the Middle o 
ne. 


its Chord Eucl. 3. Prop. 30. 


86 CoratLary 2. Tre: two Arcs contained between two reli“ 


87 ProBLEM 1. Thres Points y given, to frnd the Center 4 * | 


Lines are egual. 
Tux two Ares MC and ND, contain'd between the two parallel 


Lines or Chords MN and CD are equal ; for the Diameter BR 


being drawn Perpendicular upon CD, it will alſo be fo upo on 
MN, + therefore BU=BN, and BC=BD, : the Arcs 2 
Chords are equal, || therefore the Arc BC—BM=BD— 

but the Arc BC lels the hos T0 6 gage val to the Arc CM, 1 
likewiſe BD—BN=ND ; therefore C 


monſtrated equal to the Arc BD 


Circle which paſſes through theſe Points. Eucl. 3. Frog. 1. 
Lr the three given Points be A,B, C, j join mom.oy two 
Lines AB, BC, which we will conſider as Chords S 
ſought, and on the Middle of each of thoſe two Lines 2 
Fro Perpendiculars, 1 ſay, that the Point K, where thoſe two; 
n 


es interſect, is the Center of the Circle required, awhich is 


— by the forego ing Theorem. 


Ir the three given Points had been in a night Line, the Problem 
would have been impoſſible; as is evident, for then. the wy Fe 


pendiculars being parallel, could not interſect. 


inſtead of the Chord MN, Aa yay ati 7 
of the we u at B, a Tangent paß, 
rallel to CD, che Arc BC, mig t more readily have Fee f 


* 88 1. Ir twe CCirtles have three Points common, © 4, 


C, then the reſt are all likewiſe common. 
. HESE two Circles having the ſame Center (vix.) k. and. 
being deſcribed with the ſame Exten 


from each other.“ | CORALLARY 4. 
Sup. n. 42. Sap. . | Sup. n. 2. 
4 — lr 1 bu. 1. 42. 17 
9 Sup. 4. 38. ' , Y ; 4 YES , Fis 


JF 


ty * cannot be different 


— 


E# 


— we 4 


* - 


—— 


2 


» 


„ 
n 


N DS - 
Two Cirelu 
* 0 ca id only in — 


| le gar interſect in three, they would have three 


P common, therefore, the FN u.. 
Pony ener Tn oy 


CoRALLARY.. 3. Paar of a Circle 1 given, the Ae Ci 


le may be compleated. Eucl. 3. Prop 9 
32 en . may. the Center 
of the Cine whale art ts, be font by th 3 
blem. 


| 4. — 3. beinen 25 #7» ed inte g1 
equal Parts, and paſſeth thro' the Center, 1 ſay, that it quis it 


Pereneulr Eucl. 3. Prop. 3. 

—__ n the Arc or Chord of a Cir- 
cle into two equal Parts, and thro the Center K, I ſay, 
that it cuts the Chord P icularly, for in the Line BK there 
are two Points ( viz.) A or B and K y diſtant from C and D, 
fince AD is half the Line BD, and BC half the Arc CBD, and | 
that K is the Center, therefore BK is P 
 TayzoOREM. 4. Ir @ Line cuts the Chord Cel bees erpendi- 9 
297 thro' the Center, I ſay, that it divides it indo 


. rep. 3. 

Tk Line BK thro' the . 
lar upon CD, I ſay, that it cuts CD equally in two. 

Tas Center is equally diſtant from C and D, and BK 
Pe ar, the rr 
ought to be egually diſtant from C and D. 5 Then ACZAD, 
therefore CD 1s divided into two equal parts. 

TrzorREM. 5. TWoo Chords which don't paſs thre the Cen-gz 
8 inter/e ſo as to divide each other into two equal parti. 

Eucl. 3. 

LzT teres wheat es * 
Circle's Center at the Point A, I ſay, that they are unequally di- * 
vided. If the two Chords interſect at A, which is ut the: Cow. 
ter, and that this Point be the Middle of the two Lines, ha- 
ving drawn from A, a Line to K the Center, that Line KA, will 
be Perpendicular upon BC and upon DE, + Then BC and DE 
are Perpendicular upon. KA, T therefore, there is two Perpradi- ; 
l which is impaſſible.| 94 

Tusonzu. 6. CrorDs which are - _—_ diſlant a the - 


Center are equal, and * * equal, they are eg diflant 
Prop. 14- 


from the — Eu 
Lr 3C and GH be Chord equally diſtant from the Cen- 
if _ ay their 


ter K. y, that they are 
— K and KF from the * are theſe 
Chords I * the 8 DK and KL, which Fiaterſect 
at the Middle. 4 6y the H , KE=KF, and fince that BK 
KH, and KC=KG, "Oblique Line BK being _ 


* 


® Sup. n. 40- Ce + Sap. u. 91. 
t Sup. u. 45. 1 9 EE 1. 92. 
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ing to tho 
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to the dune KH, and the Perpendiculars KE and KF belong- 


5 e Obliques being equal, BE and HF their diſtances 
from the Perpendiculars are alſo equal. the ſame Way it is 
proved, that EC=FG, and that therefore BC=HG, which was” 
70 be proved. 2. It has been proved, that when Oblique Lines as 
KB and KH are equal, and that BE and HF their diſtances from 
the Perpendicular are alſo equal, that then the Perpendiculars KE + 
and KF are equal. A yy 
THEOREM. 7. Tun Diameter, or Line which paſſeth thro": tbe 


95 Center, is the longeſt of all Lines æubich are in the Circle. Eucl. 3. 


Prop. 15. 

Lr the Line AR be the Diameter. It muſt be proved, that 
it is longer than CD, or any other Line whatſoever which doth 
net paſs thro' the Center, vhich is plain. For KC=KB, and 
KD=KA, therefore BAZKC+EKD, now KC KD is longer 
than CD, + vherefore BA is longer than CD. 


95 Fxzortem. 8. CHorDs neareſt to the Center of the Circle are 


ongeſt, and the longeſt Chords are neareſt the Circles Center. 
Eucl. 3. . 8 ; 

Lier A be the Center, and the propoſed Lines be BC and DE, 
it muſt be proved, that DE which is neareſt the Center A, is long- 
er than BC which is farther off, AM is the Diſtance of BC, 
that of DE, the latter of which is Shorteſt, it muſt be | 
ved, that DE which is neareſt the Center, is longer than BC which 
farther off, which is evident, for the Arc EFD is longer than the 
Arc CFB. Now the greateſt Arcs have the longeſt Chords, $ 
therefore DE the Chord of EFD, is longer than BC the Ch 
of CFB, Q. E. D. 


97 TrroREM. 9. Ir a Line is the common Chord of tæuo Arcs of 


unequal Circles which interſef, I ſay, that the Arc of the leſſer Cir- 
cle contains more Degrees than the Arc of the greater. 

Lr X and Z be two unequal Circles which interſect at 
the Points C and D, their Chord CD is common; I ſay that 
the Arc CZD of the leſſer Circle, contains more Degrees than tho 
Arc CXD of the Greater, for if the two Arcs of which CD is 
the Chord were the Same, each for E le of ten Degrees, 
then what has been before proved f would by falſe, ( Yzz.) that 
the Chords of Arcs containing the ſame Number of Degrees, are 
proportionally Longer as their correſponding Circles are greater. 

CoRALLARY. LT HEREFORP the ſame Line cannot be the Chord 
of two Arcs containing the ſame Number of Degrees, and which 
are portions of unequal Circles. | EST 

II was obſerved, Sup. u. 26. that the leſſer Arc of the Circle is 
to be underſtood, unleſs the other is directly mentioned. 

TrroreM 10. Ir from a Point without the Circle, be drawn 


Jeveral Lines which croſs it, and end at the Circumference, [ ſay, 


1. Of all the Lines which fall upon the convex Part, that * 
. ng 
Sup. n. 61. Sup. n. 62. ＋ Sup. u. 12. l 
| $ Sup. 1. 32. + Sup. n. 33. | 


Ma 
/ 
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thro' the Center, is the Shorteft, next, thij 
4 are ſhorter ER - 2 


that 


Now AD+ 

DB is ſhorter than AE+EB, I then taking away the equal - 
ad wah op Leng yg 

mainder BE. x 


2. THAT l which paſſeth thro' the Center is longeſt, for 
AB+AH=AB+AG,now AB+AG is longer than BG f now DG 
is longer than DF, + therefore BH is longer than BG, it is likewiſe 
evident, that BD+DF is longer than BF, || therefore BD+DG is 
longer than BF. . 

ORALLARY, Ir there are two right Lines, equal or unequal, 
placed one upon the Other and which agree to a Point at one 
their Ends, upon which Point if one of them be turned round, t 
Line whichgoins their ather ends, will as that Line moves, continually 
encreaſe its length,even till the jaid $woL ines, make only one right Line. 

LeTAB C be the twoLines upon AB one of which as AC, 
turn round upon the End A, in moving from AB it will paſs thro” 
D, E, F. Lines which join their ends as BD, BE, BF en- 
creaſe in length even till the ſaid two Lines form only the 
right Line BAH «which is what was to be proved. Me 

THEOREM. 11. Iy there be Lines drawn from a Paint which © 
is out of the Center of a Circle,” to the  Circumference, I ſay; that 
which paſſeth tbro the Center is the Longe, and the other Part re- 
maining which will complaet the Diameter, is the ſhorteſt Eucl. 3. 


Prop. 7. 
3 the Point be B, and let there be drawn thro' this Point 


109 


the Lines BC, BF, BD, and BE, which paſſes thro' the Center A, , 


I fay, that BE is the longeſt, and its part BD, the ſhorteſt of all 
thoſe which end in that Point. 1. BA+AE=ZBA+AC, ſeeing 
that AE AC, now AB+ACY BC, “ therefore BE equal to 
BA+AC is longer than BC. 2. AF=SAB+BD. now ABE BF is 
longer than AF, © then taking away the common part AB, the 
Remainder BF is longer than the Remainder BD. 5 * 


THEOREM. 12. 'T HERE ii no Point in à Circle, except the Cen- 102. 


ter, from which there can be drawn to the Circumference any more 
than two equal Lines. Eucl. 3, Prop. 9. 
Let A be the Center of the Circle X, therefore the Point B 
is not the Center. 1. I ſay, that BD is longer than BC, + 2. 
That BE is longer than BD, for AD and AE are each the Ra- 
dü of X, which in turniog-or removing from AB, ougbt to make 
7 i BE longer 
Sup. u. 12. . Sup. u. 57. | Sup. Ax. 7. 
5 Sup. ax. 7. Sup. u. 96: SF +. #. 
Sup. u. 12. © Sup, . 12. 5 Sup. Ar 7. + Sap. n. 101. 
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BE longer than B, H and in like Manner BF is longer than RE. 
NOW is longer than BF,* Conſequently, all Lines drawn froni 
B to any part of the Semi-circumference of X, as CD, FG, &c. 
are unequal, Let us take the Arc CH equal to CD, fince that 
AC is Radius, it will cut BH Perpendicularly, t and in two gail 
Parts at the Point I ;{ therefore the Perpendicular and its 
tance from the Oblique Line being equal, the _ Lines BH, 
BD are 2 But every other Line except BH, will as hay 
deen proved, be either ſhorter or longer, in the ſame Manner 
it may be demonſtrated; that there can be drawn but two equal 
Lines from C. 


103 CORALLARY I. en it is only from the Center 1828 that 


 * there can be drawn more than two equal Lines to the Circumference. 

t04 ConraLLary 2. In every Circle, that Point from which three 
equal Lines may be drawn to the Circumference, is the Center of 

the Circle, Eucl. 3. Prop. . | | 

505 Trrore 1 3. A Line which eroſſes two concentric Circles, whe- 
ther it paſs through their Center or not; the Parts of the Lim 
awhich are between the Circumferences of thoſe two Circles, are 
equal to each other. f N 
LET BC, BD croſs two concentric Circles, I ſay, that 
BM=NC and BF=ED. t. For BC which paſſeth through the 
Center, this has been proved.* 2. From A draw a Perpendicu- 
lar upon BD, then GD=GB, and GE=GF, + then GD—<GE 
=GB—FG zt now GD—-GE=DE, and GB-GF=EFB, there- 

fore DE=BF. 8 >a 

to6 Tarot 14. A Line Perpendicular at the End of Radius touches 

the Circle, and that in only one Point. Eucl. 3. Prop. 16 and 18. 

BD is Perpendicular upon BK, it muſt be proved that this 

Line touches the Circle X only at the Point B: If you ſay that 

it touches it in a, fecond-Roint,-as in C; draw a Line from K to 

C, which is not Perpendicular upon BD, ſince by reaſon there can 

be drawn but one Perpendicular from K upon BD, C it. is the re- 
fore longer than the Radius BK, which is Perpendicular upon 
BD, whefefore the Point C is out of the Circle X, therefore 
BD does not touch in the two Points B and C, but in one 

only, as B. 1 

io7 CoralLarky. A Circle cannot be touched by any mare than one 
right Line, at the Jame Point. - 

Two different Lines cannot touch the Circle X at the ſame 
Point B; ſor if ſo, they by the Theorem, they would both be 
Perpendicular upon BK, which is impoſſible.* ; 

108 TugoxEu 15. IF a Line be drawn within a Circle —_— 
larly upon the Point of Contact of the Tangent or touching Line, it 
paj/eth through the Center of the Circle. Eucl. 3. Prop. 1 * f 

4 is 
+ Sup. n. 100. * Sup. u. 101. 1 Sup. u. 91. {I Sup. n. 42. 

| Sup. n. 58. | 
* Sup. u. 76. + Sup. un. 92. f Sup. Ar. 5. Sap. u. 51. 
Sap. n. 53. ap. 2. 49; | 
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Cb is à Tangent or ing Line, from C the Point of Con- 
tact, draw a Perpendicular within the Circle, II ſay, that it will © 
paſs through the Center K. 18282 AF cm; ny B 
which is not the Center, I prove it falſe, having drawn from C the 
Radius KC, and raiſed at C a PerpendicyJar Which will be a 
1 but it will be the ſame as CD, ſince there can be only 
one Tangent at the Point C, 1 therefore at the ſame Point upon 
Gy Los 98 would be two Perpendiculars CK and CB; 
TDi WI . | 
Txto. 16. — 266 JO be drawn, a right Line between a Tangent 109 
and the Circumference of a Circle, but there may be drawn an 2 2 
Number of circular Lines. Eucl. 3. Prop. 16. 
Ir between the Tangent BD and the Cirele X, there could be 
drawn a right Line, 1 Space between the Tangent BD . 
and the Circle, as the Line BF, upon that Line from the Point K, 
draw another Line Perpendicular thereto, to wit KE, which will 
be ſhorter than the Radius BK which is not Perpendicular upon 
that Line,“ therefore KE being ſhorter than the Radius BK, its 


Erxtremity E is within the Circle, conſequently the Line BF cuts 


the Circle, and does not therefore divide the Space which is be- 
tween it, and the Tangent BD. 

Bur between the Tangent AB and the Circle V, may be draws 
an infinite Number of Circles, for having produced the Radius 
AC beyond the Center C, and from E as a Center, with the ex - 
tent of EA having made the Circle Z,the Line AB will be Tangent 
thereto;F which Circle Z, being greater than V, will be out of the Cir- 
cle V, in like Manner the Circle X whoſe Center is E, will be alſo 
between AB and V, &c. ad inf. conſequently between the Tangent 
AB and the Circle V, an infinite Number of circular Lines may - 
be dr awn, 9 0 ka | 

| CoraLLary. IT is therefore evident, that the = contained be- 
tween the Tangent and the Circumference of a Circ 
into an infinite Number of Parts. 


can be but one Tangent drawn to the Circle on the ſame fide thereof, 

ALL other Lines will either interſe& it or not reach thereto. 
Let A be a Point given out of the Circle, the Line AB touches it 
at the Point B, I ſay, that there can be no other Tangent drawn 


from A towards B, but that all other Lines will either interſect, or 


elſe not touch. 1. If a Line be drawn beyond AB, it will not 
touch the Circle, and 2. If it be drawn through the Poine B, it is 
the ſame as AB. 3. And if it do not reach ſo far as the Point 
B, but goes through D, becauſe CB is longer than CD, then the 
Point D will be in the Circle, ® therefore AD enters within the 


* 


Circle, and cuts it. 0 
E ProBL u. 
+ Sup. u. 106. Sup. n. 107. - þ Sup m. 51. g 
0 4 1. 53. Fwy n. 106. * 


Sup. u. 3 
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„ may be divided : 
THEOREM 17. FROM @ Point wwhich is without the Circle, there 111 


113 
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the Tangent required. 
PROBLEM 3. T 


Circle. Eucl. 3. Prop. 17, 


Center A draw a Line, and at the Point B where that Line inter- 


Tur Circle is BEB. the given Point is C, from which td the 


ſects the Circle, by the preceedent Problem, draw the Tangent 

GD, thro' C deſcribe a concentric Circle, and from D where that 
Circle i is cut by the Tangent GD, take DF equal to PC, and 
join C and F by a Line, which will be the 2 vired. 
By Conſtruction the Chord GD=CF, for the Arc GC is equal to 


the Arc CD, and the Arc CD to the Arc DF, therefore che Arcs 


GD and CF being equal, their Chords ual. + From D ta 


are 
the Center A draw the Line AD, which will be Perpendicular 17 
upon CF, ſeeing two of its Points, (vix.) A and bs are. equally dif. | 


tant from its Ends, now ſince the Chords DG and CF are Tl 
the Lines AB and AE are equal, then the Point E as well as. 
in the Circumference of — Circle BEB, therefore the Line C 


being Perpendicular upon E, the End of the _— AE, it a 


the Circle. 5 

On more eaſily thus, let 4 be t 12 — Paint, from which a Tan- 
gent muſt be drawn. to the Circle X, after re? wy drawn the Lins 
AB, from A to B, the Center of the Circle X. the Semi-cirele Ad 
muſt be deſcribed upon that Line, and at C the Point of Section, draw' 
AC which will be the Tangent required, the NY of which, _ 
is not proper here. | 


+ Sup. u. 47. 1 Sup. n. 1 | | f 
® Sup, n. 92. + Sup. 1. 31. + Sup, v. 941, | 


1 1. lob. 


o draw a Tangent, from « Print giuen eur of 


ProBLEM 2, T's how a right Line ſo as to touch a Circle is PR. 
given Point, 3 

Tu Center is K, the given Point B, draw the Kah KB,“ 
and upon the End B. raiſe the re BD which will de 5 


4 
„ 
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| Of Plane Surfaces. +: 


1 4 1 0 45 1 * 
Or late or Sue fun, -whith are ee. Bu | 
that meet Tnditettly. — 


ADVERTISEMENT.” 3 9 


1 "of Surface we hall here eigne bey Planes j 
da i t hy, ſach Surfates as are the ſhotteſt between two 
right Lines: and ſhall begin firſt with thoſe which are com- 
9x2 yt > es WE Rl 

Dzp1n1T1ON 1. AN is t ure or two 
Lines, which oneet indirt 2h. v3 2 ering 7 1 
. dene wo ol one 

ne. 

Der. 2. Tur Point aubere rd Lines meet obe an Angle, 3 
is called the Vertex thereof, ns NR 3 
called the Sifles; or legt f thi Hngle. © 
Tus, AB'and BC ate the Sides or Legs 
when an An © matic with three Leer 2 
— Ar 8 

Der. 3. eg gf is called a tne ;4 

_ Tu zx are b — Zee 

s; the Rectilinear, Carvilinear, 2 Arft, the 

br is ae by the averſe F two right Lines, as C. 

"The Curvilinear, is formed by meeting « two Curve Lines; 
as A. The Mixtilinear, is formed by the nag of right 
Line and a Curve, as'B. nd | | 

Eyipiar propose: concerning Aufle. 8 

Poros tr io t. From the Definition of an Angle, it is evident, 4 
that its Bigneſs does wot depend ufon the Length of the, Lines which | 
fon it, TR 4 1 on each other. 


For W * r- e 
opening is always the ſame, and the Space, or * which is 


5 


f g 7 * 6 
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between them, that is to ſay, which is neareſt the Vertex A, will 
8 augmented or r N E 
_ Proe. 2. An Angle cannot be either . nted or dimini, 
6 except one of its Sides in turning about the pron oe I 
either declines from, or inclines to, the other Side. 
f Por. 3z. Ons, of the Sides of an Angle in turning round, and 

7 declining from the other Side, always makes the 401 er, 
untill it becomes a right Line with the other Side, and then the 
Angle wanifbes. , | | 8. 

ROP. 4. ONE of the Sides of an Angle in turni about, can 
8 deſcribe only one whole. Round or Circle, after which it goins to 
the other Side, and makes therewith only one Line. 3 ; 
Por. 5. Ths Arcs or Portions of different Circles, deſeribed 
9 through different Points of the Sides of an Angle, contain an equal 
Number of Degrees. Ne 
Tu x Point X of the Side AB or AC, deſctibes the 
Fircle XX, and the Point Z the Circle ZZ, I fay, that 
the 'Portions of the two Circles contained between Ra- 
dii AB and AC, are of an equal Number of Degrees. For 
ſince that they are deſeribed in the ſame Time, if we divide the 
Time into 360 Moments, the Circle having fo man 
in the firſt Moment, whilſt Z deſcribes the 36oth, Part. of its 
Whole, it is evident, that X will alſo paſs through the ſame Part 
of the Circle which it deſcribes, for as the two whole Circles are 
8 in the ſame Time, each Part is likewiſe made propor- 

_ Horadbly. : * 

10 Paal. 6. A Circle being drawn from the Vertex of an Angle a: a 
Center, the Portion of the Circle, contained between the Sides of thi - 
Angle, is the meaſure or content thereof. 8 | 

11 Prop. 7. The greateſt Angle that is, cannot have all the Semi- 

' circumference for its meaſure... | af | 
Fox when the AC of the Angle BAC, hath been turned 

about ſo as to make the Semi-circumference BCD, and that C is 
come to the Point D, it then makes only a right Line with AB: 
For ſince it is ſuppoſed, that BCD. is Semi-circumference, it 
muſt be, that AD+AB is the Diameter of the Circle, and that 
therefore, AD and AB are only one right Line, which divides 
the Circle into two equal Parts, the whole Circumference of the 
Circle is 360 Degrees, and conſequently, the Semi-circumference 


is 180 Degrees; therefore an Angle cannot contain 180 D. . 
for when the Side AB is come to D, AC and AB make only one 
ADVERTISEMENT. 


Ir AC paſjeth beyond DA and goes to E, it will by this 
Means, form the Angle BAE greater than 180 Degrees; which 
ſome Geometers call a reverſe Angle, and which is meaſured by 
the Arc BCDE, this Sort of Angle is not here conſidered, but 
only that of EAB, meaſured by the Arc EB, the Complement 
of the Arc BCDE to the Circle, to the Explanation of 


which we proceed. | ? Pi 


| Degrees is ſaid to be obtuſe. 


than the Arc AE of ninety Degrees, is Acute. The acute Angle 


. 
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Or the different Species of Angles with relation td their open- 
ing, or proportion to a Circle. * N 
Tura are of A i to their open 
ing or rtion to a Circle, which are, the right Angle, the 
— * and the obtuſe Angle. 22 


or fourth Part of the whole Circumference of the Circle, that is, an 
Arc of ninety Degrees, is called a right Angle. , 
©; Tis, ſappoling that the Arc AC is te fourth Part of the 
ircumference ACDE, and conſequently ni „hi 
rr 
Angle ABC, which is meaſured by the Arc AC, is a right Angle. 
. ?. AN Angle that is meaſured by an Arc of more than ninety 1 x 


ne Angle FRC iz obraſs, the Are FC which — 
more i becauſe it is 
rr 
Dr. 3. Au Angle which is meaſured by an Arc Liſs than ninety 14 
1» — 

xz Angle FBE being meaſured by the Arc FE, which is leſs 


may be diminiſhed, ad inf. But the obtuſe Angle can be a - 
ed only till it approaches infinitely near to two ri 


t . | 
Dze. 4. TAI acute Angle, which together — 2 Obtufe 1114 


1 ones, is called the Complement of the obtuſe Augie 
to a ci 


4 . F 
1 the Angle PRE, is the Complement of the obtuſe Angle 


Tazoren 1. 4 Line which is Perpendicular upen another Line, 16 


makes thrrewith N right 2 and if it makes therewith two 
right Angles, it is Perpendicular. a 

1. BA is Perpendicular upon A the Middle of CD, from which 
as a Center, having deſcribed the Semi-circle CBD, according t6 
the Definition of a Perpendicular, the Lines or Chords BC and 
BD, are equal,*therefore theArcs which they ſubtend; are equal, 
and therefore fince CBD is half of the Circumference, the Dia- 
meter of the Circle being CD, the Arcs BC and BD are Qua- 
drants, then the A AC and BAD are right ones, each be- 
ing meaſured by the Part of the Circle. 2. It is eaſy to 
demonſtrate the ſecond Part hereof ; for if the two Angles CAB 


and DAB are right ones, the Arcs BC and BD are equal, each 


half the Semi-carcutnſerence ; | but A and B, being therefore 
equally diſtant from C and D, the Line AB is Perpendicular. f 
Tukonku 2. Every Line let fall upon another Line, makes there- 77 
with two Angles, equal to tabs right Angles. Eucl. 1. Prop. 3 3. 
| a Er 


J. 1. x. 27. | | | 
„ B.1.n.co. + J. f. . 31. J Sup. 2. 12. | Sup. n. 12. 


I 3. 1, n. 43. 


. 
* 


T. 


Dee. 1. An Angle that is meaſured by half the Semi-circumference, 1 g 


1 

* 
f 
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- Lex the Line be RA, which falls upon the Line DC, I ſay, 
that the Angle DAE together with the Angle EAC, is equal to 
two right Angles: For having from the Point A as a Center, de- 
ſcribed the Semi-cixcle:DEC, and raiſed the Perpendicular AB, 
whether the Angle DAE be right, obtuſe, or acute, it is (accord- 
ing to the Definitions I) meaſured by the Arc DE, and the Angle 
EA by the Arc EC,, theſe two Arcs together make the Semi- 
circum ce of the Circle, which is equal to 180 Degrees, or 
two right Angles. 5 "a 
18 CoraLLaRY. 1. IT is evident, that how many Lines ſoever therd 
be, which fall uton another Line at the ſame Point, they will form 
Argles, which altogether are equal to only tavo right ones. © 
19 CORALLARY 2. THEREFORE, two or more Lines, which inter/eft 
at a Point, being prolonged will form Angles, which altogether are 
equal to only four right Angles. | 5 
Lr as many Lines you pleaſe, be conceived to fall upon CD 
at the Point A, having: from the Point A as a Center deſcribed a 
Circle, the Angles will be all meaſured by the Semi - circumference 
CGBD, which is the. meaſure. of two right Angles, having pro- 
longed the Sides AB and AG, the Angles which they makd 
are alſo equal to two right Angles, therefore all the Angles which 
can be made about the Point A, are equal to four right Angles. 
20 Tarox. 3. Ir two right Lines meet at a Point of any right 
Line, making on both files — two Angles, equal to two right 
Angles, the two Lines meet directly. Eucl. 1. Prop. 14. * 
Tux two Lines AB and AC, meet at the Point A of the right 
Line AE, and make on both fides that Line, the two Angles'EAB. 
and EAC, equal to two right ones. It muſt be proved, that they 
meet directly, that is, being taken together they make only one 
right Line. BAE+CAE are equal to two right Angles. If it is 
ſaid that BA and AC make two Lines, and that BA being pro- 
longed goes to D, then by the preceeding Theorem, the Angles. 
BAE and EAD, are equal to two right Angles ; then EADZEA 
C, which is abſurd. / t 
TukoxEA 4. Tu Vertical Angles of two Lines which inter- 
fe each other, are egual. Eucl. 1. Prop. 15. | 1 
Tu two Lines BC. and ED interſe& at the Point A. I ſay, 
that the Angles DAC and BAE are equal, as alſo DAB and CAR N 
BAD and DAC are equal to two right Angles; DAB and 
make-alſo two right Angles :U Therefore BAD+DAC=BAD+. 
EAB, taking away from the two equal Quantities, the common 
Angle BAD, the remainders EAD and DAC are equal, the 
ſame reaſoning will prove that BAD EAC. us? 
22 Dr. 4. The Sine of an Arc is equal to kalf the Chord of twvice, 
that Arc, or to the Perpendicular let fall from the End of that Are 
upon Radius. | 1 > 
HE 


Sup. u. 12, 13, and 14. 
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Tus Arc EB is double the Are BD, the Line BC, the half of 
BE, the Chord of BDE, is the Sine of the Arc BD, and alſo of 
the Arc BF, its complement to a Semi- circle, therefore the Arcs 
DE and BE, which together are equal to a Semi-circle, have the 
ſame Sine, and are complements to a Semi-circle, reciprocally each 
to | 
Dey. 5. Tur Sine of an Angle, is the Sine of the Arc that _ 
meaſures it. | 23. 
 Tavs BC which is the Sine of the Arc BD, the Meaſure of 
the Angle BAD, is the Sine of that Angle. When an Angle is 
obtuſe, its Sine is alſo the Sine of the Acute Angle, which is its 
complement to a Semi- eircle, thus BC is both the Sine of the. 
obtuſe Angle BAF, and of the acute Angle BAD, but tis only 
the Sines of the acute Angles, that are conſidered in the follow- - 
ing Work, except the other are expreſsly mentioned. 

C being the Sine of the Angle BAD, the Line CD, contained 
between BC and the Arc BD, is called the verſed Sine of that 
Arc BD, therefore BC is called the right Sine, or ſumply the Sine, 
CD being always diſtingaiſhed by the Name verſed Sine, the Line 
DE which touches the Arc ED, and which is bounded by AE and 
AD, which comprehend the ſame Arc; it called the Tangent of 
both that Arc, and alſo of the Angle BAD, the Line AE is cal- 
led Secant, _ of that yg e, and V of that Arc _ 

Tukok. F. EQUAL Anvies have e ines, and if the Sines are 
equal, the ; Airy e — 5 tic 4 * 
1. Tur Angles GEE and CAB are equal, therefore having from 
A and E their Vertex, with an equal Extent deſcribed the Arcs 
CB and GF, which meaſure theſe Angles, theſe Arcs are equal,“ 
continue them ſo that GF=FN, and CB=BM, then fince that 
equal Arcs have equal Chords, f CM=GN, and conſequently 
CO and GP, the Halves of theſe Chords, are equal, now thele _ 
Halves are the Sines of the Angles CAB and GEF, according to 
the Definition, I therefore the Sines of thoſe Angles are equal. 2. 
If the Sines CO and GP are equal, CM=GN,$ and therefore 
CBM=GEFN, then the Angles CAB and GBF, being meaſured 
by the Halves of thoſe equal Arcs, they are equal. C'S Mts 
Tato. 6. Ir a Line ruts tauo parallel Lines obliquely, it forms , 
eight Angles, four of which, are alternate interior ones, and four 5 
Exterior. 1 ſay, the Alternates, either Interior, or Exterior, are 
equal, Ecul. 1. Prop. 29. | | 
Ir muſt be proved, that AFEzHGD, and AFG=FGD, the 
two firſt, are alternate Exterior, and the two others, alternate 
Interior. Between the two Parallels, draw the Perpendiculars 
FK and GI, which are equal, | from F and G as Centers, with 
the diſtance GF, draw the Arcs AG and DF, which meaſure 
the Angles AFG and FGD, the Sines of theſe Arcs, or Angles, are 
the 


Sup. u. 10. b. 1. . Sup. #. 22. 
FT F Sup. 1. 1 41. 1. . 8 2 


— 1 0 ? 


32  . Elements of Geometry. | 
the equal Perpendiculars GI and FK; » theſe Angles then are e- 
qual. + and AFE and AFG make two right Angles, I as do FGD 
and DGH, therefore AFE+ AFG=FGD+DGH, taking from 
each part, the equal Angles AFG and FGD, there will remain 
AFE=DGH.*" | e 
< THEOREM. 7: Ir @ Line which joins two other Lines, makes the 
9 Angles equal, the two Lines are Parallel. Eucl. 1. 
rop. 27. $729 | 
Ir AFG and FGD are equal; their Sines GI and FK are e- 
qual, f Glis Perpendicular upon AB, and FK upon CD, therefore 
1 two Lines AB and CD, * are 


27 Trrorem. 8. Ir @ Line cuts tauo or more Parallel Lines, all the 
tes that it makes with them taken on the ſame Side, are K 
T is to be proved, that GAY=ZABX=BCZ, that YAB=XBC 
=ZCH, and that on the other Side it is the ſame; that GAF= 
ABE BCI, and FAB=EBC=ICH. 1. ZCB=CBE, * 
CBE=ABX, + then ZCB=CBE=XBA ; therefore ing to 
this Axiom, that two Puantities equal to a Third are equal. ZC 
7 — In the ſame Manner it is demonſtrated, that GAY 
&c. j , 40 ö 
28 Tuzonem. 9. Ir @ Line that falls upon ſeveral other Lines, 
| makes therewith, the Angles taken on the fame Side, equal, the Liner 
| are Parallel. Eucl. 1. Prop. 28. 4 
| GAY+YAB is equal to two right Angles, as is alſo GBX+ 
GBE, then taking away from the two equal wholes, the An- 
es GAY and GBX, which are fuppoſed equal, the Alternate 
ngles YAB and GBE, will remain equal. fore the Lines 
| Y and Z are Parallel, 5 It is demonſtrated in the ſame Manner, 
| that Y and Z, or X and Z are Parallel. p34 
| 29 ProBLEM. 1. From a Point given in a right Line, to deferibe 
| 4 Rectilinear Angle, equal to an Angle given. Eucl. 1. Prop. 2. 
From the given Point A of the right Line Z, it is required to 
deſcribe an Angle CAB, equal to the Angle EDF, from the Point 
D as a Center, draw the Arc EF, then from the given Point A 
as a Center, with the extent of DE, draw the Arc X, from which 
take the Arc BC, equal to the Arc EF, by means of equal 
Chords EF, oy then drawing a right Line from C to the 
Point A, the Angle CAB, will the Angle required, equal to EDF, 
for they are meaſurcd. by equal Arcs, ore they. are e- 
ual *, 5 
. ProBLEW. 2. Fo a Point given out of a Line, to draw ari 


— Tf > 


0 


Line upun another Line, % as to make therewith an Angle, eq to 
an Angle given. | . 
x; " Lex 
» Srp. u. 23. + Sup. nw. 24. 1 Sup. u. 17. 
$. Sup. n. 24. [| Sup. mn. 22. 
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Ler the given Point de D, from which n upon 
Z, a right Line making there with an Angle, equal to X; From 
any Point of Z taken at Pleaſure, dra a Line by the preceding 
Problem, making therewith the Angle CAB, equal to the * 

Angle X, ſuch is AC, if this Line paſs thre” the Point D, the 
Problem is done. If it doth nat ache D, draw a Line chro- 
D, 2 to CA, + then DE e t OY DEB 


PROBLEM. g To TL or Nag a given Angle, into aue & 
qual Parts. Eucl. 

Tus given Angle is BAG; Javicg made the two sides AB 
and AC, equal, join them dy the Line BC, upon which havin 
drawn a Perpendicular AG, 5 from the Point A. BD=D 
|| therefore the Arc BGC, being eonceived as part of a Cir 
cle whoſe Canter 1 is A. AB and AC the Radii thereof, and BC 
the Chord which is cut equally in two by the ſaid Perpendicular 
AG, as is alſo the Arc at the Point G. therefore the Arc 
BG is equal to the Arc GC, and therefore the Angles BAG, 
GAC which they meaſure are equal, + the Angle BAC is then 
cut equally in two. 

THzoOREM. 10. Tur Angle comprobended between a Circle and 1 
it Tangent, is leſſer than any re&ilinear Angle whatſoever, Evcl. * 

rop. 16. 

n the Circle and its Tangent cannot be drawn a — 
Line, + therefore the mixt Angle made by the Cirele , 

Tangent, cannot be divided ; this hs therefore leſſer has 
any 9 Angle whatſoever | | | 


_—_— 
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SECTION. Il, 


Os the Compariſon of Angles, and f their Aged Por 
ſition. with reſpect to a Circle. | 9 


ADVERTISEMENT. 


N Angle, as has hee aforeſaid, is meaſured e 
a Circ whoſe Center is the Vertex of the ſaid Angle, and 
which is bounded by the Sides which form it. Now the Vertex 
of an Angle may be either at the Circle's Center, or out of he 
Center, in the Circumference, or out of the Circamferenee ; and 
altho the Angle may in all theſe caſes be the ſame, yet it af- 
fords different conſiderations. 

DeeixIT1ON. 1. Tur Hngle whoſe wertex is in the n 


of the Circle, and t Sale in the Circle, is called an Angle at the a ; | 


ann as B AC. | 
4 F * Euclid N 
5 n. 72: 2 5p. PRE» 9 6. t. #. 46 
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EvcLtp galls thoſe inſcribed Angles, which are in the Cir- 
cumference; and thoſe Circumſcribing ones which are out of the 
Circle, but which touch it with their Sides; BAC is an irfcribed 
Angle, and EDF a Circumſcribing one. „ 

EF. 2. Ax Angle at the Center, is an Angle æubeſ Vertex is 
at = Center of the Circle, and whoſe fides are Radius i, as 
O'NNI * 

Der. 3. A Segment of a Circle, is that part of the Circle 


aobich is included between the Circumference, and a Chord Lint, 


thus PR divides the Circle into a greater, ard a leſer Segment. 


36 Dey. 4. Tur Angle made by a Tangent and a Chord Line, or 


37 


by a Secant, drawn from the Point of contact, is called an Angle of 
the Segment, as Q R or R PT: 75 7 ; 
TurokREM. 1. The Angle of the Segment is meaſured by half 
the Arc, that is bounded by its Chord. Eucl. 3. Prop. 32. 7 N 
Lr the Angle be CBE, made by the Tangent CB, and the 
Chord BE, it muſt be proved, that its meaſure is half the Are 
BE. Let there be drawn the Diameter GH' cutting the, Are | | 


and the Chord EB into two equal Parts; and draw alſo the Di-| 


ameter DF Parallel to the Chord EB, and the Radius AB paſling 


is meaſured by an Arc equal to BG, the half of 


thro' the Point of contact, will form an Angle at the Center GAB, 
which is meaſured by the Arc GB. It remains then only to prove 
that the Angle CBE is equal thereto, which is evident; for the | 
Angle CBA is a right one as well as the Angle GAF; ® but the 
Angle EBA is equal to the Angle BAF, becauſe they are Alter- 
nate ones, F then taking away the two equal Angles, viz. FAR 
from GAE which is a'right Angle, and ABE from the right An- 
ABC, the Remainders BAG and CBE are equal, Now BAG Dy 
meaſured by the Arc BG; then CBE which is equal thereto, 
DSE; which | 
*was to be proved, The ſame Way of reaſoning will prove, that 
the other Angle DBE is meaſured by the Arc BH, the half of the 
Arc BHE, comprehended in the ſaid Angle between the Tangent 
BD and the Chord BE, by adding to the right Angles DBA, 
FAH, the equal alternate Angles EBA, BAF, inltead of Sub- 
tracting as in the preceeding Demonſtration. | 79 


38, CoraLLaky. Ir is evident, that if an infinite Number of Ares 
be 


drawn betaceen the Tangent and the Chord, and which are croſſed 

by producing the Chord, they are all of an equal Number of Degrees, 

ſeeing they are the: Meaſure of one and the ſame Angle. oo. 

. For the Angle BAC being meaſured by the half of AD, of | 

AE, of AF, &c. If this Angle for Example contain'd ten De- 
rees, all theſe Arcs will be each twenty rees. | 

Turokku. 2. THE Angle at the Circumference, is meaſured by 


49 1.1” the Arc which it fandi upon, 


Laer the Angle be BAC. It muſt be proved that it is meaſur- 
dy half the Arc BC, Thro' the Point A let there be drawn 


* , 1, . 91 & 108. - © + Sup. 2. 25. 


Book i Sre r. 2. 33 
the Tange — which will Form two new Angles E ABB and 
DAC, w the preceedin g Theorem are ured by half 
— Ares AB, TT but 12 — Angles formed at the Point A 
ual to two right Ones : * therefore they are meaſured by 
4 half e Circumference of the Circle, + then the halves of the 
Arcs AB and AC being theMeaſures of the Angles BAE and CAD, 
half the remainder of the Circle, that is, the balf of BY, is the 


WV”. 


| meaſure of BAC. 
CoRALLARY. 1. IT is evident, that all the Anglo at the 4 
— and which and! upon the fame Arc, are equal, Eacl. z. 46 
rop. 21 


f uus the Angles ABC and ADC, erp 
ference ABDC whatſoever, are both for they are both 
meaſured by half the Arc AC, upon which — fland; therefore 
having one and the ſame meaſure, they are eq 

10 CORALLARY. 2. Ax Angle at the 1 is 2 4% the Argli 

| at the 3 which flands upon” the ſame Arc. Eucl. 3. 


1 Prop, 

ET yy Wy at the Center be CAD, and that at the Cir- 
cumference CBD; it is plain, that the firſt whoſe meaſure is the 
— gy CD is double CBD, 'whoſe meaſure is only the half 

ereo 
In egual Circles, Argles fland Arcs, whether 
be at the Center or 74 ö Prop. 26. . 

' Ir it were otherwiſe, the Angles having unequal meaſures, wr? 

would be unequal ; whereas they are ſuppoſed to be equal. 


Center or at the Circumference ). Handiag upon equal Arcs, are * 
qual, Eucl. 3. Prop. 27. 
Tugv have equal meaſures; therefor they are 
CoRALLARY. 5. AN Angle at the Circumference of a Kauni. Cir- 44 
22 Baſe is. the Diameter of the Girele, is a right Angle. 
u rop. 31. 
| For it s upon the Semi-circumference, who hal b 
is Ninety degrees] is the Meaſure of a right Angle. 


CorALLARY. 6. Ax Angle in a Segment greater than a Semj- 4 


circle, is Acute. Eucl. 3. R 31. 
For it ſtayds 41 leſs chan the Semi-circumfetence, 
therefore the half of — Arc, (which is its meaſure, ) is leſs 
than ninety Degrees ; therefore the Angle is Acute. $ 
 CoRALLARY. 7. 
Eucl. 3. Prop. 31. f 
For it ſtands u Arc IT than the Semi-circumference, 
whoſe half (which is its meaſure, ) is more than ninety Degrees; 
the Angle is therefore obtuſe. | | 


; \ 
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CORALLARY. 4. IN equal Circles, . Angles ( whether at the 43 | 


Ax Angle in a leſſer * ts obrafe, 16 


Corallary 8 
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 Corallary. 8. AxGLEs at the Circumference whith are 1 
foſite, and placed upon the ſame Points, are equal to tau right Add 


les. , | „ 1 
1 Lr the Angles be ACD, and ABD, it is plain, that they are 
meaſured by half the Arcs ABD, and ACD; “ and Conſequent-Y 
ly by half the whole Circumference, which is equal to twice 
_— Degrees; therefore the two Angles having together the 


Meaſure of two right Angles, are equal to two right Angles. 3 
PROBLEM. 1. To cut off from à Circle, a Segment containing 


4® an Angle given. Eucl. 3. Prop. 34. 


Ler the Circle be X from which muſt be taken a Segment 
ſufficient to contain an Angle equal to the given Angle A, or 


which is the ſame, that the Angle which is placed upon the ther 


Segment may be equal to the given Angle A. Draw DF ſo as to 
touch the Circle X, + and upon DF draw another Line DE mak- 
ing with DF an Angle equal to the Angle A, I every Angle in- 
ſcribed in the Circle X, and which ſtands upon DE, is meaſured 
by half the Arc ED. F Now half that Arc meaſures the Angle 
EDF, equal to A; || therefore what was propoſed is done ; 2 t| 
if to ſay, that every Angle inſcribed in the Circle X, whoſe Baſe 
is the Arc DE, (what part of the Circumference ſoever its Ver- 
tex is in,) will be equal to the Angle A. ef p 

PROBLEM. 2, To find the Circle whoſe Segment bounded by a | 


49 you Line, wwill contain an Angle equal to an Angle given, Eucl. 3. 


rop. 33. | 
Ds BD make the Angle FBD equal to the Angle K,“ from 
the Point B draw BC Perpendicular upon BF, + and upon the 
Middle of BD another Perpendicular EC, which will cut BC at 
the Point C; from whence having with the diſtance of BC deſcrib-' 
ed a Circle, it will be the Circle required, which is to be proved.'\ 
BF is Perpendicular upon the Radius BC, and touches the Cirelk.5 
The Angle FBD is meaſured by an Arc equal to half the Arc 
BD; || all the Angles inſcribed in the Circle and which ſtand up- 
on BD are equal, and are meaſured by half the Arc BD; * they 
are then gqual to the Angle FBD; and therefore to the Angle K, 
to which FBD is equal by conſtruction. I 


ADVERTISEMENT. » 


From what has been proved, that all Ange ſtanding upon the 4 | 
ſame Arc are equal, + is deduced a very uſeful Method of deſcrib- 


ing the-part of a Circle containing as many Degrees you pleaſe; 
Without having Compaſſes, or the Center of the Circle. EY 
| | AB 
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Boox II. Seer. 2. 35 
AB is the Chord of an Arc propoſed, or of a Circle, 
required to be deſcribed. Admit the Arc of ten Degrees, 
hence, the content of the Angle inſcribed in this Arc, is the half 
of 350 Degrees, or of three hundred and ſixty es leſs ten, 
that is, this Angle is one hundred and ſeventy five z ad- 
juſt the two ſtraight Rules CD and CE, ſo that the Angle DCE 
be of cne hundred and ſeventy five wr vt pry. pr m to- 
ether, fix two nails at A B, the of the given Chord 
ine, after which turning about the Point C, ſo the two 
Rules, CD and CE may raze always upon the Nails A and B, they 
will thereby deſcribe the circular Line ACB, which is the Are re- 
uired. 1 Circle of any bigueſs required, may be 
this Way deſc >; : | 
THE above is a mechanical Operation, but the following it 
Geometrical. a ; 
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PROBLEM. 3. Tus Chord of a Segment and the Angle in the g 


8 being given, to find the Point. thre which the Arc paſſeth 
whoſe Chord is given, without knowing or finding the Center of the 
Circle, of which that Arc is a part, 

Tus given Chord of the Segment required to be deſcribed is 
AB, draw the Line BD, making any Angle with BA, then at a 
Point in that Line taken at Pleaſure, make the Angle ECF equal 
to the Angle given; then thro' A draw a Line parallel to EC 
then the AngleAFB is equal to ECF “ and alſo to the Angle given. 
Wherefore according to what has been demonſtrated, the propo- 
ſed Arc paſſes thro' F. In like manner, the other Points are 
found thro' which that Arc paſſeth, without finding the Center of 
n 

THEOREM 3. AN Angle at . 
and à Secant prolonged out of the Circle, is meaſured by half the 
of the Chord, more half the Arc of the Secant. 

Ler AB be a Chord, and CD a Secant prol ogt of the 
Circle, one part of which is the Chord of the Arc CA. It muſt 
be proved, that the Angle BAD formed by the Chord AB, and 
the Secant CD, is meaſured by half the Arc AB, more half the 
Arc AC. The two Angles CAB and BAD are together equal 
to two right Angle: ; , they are then meaſured by the Semi- 
circumference of the Circle ; 4 but the Angle CAB, is meaſured 
by half the Arc CB: 5 The remaining Angle BAD will then be 
meaſured by half the remaining Arcs CA, AB, which together 
with the Arc CB make the whole Circle. 


THEOREM 4. Tun Angle formed by the meeting of two Chdyd: 52 


which interſet within a Circle, is meaſured by the Sum of half the 
Arcs upon which it flands. . 
Ler B be the Vertex of the — within the Cirele. It muſt 
be proved, that its meaſure is half the Arcs AE and DC. If B 
4 * 


$ Sup. 3. 3. 
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Circumference, made by a Chord, 


* ' * 


38 Elements of Geometry, 1 
was the Center, this would be evident. As the Point G is the 
Center, thro' G draw Parallels to the Sides of the Angle CBD, 
the Angle CBD is equal to the Angle IGH, * whoſe meaſure is 
the Arc HI. It is then required only to prove, that the Arc HI 
is half the Arcs DC and AE. The Arcs HI and FL are equal+ 
DI=AL and CH=EF. T Now HISAE+AL+EF.. As alfo 
HI=DC—CH (or EF) —DI (or AL), that is to ſay, HIZDC 
—EF—AL. Conſequently HI+HI=AE+AL+EF4+CD—- 
EF—AL. Now+AL+EF—AL—EF=Cypher, then HI+HI 
(or 2 HI) =AE+DC. Conſequently the Arc HI is alſo half 
the Arcs DC and ME; which are therefore the Meaſure of the. 
Angle CBD equal to IGH, whoſe meaſure is the Arc HI. 
33. Trrorem. 5. An Angle whoſe Vertex is without the Circle, 
but whoſe Sides croſs it, and fland upon the Circumſerence, is mea» 
* fured by half the concave Arc leſs half the convex Arc. | 
Ler the Angle be BAC, I fay that it is meaſured by half the 
Arc BC leſs half the Arc DF. Thro' D draw a Line parallel to 
. AC; S therefore the Angle BAC is equal to BDE, || which is | 
meaſured by half the Arc BE. The Arcs CE and DF are e- 
E + Now BE=BC—CE ; then BEZ=BC—DF. Then the 
half of BE is equal to half, BC—DF, therefore ſince the Angle 
BAC is meaſured by half BE; its meaſure is half the concave - 
Arc BC, upon which it ſtands, leſs half the convex Arc DF; 
ewhith was to be proved. 45 
THEOREM. 6. Ax Angle whoſe Sides touch the Circle, is muti- 
"Jared by half the concave Arc leſs half the convex Arc. * 
LeT the Angle be BAC, whoſe ſides AB, AC, touch the 
Circle. It is to be proved, that its meaſure is half BEC leſs half 
BFC. Thro' C one of the Points of contact, draw CE parallel 
to AB, 4 the Angle BAC is equal to the Angle DCE. 5 Now' 
DCE is meaſured by half the Arc CE, || which alſo meaſures 
CAB: It remains therefore to prove, that the Arc BEC.—BFC is. 
equal to the Arc CE. 1. The Arc BEC—BE is equal to the Are 
EC. 2. Since the Arc BC“ is equal to the Arc BE; then BEC 
—BFC=EC: which was to be proved, 
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Of TRIANOGIES 


DerinirTion. I. ; 
Triangle is a Surface bounded by three Lines. There are fix 5g 
4 Sorts thereof Three in reſpect of their Sides, and three wwith © 
regard to their Angles. | 7 
Dee. 2. A Triangle whoſe three Sides are equal is called Egui- 56. 
lateral, as ABC. MR | 
Dee. 3- 4 Triangle that has only two Sides equal is called 57 
Jſeceles, as HG. | 
Der. 4. 4 Triangle whoſe Sides are all unequal is called Sca- 58 
lene, as DEF. 5 # 
Dee, '5. A Triangle which hath one right Angle, is called a 5% 


Reangled Triangle, al LMI. 


Dee. 6. A Triangle that hath one obtuſe Angle, is called Ob- 60 
tu/c-angled, or Ambligonium, as NPO. . 
Dee. 7. 4 Triangle whoſe Angles are all Acute, is called 6 
Acute angled, or Oxygonium, as ABC. | 
Der. 8. A Thiangle is ſaid to be inſcribed in a Circle, when 62 
i's three Angular Points are in the Circumference thereof, and the 
Circle is then ſaid to circumſcribe the Triangle. . 
Dr. 9. A Triangle is ſaid ta circumſcribe a Circle, «when 2 63 
its Angular Points are without the Circle, and whoſe Sides touch t 
Circle ; and then the Circle is ſaid to be inſcribed in the Triangle. 
Dey. 10. Two Triangles are Equiangular, when the Angles of 64 
one are equal to the Ang les of the other, Po. each, ET £4 
Des. 11. Two Triangles are ſaid to be entirely equal, wwhich 68 
being Equiangular, and the Sides cqgtaining the Angles of one equal | 
ty the Sides containing the Angles of the other, each to each. 
THEOREM 1. ANY tuo Sides of a Triangle, are together longer 66 | 
than the third. Eucl. 11 Prop. 20. | (3% 
AB+BC is longer this ; It has been already aſſerted, that 
between the two. Points A and C, there cannot be any Line con- 
ceived ſhorter than the right Line AC. * 7 | 
CoRALLARY. THEREFORE @ Triangle cannot be made of three 67 
given Lines, unleſs two of them are together longer than the third, | 
Eucl. 1. Prop. 22. 977 © AS Ty 
ProBLEM. 1. Tree Lines being given, to make thereof a 68 
Triangle, Eucl. 1. Prop. 1. and 22. | | 
Ler the three given Lines be A, B. C. from the Ends of one 


| Line 
he 5. 1. 4. 12. ; 
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Line A deſeribe an Arc, and from the other End with hi Ra 
tent of B draw another Arc ; then having drawn from the Point 
where theſe two Arcs interſeR, the two Lines A and B'to the 
Ends of C, they will make the Triangle required, whoſe Sides | 
are by conſtruction equal to the given Lines 

| ProOBLEM. 2. To deſcribe an pode Triangle upon a Line 

= | 

Ler the given Line be AB, with the extent of this Line, and 

from the Ends A and B as Centers, deſcribe two Arcs, from the 
Point where they interſect, draw Lines thro' A and B, and they 

| will make an Equilaterdl Triangle. 
70 ProBLEM. 3. To circumſcribe a Circle about a given Triangle. | 


Eucl. 4. Prop. 5. 
* _ thing as to make a Clocks path hey” ne 
oints 


71 Corattary. I is evident that to find a Point equally 
from three given Paints, which are not upon the ſame Line, a Ele 
muſt be deſcribed thro* thoſs three Points; the Center of that Circle 
rs the Point required. 

72 Der. 12, In every Triangle, the Angle formed by producing . 
of its Sides, is called an exterior Angle. 

In the Triangle BAC, having produced BC to D, the "Angle 
ACD is called an exterior Angle: being confidered as oppoſite to 
the two Intetior ones CAB and ABC. 

: 73 Tuxonzu. 2. Tuz exterior Angle of a Triangle is equal to che 
two oppoſite Interior ones. Eucl. 1. Prop. 32. 

Draw CE parallel to AB, and the exterior Angle ACD is 
thereby divided 3 into two Angles ACE and ECD, which muſt be 
proved equal to the two oppoſite Interior ones, which is RS. 
for ABC=ECD, + and BACZACB. t 

74 CoralLaky. THz exterior Angle is therefore greater thas 
either of the oppoſite Interior ones. Eucl. 1. Prop. 16. 

THis mult certainly be ſo, by reaſon the exterior Angle is 
_ to both the Interior oppoſite ones, as has been demon- 
ſtrat 

Tarox. 3. Tur „* 4 gy i a Triangle are Ra: 
* qual to two right Angles, Eucl. Drop V 

To demonſtrate which, t a e about the 
Triangle. $ The three Angles of the Triangle are meaſur gr 
half the Arcs which they — therefore they are meaſur- 
ed by half the Circumference of the Circle, that is 180 Degrees, 
the Sum of two right Angles. * 

Or Thus. The two Angles ACB and ACD are equal to two 
right Angles ; + but ACD the exterior Angle, is equal to the 
two oppoſite In erior ones ABC and CAB, 7 therefore theſe two 
Angles. n with ABC are equal to two right Angles. - 


Coral 
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$ Conti 1. Taszerots' the two Angles of « Triangle be- 6 
ing Lorna, FH bird is nh omar : i 2 
Fox together are to 180 Dogrees, two 

them make 160, the third ou ought to make 20. 

CorALLarY. 2. Tur Bree Angles of 4 Triangle 1 be all ., 
Acute. 

Fox one hundred and ei AE oak” 
three Angles of a Trian 42nd eighty Dore, which te Sum ofthe 
each of them will be leis thas th Sem of Gbr d right, or an 
obtuſe Angle, and which all together make only one hundred and 
eighty Degrees, the Sum of two right Angles. 

CoRALLARY. 3. IN @ Triangle there can by but one right An: 78 


g/e, nor but one obtuſe — A 

Ir there were two ri Angles, the three would together make 
wry fee tro ate gt I pe Ne 

ngle er t er 
would * than 86 ones; which is contrary to 
the preceeding Theorem. 

CORALLART. 4. Two of the Angles of a ie muſt there- 9 
fore be Acute, or leſs than 44 right Boles. E acl. Prop. 17. 7 

Tuts is evident, ſince thats Tings can have two of its 
—_— either Right, — Obtuſe. 8 

ORALLARY., r in two Triangles, tuo Angles of one are 

equal to bub An 15 of the other, —_— equiangular, that is, the * 
third Angle of the - hf one in equal to the third Angle of | the other. 


— 


CoraLlLary. 6. Ir à Triangle bath one of its Angles greater 81 | 


than that of another Triangle, the other two are together 1h th than 
the other two of the faid riangle. 

For a greater part being ſubtracted from the Sum of two right 
Angles, the remainder ought to be lefler, chan it would if a ber 
part had been taken away. 

TIER 4. Tur 2 * of a Scaline Triangle art un- $2 

a 
"IO ABC be a Scalene T Ag cz with the cn. 
cle X. * Since that the three Sides AB, AC, BC, are 7 | | 
the three Arcs of which they are the Chords are unequal, 


— the three a x pet of the m_— ABC, "which are mea- 


* 22 — l de hb he Baſe equal 
N an Iſocelts Triangle, t 3 aſe are ;z and; 
7 5 s at the Baſe are equal ; the Triangle is Hocelei. Eucl.1. 3 


— ABC be an Iſoceles Triangle, cirrumſcribe it with the 
2 X, ſince that AB AC, the Arcs ſubtended by thoſe Sides 
e equal. Now the Halves of theſe Arts are the Meaſure of 
the Angles ABC and ACB; 5 theſe Angles are therefore equal. 
The other part of this Propoſition i eaſy. For if the two Angles 
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25 „ Angles at the Baſe of an Locle are Equal, their Angles ars 


Sum, therefore 
equal 
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. 
ABC and ach are equal, the g AB 404 AC, & their Chord 


are equal; therefore the Triangle ABC is an Iſoceſes. 
© CoRaLLaky. 1. Tur Angles at the Baſe of an Woceler Triangle, 
can neither of them be either Kale, or Obtuſe. - | 
Fon if one be a Right one, the other would be the ſame alſo: 
thus the Sum of the — Angles would be more than two right 
Angles; which cannot be. and if one was obtuſe, the other 
would be ſo likewiſe; ſo that only two 2 the Triar 
would make more than two right ones: which is alſo impoſible. 
CoralLakY 2. Ir either of the Vertical Angles, or one of thi 


all egaal. g | 1 

For if the equal Angle be at the Baſe, the other e at 
the Baſe will be alſo equal, and ſo likewiſe the third, + 2. If the 
equal Angle be at the Vertex, the Sum of the two Angles at the 
Baſe of each Triangle is the ſame; now each is half that ſame 


equal. 
TrzokEM. 6. Ts three Angles of an Equilateral Triangle art 


Havine deſcrib'd a Circle about the Equilateral Trian | 
the Sides of the Triangle being the Chords —— 
quently equal, f and their halves equal. 5 Now theſe halves 
— the Angles of the Triangle. Therefore the Angles are 
all . 

Sinn Hsxce each Angle of an Equilateral Triangle 


7 is Acute, and always of fixty Degrees. 


"ADVERTISEMENT. — 
From this Corallary is deduced a different Method, for rai- 


88 ſing a Perpendicular from a given Point of a Line, for Exam- 


le, from the Point A of the Line AB; make the Equilateral 
Triangle ABC, then produce BC to D, ſo that CD=CB ; from 
D to A draw a right Line, which will be the Perpendicular, 
if BAD is a right Angle. Now I demonſtrate that it 1s ; far the 
the Angle ACB is equal to the two oppoſite ones D and A 
which are equal, by reaſon CD is equal to CA. Hence ACB 
being 66 Degrees, DAC is 30, CAB is 60; therefore the An- 
gle BAD is 604-30, or go Degrees; which is the content of a 
right Angle. fs | 

Tuxoxku. 7. IN a Triangle, the longeft Side ſubtends the great- 


89 Angle, and the greateſt- Angle is ſubteuded by the longeſt Side, 


acl. 1. Prop. 18. 19. 

Hav mo deſcribed a Circle about the Triangle, the longeſt 
Side of the Triangle will ſubtend the greateſt Arc. | Now the 
half of chat Arc is the Meaſure of the Angle oppoſite to. the 

; longeſt 

* Sup. A. 75. | + Sup. n. 80. I b. 1. . 31. 

0 Sup, 1. 39. | 6. 1. 32. 
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ance bf & 
C 

' the extent of AC or EF (which are equal, ) dra oy we” 4 
2. Ic 


Boy K 1, Sec. 4. "44 
awd | | 
font] by half the ibed i 


gx | 
Arc. 
Circle, the grea 


now the greateſt Arc 2 the longeſt Chord 
poſite to that e is the 

Tuxokzu 8. 2 mt 
Sides te to t s are Erl 1 . 

N — ep 

are ſubtended by equal Arcs, 

ru Sides oppoſite to thoſe Angles. 
3 9. In a Triangle, the half of each Side is the Sine If 9 
t Angle 

1a angle ABC be inſcribed in the Circle X: It muſt. 
be Ae at AD, the half of AC, is the Sine of the 
Angle ABC. The Arc AE, which is the half of the Arc AC, 
meaſures the Angle ABC ;* hence the Arc AC is double the Are 
which meaſures | Angle ABC; therefore AD, half the Chord 
of the Arc AC, is the ine of the Arc AE, and alſo that of the 
Angle ABC. The ſame way it is demo that balf BA is 
the Sine of the Angle ACB, and the half of that of BAC. 


ADVERTISEMENT. 


THrerzroORE the Sine of one Angle, is to the Side oppoſite 
» Angle, - — Sine of another — — to — oppoſite 
ide: Or the Sines of Angles, are to as oppolite. | 
Sides, ſeeing that the Halves are as the Wholes. 
Turokzu 10. T'wo 2 whoſe Sides are equal, are Equi- 98 
angular, and entirely equal to each other. 
Tus Sides of the riangles ABC and DEF are equal, — 
that they are Equi- angular, and entirely equal, or (which i 
ſame thing) that being placed one upon another, they 9 * = 
cide. 1. BC being equal to DE, it is plain, that if the Line 
i 


be placed upon BC, they will coincide t If 


co 
DF will not coincide. with AB, _—— with AC, þ — | 
the contrary, From B as a Center, with the duſt 
equal Lines. AB or DF, deſcribe the Arc Z; and $66 frame: 


theſe two Arcs muſt neceſſarily interſe& as here at A. 2. 

evident that D being placed upon B, the Point * muſt neceſſarily, 
be found in the Arc Z, and that E being upon C, the 
Point F, will be found in Z and X, and therefore in the Point A, 
where the two Circles interſect: K.ence, the two Triangles being 
plates N. B. the other, wil every where agree ; and are 
9 may be ſaid that the two Ares Z and X, ll 66 10 in ano- 
ther Place beſide A, which is true, but by what has been demon- 
b ² A 7 R | 

2 


= 
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be below BC (vix. ) at the Point G, as is ie Yence, ue 
croſs each other above BC, in any other Point beſide A; they 
would interiect in three Points; which cannot he.. | 25 
93 Corattary 1. Ir ow the Ends of a right Line t«vo other fight 
Lines are drawn which meet at a Point, there cannot be drawn two 
other Lines from the ſame Ends, and on the ſame Side, equal to the 
— firſt, each to each, ſo as to meet in another Point, Eucl. 1. 
rop. 7. . 
For they make two Triangles having equal Sides, which. con« 
ſequently being Equi-angular, ought to coincide py;> £1 
CORALLARY 2. Two Triangles baving two Sides equal," each to 
each, and the Baſes equal, the Angles comprebendad by the tau equal 
Sides, are equal. Eucl. 1. Prop. 8. - + + 0 
Tur two Triangles having their Sides equal, are entirely Equi- 
an 4 | 
95 Tusoagu 11. Two Equi-angular Triangles, which have one 
Side equal, are entirely equal. | 
ABC and DEF are Rates and AB=DE, I fay, mr 4 
| are entirely equal, for if one is placed upon the other, DE will 
| coincide with AB, fince they are equal Lines. If DF does not 
3 coincide with AC, but with AG, as the Angles FDE and CAB 
are equal, it will follow that the Angle CAB=GAB, which is 
the fame as FDE ; which cannot be, it muſt therefore - be that 
DF will coincide with AC, and by the ſame reaſon FE with BC, 
and the Point F with C, and conſequently the two Triangles are 
| both every way equal. | | ; ; 
CoRALLARY. T'wo Triangles having two Angles and one Side 
equal, are entirely equal. Eucl. 1. Prop. 26. | _ 
Fo x two Triangles which have two Angles equal, are entirely 
Equi-angular,* conſequently if they have one Side equal, it muſt 
be, according to the Theorem, that they are entirely equal. 
07 ProBLEM 4 To make a Triangle, havirg one Side, and the 
' Anples at that Side given. 
Tus given Side is AB, let the Angle at the Point A be called 
X, and tkat at B, be called Z. Upon A draw the Line AC, 
making the Angle CAB equal to X, and upon B draw the Line 
BD, making the Angle ABD equal to Z; theſe two Lines will 
interſe&, unleſs X and Z are either right Angles, or both toge- 
ther greater than two right Angles, for if — are, the Problem 
| would be impoſlible,} and the two Lines would not interſect, but 
be parallel, I or elſe decline from each other, and they muſt in- 
cline in order to make a Triangle ſuch as ABE, which is that 
| which was propoſed to be made, for 1. Having two equal An- 
b gles, they are 3 ular; | and having one Side equal, they 
| 


are entirely equal ; by the preceeding Corallary. 
93 THrEoktm 12. Two Triangles that have one _— and the 
Sides containing that Angle equal, are wholly equal. Eucl. 1. 
Prop. 4+ | Tas 


* B.1.n.88, „ap. n. 90. + Sap. n. 29. 
| 1 Sup. n. 79. J B. 1. n. 68. || Sup. #. 80. 
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Tur — . and AB=DE, and AC Dp, 10. 

that e one upon another will coincide; 4 
For DE will coi ay ; if DF doth. not agree with AC, 

but with AH, the Angle BAC will be equal to the Angle BAH, | 

which cannot be : Therefore DF agrees , with AC, and the Point > 

F with C, conſequently BC EF; therefore the two Trian * 

having their Sides equal, are Equi- angular, that is, eq 

82 13. Two Triangles having one and the ſame Baſe, - 

the Vertical Angle of the — Triangle, is 2 than the Ver- ; 

tical Augle of the containing Triangle. Eucl. 1 » to: F. | 
Tus two rien gles CAD and 1 CBD, have 05 or their Baſe. 

CAD is — in CBD, it is to be proved, that AB. Pro- 

long DA to E, the exterior An le CAD is equal to the two 

interior oppoſite ones AEC, ECA; + therefore it is greater than 

e either of them, by the ſame reaſon 'CED=EBD, BDE ; and is 

thereforealſo 2 than eĩther of them; conſ 1 uently CAD being 


4 greater than CED, it is alſo greater than BD ; <obich. vas 3 
F to be proved. ws A 
4 ProBLEeM 5. To i 8 in : —— a Triangle Equi-angalar 10 $ 
to a given Triangle. * 


Læ r the given Triang age be FE] , " which muſt be inſcribed in 

the Circle BAC, draw = Tangent GH, and make the Angle 

GAB equal to FDE, and CA 1 to DFE, I compleat the 

Triangle ABC by drawing the Line BC. Since the Angle BA, 

whoſe meaſure i is — the Arc BA, (which is alſo the meaſure of * as, 

the Angle 0s to EDE, then BCAZFDE. By the ſame "Ow": 
— Reaſon CA - to DFE,) having for its meafure half the 
x Arc AC, (the — of CBA,) it muſt be, that CBA and DFE 
are equal ; hence the two Triangles ABC and EFD, having two 
9 equal, they are entirely Equi - angular, having therefore 

— the Triangle ABC, that which was will be 

one. 


— 


PRoBLEM 6. To deſcribe about a cb, a Triangle Equi-angu- lor 
lar to à given Triangle, or to 1 a Circle wy a Triangle 8 
Egui- angular to a given Triangle. Eucl. 4. Prop. „ 
T as given Triangle is KLM, a Circle is X, having % 
drawn the Radius AD, make on one Side thereof the An 15 3 N 


BAD NLE, 1 and on the other DACZKMH ; then hav 
drawn through the three Points B, D, C, the Tangents EF, <A 
and GE ; I ſay, that the Triangle EFG, is ui-angular to 

LKM. The fix Angles of the two Triangles BAD and BED, 

make four right Angles,+ AB and AD being Perpendicular to 

each other, EBD+ABD make a right Angle, alſo EDB+BDA 
make a right Angle, therefore BED+-BAD make two right An- 


gles ; now by Conſtruction, BADZKLN, the Angle 22 


Cup. u. 92. of = wing t 8. 1. «al 
F Sup. n. 29. 37 Sup. n 
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KLM makes two. righ , therefore, BED=ZKLM.- The 
fame way it is — „chat BGC KML, and conſe- 
ntly that EFG LK M, and that the Triangles 70, _ 
Ns M, are therefore qui-angular.$ 
| FOZ ProBLEM 7. Toi e a Circle in a Triangle. Eucl. 4. » 
| AccorDinG to what has been taught,“ Linde the Angles 
| and'-CDB, into two. equal Parts, by — Lines BA and DA, — 
1 from the Point A where theſe two Lines irterſe& ; draw be Per- 
wo. Fm ndiculars AE, AF, AG, upon the Sides of the Triang le, N then 
A, with the extent of one of theſe Lines, deſcribe the. Cir- 
which will be inſcribed in the Triangle BCD ; to" 
* , it muſt be ſhewn that the three Lines AE, AF, AC 
equal. The two Triangles AEB, and AFB are ReQan r 
Conſtructon, fince that AE and AF were drawn pendiculagly ; 
the Angles EBA and ABF are - qual by Conſtruction; hence theſe 
two Triangles having two Angles equal, they ate Equi- 5 
the Side AB is common, therefore they are entirely equal. Thus 
AE AF; it is demonſtrated the ſame 4 chat AG is equal ta 
1 AF, and to AE; which was to be | 
03 Coraltary. Tuner fuch Lines being — as bein W 
: will make a Triangle, there may be found a Point _ 22 
each. 

Tus Triangle being made, inſcribe a Circle therein, the Cen- 
ter thereof is the Point required. 

104 THEOREM 14. Two Triangles having tws Sides of one, equal 77 
two Sides of the other, but which contain unequal Angles, that which 
bath the greateſt Angle, will alſo baue the longe/t Baſe, and e- 
ciprocally, that which hath the longeft Baſe, has - e greateſt Arꝑle. ve 
Eucl. 1. Prop. 24 and 25. 

Ler the two Triangles be ARC, DEF, if AB=DE, and BC | 
=EF, and the Angle BE; I ſay, the Baſe ACS DF. 1. For 
if the Triangle ABC, be conceived as placed upon the Triangle 
DEF, ſo that the Points A and B coincide with D and E: As the 

Angle ABC was ſuppoſed greater than the Angle DEF, the Side 
BC, will not coincide with EF, but will be nearer EG, as here 
at EH, and the Line DH will be equal to AC,* then imaginin 
the Line EF=EH- as turning round upon E, the End DE. 
as it approaches to the other End EG, when it is at the Point H, 


the Line DH which will join their other Ends, will be louger 
than DF, which was to be demonſtrated in the firſt place. 2. 
The inverſe Part hereof will be demonſtrated i in like Manner, 
(zig) That the Angle DEH=ABC, is greater than the Angle 
DEF, the Line AC or DH being pal longer than DF, and 
the Line EH being ſuppoſed nearer than EF to the Line EG, when 
turned round upon the Point E, as before-mentioned.f Ow 
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5 E e r. ne, "a 
| Or Figures having ſeveral „ 
7 7 1. ADRILATERALS, tp Piguet of four Sick, We 


have different Names. 


Sian, Us A. F four Sides . Squad, and 
r bat not right cn0h Ws & Edina, Dy 
nt np Sar, . Te e Fr 
are Tight — & dnks Sqters, 

gram, or ſimply a Rectangle, as wC 5 
are equal, and the oppolite © Angles ao 
the Figure is called a RBD % as D. 


laterals, whoſe oppoſe Sides are neither parallel nor equal, are 
called Trapezias, as E. 


Dze. 2 2 21 is called Regular, wwhin all its 4 2 


its Ang 11 are 


de. A Figure f ſeutral Sides is in general called a Polygon +: 
it takes i Nause which is proper to it, 


0 7 3 
p muß * 


from the Number of its Sided; * 
or from the Number of the Angler æubich its Sides contain: Th a 
Figure of five Sides is called a Pentagon; of fix, « Hexagon; of 
ſeven, a Heptagon ; of eight, an on; of nine, @ Ennea- 
gon; of ten, "a Decagonz of eleven, 2 of twelve, a 
Dodecagon, &c. | 

Der. 4. A regular Figure is ſaid to be infevided in a Circle; when 0 
all its angular Prints are in the Circumference of the Cirelt ; but 


when all its Sides touch the Circumperence of the Circle, it is Said to 
circumſcribe the Circle. 


Dee. 5. Two Lines being drawn from the Ends of ore the 199 2 
Sides of a regular Figure, to the Center of the Circle in which it fs * 
inſcribed, (or which it circumſcribes,) make an Angle, which is called Ws. 
an Angle at the Center, and the Angles which the Sides male, takes 1 
two and two, are called Angles of the Figure, L 


Lemma 1. OBLIQUE Lines which make equal Angles berwery | 
Same Parallels, are ak the 1 * 24 


Lr there be drawn the Perpendiculars AC and DF between the 
Parallels Z and X, they are equal,“ but the Angles ACB and 
DFE being right 68 ones, and the Angles ABC and DEF equal by 
the Hypotheſis, the two Triangles ABC and DEF are then Equi- 
angular, F wherefore AC is * up to DF, they are all equal ; f 
conſequently AB DE. 


Luna 2. Lines which make the fame Aula, upon one and the 105 
ſame Line, are Rn 


/ Ti 
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r est the Angles of ABCD, are equal to four right Angles. 


: 9 : 
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Tus Lines AB and DE make upon Z and X, the fame Angles, 
am 2 conſequently AB and DE ought to wo 
112 Luna 3. Two Lines which join two equal and parallel Line 
are equal, Eucl. 1. Prop. 33. - 
Ir AD and BE, jola the two equal parallel Lines AB and DR 

I ſay, that they are alſo equal, the Perpendicularz AC and BE 

are el, AB and DE being the Angles ABC/ an 
DEF are equal, f now ACB and DEF are right Angles; there-® 
fore the two Triangles ABC and DEF, being Equi-angular $ and. 
having one Side equal, ſince that AB=DE, they are entire 
equal ;* therefore Be- RE; then CF=BE : Now AD. and C 
which are between the Parallels AC and DF, are equal, y there 
fore BEZXCF=AD ; hence BE=AD. „ 
113 Tuxoaku 1. The four Angles of a Quadrilateral, are equal to | 
four right Angles. | | | l 
Lr the Quadrilateral be ABCD, it is required to prove, 

that its four Angles are equal to four right Angles : the Line AC 
being drawn from any one Angle, to the oppoſite Angle, it wil! 
divide the Figure into the two Triangles ABC and ACD, the thres 
Angles of each Triangle make two right Angles. Hence all 


* * 


114  TaHeoREM 2. THE oppoſite Angles of a Quadrilateral inſcribed in 
2 Circle, make two right Angles. Eucl. 8 22. 43 
Tur Quadrilateral ABCD is inſcribed in a Circle; the two. 
| oppoſite Angles ACD and ABD, are each meaſured by half the N 
Arc upon which they are placed; $ now they all together being 
laced upon the whole Circumference, are therefore mea- 
' ſured by half the whole Circumference, are therefore equal tu 
two right Angles.|| It is the ſame of the other two Angles BAS 
and BDC. 1 
115 CokarrAxv. Ir the oppoſite Ang los of a Quadrilateral do not mat - 
two right Angles, it cannot be inſcribed in a Circle. 9 
For if it cou d, the oppoſite Angles of the Quadrilateral would 
be equal to two right ofies by the 'Theorem, but by the Suppoſi- 
tion they are not; which is impoſſible. - 2 
116 Tagore 3. Ir the ofpoſite Sides of a Quadrilateral are equal, 
they are parallel. | 
AB=CD, and BC=AD, the Side BD is common ; then the 
two Triangles ABD and BCD being equal, they are Equi-angu - 
lar :* Therefore the Angle ABD=ZBDC, wherefore BC is par el 
to DC ;+ ſo likewiſe BC is parallel to AD, by reaſon the Angle 
; ADB is equal to DBC. * | . | : | 
117 Turokzu 4. Ir two of the oppoſite Sides of a Quadrilateral are 
equal and parallel, the other two are alſo equal and parallel. Euel. 


1. Prop. 23. Txz0REM 
* Sup. u. 29. + B. 1. 2. 68. 1 Sup. n. 27. 
5 Sup. u. 80. ® Sup. u. 95. + B. 1. n. 65. 


Sup. u. 75 $ Sup. u. 39. || Sup. u. 47 
5 bo 957. 1. 94. + Sap. u. 26. | 


ente 
7 


» . 
* 


— 


_ _ 
we wen 
—— > 

F 


+34 
IRC oo 


- 


— 
a 
1 


- 
”S as 
4 


rs 


- "s — 
4 
„ . _ : K 
* 
re 4 
— — ou 


oi 
- > — — 


. * - 
— 6 Ss. _ 


r 
2 


br — ET TY 


. 


1 X o 
* E . " 
SLATS 3 | 1 ,-v + % 
1 . 4 . i g 4 S . * 3 . 7414 
25 2334 5-3 1 $3302 5 +23 4$57 43 14 541 
w. ViSTCariyy, 4:5 HIOTY , SOS VEF 124 + 


117 


">. C4 
4 


WR 


& a5 4 


Boox II. Ser. 4. 10 | 49 
ieee 
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AC; even AR" ** kn by RT STEER uh Fore. 


N bes 7 coneyatinty by the 


et Tur tet 0 2 — 119 

A i er Wo 275 e 9 

n 2 Angle FDA AB 

5 Aagie bn ual to a 

FDA++ADC makts two th A 

makes with ADC two right'A 

con) ant he BAD-LAYC equal of Angie. G. E. D. 
an +ABC is two ri n 3 

""Puvali ins 4, Bu make a — bavtes 5 n 

the two containin 

Tus giv en er ET TAX, the given Angle is K : 2 and 

x muſt be jol ined, ſo'as to make an An N 

erode of) + es n oye 

ORALLARY. I HEREFORE 7 a ' Square having one . 

given, there is no more requirell than to jain ts Liner dqual t6 dt. 

awhich' is 46. as 7 | e make a right” "Angle. Eucl. 1. 


* . 

HEOREM my Þ or Figure of ſeveral Side, may 

be divided i 225 as les as it 74 A uv. 126 

[x the Polygonal Fg X, having r 

Angles as A, right Lines u to all the other it will be there- 

by Pome ino ſeveral Trian es, whoſe Baſes ure the Sides of + 

the Poly two which are at the two Sides of A, of 

which and AF are one af the Sides ; hence there is as many 

Triangles, leſs two, as there are Sides, tis the ſams in all Poly- 

benz wherefore it may be abſolutely ſaid, that a Fylygon may 

reduced to as many aa Frog as hath Side, | two. | 
CoRALLARY. Tajkarpes 20 2 Angles 2 E b hath 123 

ſeveral Sides, are equal to twice fe many 71 

the Figure hath idles. - » | 
Tram is, To og of ge di fix g | 

equal to eight _ pages; for the Polygon is divided 

many Tri as it hath, Sides, leſs two, thas is, into 

Then fince the Angles of each Triangle are equal to two right | 

ones, all the Angles of the four Triangles together, are equal to 

eight right Angles : But they all together compoſe che fix 

of the Figure, therefore the equal to eight right ones; that 

is, to —— right ba, "IG * it may fore be ſaid, 

— all the A a ili on, ls "gre of a 2 

and Sides, are val. 860 1 bt this may be eaſily 

conceive 9 it is Wo to coficeive à hiliogon 
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By _ 
Chek the Angle 1 
cauſe it is formed at the Center of the Girele by th 
AF, drawn to the Ends of the es of the Poly 


Angles ſimilar to GEF, formed b de . 


2 Fang, are fl the Hogs one 


the Feng . 
88 or th 8 
e at : 
8 wed 5 l Fs Hexagon, tha s 
of four Mk 2 00 pre de be i by, Ax, 
Number of the Sides of the Koh otient which is 


is the content of the Angle at the W e Angle at the 02. 
ter being known, that at. the Pol >> will be Ee kako, 
| for as the taes Angles of the ioks Triangle EAF, are toge-. 
ther equal to two right ones ;f or * uy ay Ar 
fore the Angle at the Center, the Sum of the 
Dane eee 
to „ Te 0 2 
22 n i LD - Which mig pd E bend 
i en demonſtrated 95 dinge tha the Angle A * 
a 


E the Part GF, here ſup ed 120, from. 360 | 
=. which make the ct. e 


QUEST LON. l f 


| Wrar Pabittgy” are they, which may be joined by 1 . 
Points, without leaving a Vatuity ? 


— Tazy muſt be ſuch, that the Angles thereof, which are 400 
the common Point, make exactly four right Angles, F hence, 
| there is only Triangles, Squares and'Hexagons that can do it; the 

four Angles of four Squares, which have one Point common, 
make four right Angles, the, three Angles of three Hexagons, 
| having one Point common, being eack 420 Degrees, they toge- 
ther make 360, the Sum of four right Angles. . Six Equilateral 

Triangles, being placed about a Pount, he fix Angles. ak, 
and make four right Angles. 

Wax the Angle at the Center of a regular Figure is 8 5 
it may be inſcribed in a Circle, by drawi Center two 
Radius's, making ſuch an An ale, as the THE at the Center of 
the Figure ought to be. "For i its a Fi of ten Sides, Which 
makes an Angle of thirty-ſix Degrees, which i is the tenth Part of 

6o, the Chord of that Angle will be ene of the Sides of that 


— To 


® Sup, #. 106, 11 t 7. 
3 | 


"I 


| Book II. _— Te 51 
To Circumſeribe a Pol regular Figure about a —_ 

it muſt be rſt inſcribed | 82. the Radii be 
baving divided one of the inſcrib'd Sides of the Po ygon —— two 
equal as EF, by drawing the Radius AB thio' the middle 
thereof, and having drawn at the PointB,a tangent between AC and 
Ab it will be one of the Sides of the circumſcribing — rh 
all the Radii of the i a Po 
to AC and AD, thro the Ends. of. which, having 
Lines, you will have the Figure required; ; which Þ cries, 
the Angle at the Center of every regular Fi cannot be de- 
ſcribed with the Rule and Compaſs only, as l be re 7 
but only mechanically, by mean of a innen 

uns a Protrafor. 
To o rl 


ROBLEM. 
* 6. 


* 3. To inſcribe a db | 


Prop. 


elbe +. To e about . 
* Circle ABCD —— ) b gow ro. in 


by a Square, there mult | at __ 
Angles, then having drayvh. four Ends of theſe Dinme- | 
boy four Tangents to the Cie will (as is evident) form 


* 


the Square requi 


Rn 94 x "To iris. MEET od. , 


Tur Square ABCD i is given to be circumſcribed by a Circle. 
＋ Der 

AN and taken half one of the Diagonals 
i Rb ner 


> 7 
: 


5. 1. 8. 4. ÞF ins 44 1 6. 1. 4. 112. 
Hz n 
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Or the Area of Surfaces, 
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128 I Newry Parallelogrdm, the oppoſite Sides and Angles ard on 
| ; 


1 2 


one to another, and the Diagonal divides it into tue equal 
uct, 1. Prop. 34. . 54 uh pat. 
Ler X be a Parallelogram whoſe Diagonal is AB: It muſt be 
proved, that the Angle ADB is equal to ACB, and that the Sides 
AC and BD are equal: The two oppoſite alternate Angles ABD 
and BAC au equal, by the ſame reaſon BADZABC, the Side 
AB is common; hence the two Triangles ABD, BAC are en- 
tirely equal; + then the Angle D is equal t ths Angle C, and 
the Angle A to the Angle B, ſeeing they are compoſed of equal 
Angles, and AD=CB, as alſo 'AC=BD, and AB gqually dl. 
vides the Parallelogram ABC DP. e 


' > # 


TurokxEM 2; PARALLELOGRAMS athich are betaueen ' the "ſam 


Parallels, and upon the ſame or equal Baſes,” dre equal. Eucl. 1. 
o ir re 0M 1. 

Ir the Paralletograms ABCD, EFCB are between the ſame 
Parallels Z and X. and upon the ſame Baſe BC, or another equal 


thereto, I ſay, that they are equal. If the Baſe of the Patalle- 


x 


BCEF, is different from that of ABCD, upon BC Ie - 
there be made the Parallelogram EFCB, t ſimilar and equal to 
the given one EFCB, it is to be p that the Taft Parallel 
EFCB, is equal to the Parallelogram ABCD. The Sides 
AB, CD of the Parallelogram ABCD, are Parallel by ſuppoſition, 
they are alſo equal, 5 ſo likewiſe are the Sides BB, F ut 
if ED is added to AD and EF, which are ſuppoſed equal, the 
Wholes' AE, DF are equal, hence the two Triangles EAB, FDC 
having their three Sides equal, they are entirely equal ; and fub- 
tracting from theſe two equal Triangles, their common part DGE, 
the Trapezia's ABG D and CGEF are equal; then adding to 
the ſame Quantity BGC, which makes the Parallelograms 


15 
| 1 D and BCEF, the CONT are equal,  avhich was tg 


proved. Obſerve that if the Point E, be between D and A, 
inſtead of adding DE it muſt be ſubtracted, in order to con- 
clude che equality of the Lines AE and DF, and afterwards 
that of the' two Triangles, EAB, FDC, and conſequently that 
of the two Parallelograms, by means of the common "Trapezia, 
which is to be added. = | en 

1 Con at- 

Cup. u. 25. Þ+ Sup. 1. 95. Þ Sup. n. 120. 

„ eee. ene. 


Book II. — — 6. 


54 
Conx ati. 1. Trurrerore in mea the Superficis of 136 
a Parallelogram, regard. is Bh to only the Baſes and the Perpen- z 
dicular Height. 
+ is equal to. a 


F ecerd, Parallel 
3 . hoſe Baſe is BC, 91 "hoſe Sites 


w 
bein N ual to its Hei — the 

Parallelogram ABCD 22 of all the Parallelograms 

whoſe Baſes are equal 1 2 the ſame height, 

or are between the How . 2 

right angled e Cog won * 

and there may be an infinite number oO ris wg 

grams upon the ſame Baſe, and between 8 X 


De 1 ir 720 of * 131 
blique ang gled Parull ard is had to its 
q For altho” the oe; and CF were 25 2 


— On, 6. 1 bags may be conceived ſu 
ines to in whole 
Circumference is, infiite, is no greater 7 2 G EE 
ference is 3 53 — 
THzoR. WW ks hls be im Parallel to "the Sie s _ 
3 Paralle * and tir any Point whatſoever f its Dia 
ey will arvide the Paralldograms into faur. Parts, of aui — ; 
105 aubieh the Diagondl does = aſe th, and which are 
ements, are equal one to anot 
NBC, Ind Jef Ak, and PEG<FHC * Slbwaa. 
ing from the ual Triangles ADC and ABC, the equal wan 
— * AK F = FHC — one Side, and AGF and FE 
GED. the remainders FKDH and BEFG, he el. 
HEOR, . are oe os the Tries Nr 133 
poo 17 5 Eucl. Prop. 41. 
Tus Trian ep hath che fide ſame Baſe | as the P. 
ABCD, and being both between the n 
have che ſame Wader draw DF Parallel to CE, makis 
Parallelc DCRE, which is equal to ABCD, Now 215 a 
ual to thereforg DCEF or its. nal ' 
e de, 5 Tinker 7 5 be 
ORALLARY." 1. FFORE of t ame or 
= and having the ſame mp od | wo 1 ine 154. 
37 and 38. 3 | 
By reaſon they are the half RAE 
ſame Baſe and We * «f 


. CoraLLary. 2. Trrtzrone in ls 4 Tri: gata 
it bad to only its Baſe and height. > * u, = 135 


* Jup, u. 128. Sap. 5 129. 1 1. 128 | 


— 


ff 4 


A DñDVERTISEM ENT. 


Ah, and that 


ml 
HY 


: 
2, 
Ert 


\e Square- | 
the riangle | 
1 tht ſams or | 
7 
| „ and Con, 
e Vertex of eat 
Bias be 


s bf choſe two Triangle, it will be | 


| ADVER TISEMENT, 


137 Ir there are two Triangles whoſe 8 ies are 
Which 1 the moſt e al one 
the leaſt Circumference, a t. an riang) gle, 
Circumference 1 ah arczal 8 & which is 
for tet ABC be a right angled Triangle, and ABD 
otie having the fame height, they are Equal, 
making AC=CE, the Cirey 0 


being Ninety, the Angles AKB and EA 
EDA ts an idbeel 120 DEA then 
cumſerence of ABD; how BE is ſhorter t 
tore the Circumſerence of ABD is. ſhorter 
The more regular and ühifbrm a figure is in all its 
* is its contained Surface, and the leſſer its Circumi 
As will appear farther en. þ „ 
133 ProBLEm. 1. To ſcribe a Parallelograin 
: thereof given, equal to a Triangle given, Eucl. 1. 


1 


: 5 


5 


* Sup. 1. 134. + 6. 1. 3. 64. f Sap. n. 134. 


thenuſe CB be made the Square CD, (4 Parallalegram of 1 * ä 
is denoted by taus diagomai ) and upon the other two Sides 


A and AB, be made the Squares CK, BG : I ſay, that CD= 

KBG. From the Vertex A, let there be:draym the Line o. 

* 4, 1.n. 72 % „ 29. 1 3. e (| 
$ Sup. u. 133. ||-Sup. #. 132, | Ry 


* Sup. n. 138. + Sup. n. 139 


„ d 
56 Elements of Geometry, 1 
| Pathogen * thenuſe BC, which will Quide the 
vare'CD into the two, Parallelograms IE and ID, th kf ef 
üch is e ſual to the Square CK. — 93 ar 
BG ; which is thus demonſtrated. From the Point A to the 
E; let there be drawn the Line AE, and from B to the Point 
che Line BH,theſe twoLines will form the two equal Tria 8 
BCHZz for the Side CE CB, and CA=HC; and Angle 
ACE and HCB Which thoſe Sides contain are qual, having ok 
. 4 Angle, and the Angle ACB common/;- but the 'Trian! 
the Paral IE, becavſe they kawe both 
ſame Baſe and are both, b the fame Parallels, the Trian 
HCB, is likewiſe. for the ſame Reaſon, half the Square 
no theſe Triangles” are equal; therefore che aun 
which they are the Halves, are alſo — * #17 
"WH a T has been faid of, the Pa IE, ef 
Square CK, is to be underſtood of the?! TD, c 
the Square BG, therefore, &. 


1 © PrOBLEM 4. c > Spy ep? e rr 
43 ther Squares. 

Join the two Baſes AB, and AC, , of the ere ade, — — 
ſo chat they make a right Angle the-Baſe CB' of that Avgle 
1 1 quare - > hk Ge ary — 
the preceedin — a Square uired equal to 

| Nt . and char BD is the Site of the third, Join BC ad 

D, ſo that they make, a right Angle, then the Square of C i 

ual to the Squares, of BC and BB, eonſequentiy to the Squares 

AC, AB, BD; and dy this meant a Square may La 

equal to as many Squares you pleaſe. 
1% Taronznt * Ir the Square of one of the Sides e ne if 
equal to the Squares of the other two des, the Angle contained be- 
tavern thoſe two Sides in a right one. Bucl: 1. Prop. 98. 

I ſuppoſe the Square of the Side BD of the Triangle ABD, 
to be equal to de aue of the other two Sides AB, AD; if {0 
I'fay, Gas the Angie BAD contained between the tu o Sides AB, 
AD, is a right one. Draw AC Pe — AD and make 
it equal to AB, then the Squares are equal to that 
of DC, now by the Hypotheſis, —— — ual to 
that of BD; the 45 of BD and DC are therefore equal. Hence 
CD and BD are equal; then the two Triangles ABD and ADC 

are entirely equal, and conſequently Equi-angular,+ BAD is chere- 
fore a right Angle as well as CAD, it is here ſuppoſed chat equal | 
145 Squares haye equal Sides, which is evident. 

Tusonzu 8. A Triangle is equal to two or more Triangle, hav- 
ing the fame b if its Baſe be equal te all thein Baſes talen to- 
ether 

© Tas Triangle ABC is equal to the Triangles ABE. EAD and 
DAC, which are its Parts. Now ACD=CFD, and DAE=ZDGE, 
and EABzEHB,t therefore CAB is equal to two or more Tri- 
angles, c. which was to be proved., - Dse1- 
* Sup. n. 98. + Sup, u. 133. * Sup, u. 14% 

+ Sup. #, 92. Þ Sup. #. 134: 5 


- 


n 
* 


| Fin a Triangle whoſe Baſe is equal to the Cireamference of A v4 


Sides, is the ſum as a hr 


fame Circle, bat aubich hath tb ue Sils, hath 
: cumferehce, and 1 gens * 5 


4 "4 N 
* 


* Rags 


Book IH. SN g. „ 


＋ P. 0 
— e ü. th Popeye * 


A | 
— 9. Tus /aperficial. Content ef N Fabse, it. 1 


and its Height to the Apotome ther 

AVING r "inch Angle — #8 ; 
will be reduced into as many Tri as it hath Sides, 4 eq 
to the Triangle ABC whoſe Baſo is BC, and its 5 the A 
tome AD, now a Triangle whoſe Height is is. . 
the Circumference of the Poly to 1 theſe Tri- 
angles whoſe Heigh tis DA; pu pry ar taken together, * 
the Circumference r ;* 4ohich auar to be proud. 


_ Evipent Propoſitions concerning Polygons. 
Proe. t. A Polygon in yybiter thin its inferibed CH. 140 
2 2. 7 4 ir Aer than its cir wr eo ag 130 
ROB Neemud ar A an . 
Number bp Sides. * 15 


od 0 of 4 Pal Diathett? hach 2 Million of 
Sides, it is evident, that the difference between it and à Circle is 
not pteceihable, if I fay, there be imagined in a Circle as many 
Sides are thete are viſible Points, it will be a n 


Circle at the ſame Time. 
TaHzoReM 10. O N ys which . « 124 . 
the lraſ C N 


Circle, that which hath moſt Sides 
the leaſt Surface. 

X is a Pol which circum(ctibes a Circle, 1 did it Shes 
is order to another Polygon, ren 1 Sides, b 8 
* Tangente which are whhour the Circle r | hence the 

| be' greater than the Ar jet us —_— ſame Part 
the two Polygons, thar.is, the which ei eircitmſcrides the ame 
Part of the Circle, for Example EFD, ſince N 25 
than BC, then BD+BA+AC4CF is 7 4 
CF: Hence the ingot | Sides 
greateſt, The Fi od EFC ABO exceeds EP 5 
of the Triangle BC; therefore che Surface of that 


moſt Sides is vaſt J 
CoRALLARY. THzREras Janet the more Silo 5 G ing\t54 

Polygon hath, the lefſer it is, (always Pemaining greater than the 

Circle which it citcumſeribes) il follows, that the more Sides a Poly- 

gen has, the neafer iti Circumference and Surface. &. npproach to the 

Circurferente and Surface of | the Urelt aubich it cideumſeribe1, and 

that therefore a 8 ahr haviny an 2 Number f 


aifevited is the 13 
the 21 . 

. a Two 
* Sup. n. 143. . 6. 1. #. 106. 4 39, 1. 146 


TaroteW 11, 1+ thive are Ne regutar Polyght 


58 Elements of Biliary! y. if, 


Two Polygons being nfribed'tn the Cite X, it este 
the part ABC, andthe correſponding Parts of the two i 
Polygons. 1. BD+DCis longer than BC, wherefore the — ; 
ference of 'the Polygon having moſt Sides, appears altead to ber) 
the longeſt. © 2. Figure ABCD exceeds ABC, by 
neſs of the Triangle BDC, therefore the Polygon which 
moſt Sides hath the greateſt Surface, which mae w be ”=_ 


5 


154 'Coratiany, Tuzxkroag fince lð or more Phly * | 
the ſame, Circle, that which Sued: — Sides is gre ca, fo as if" 
remains Aer than the Cir hence flows, 1 
* an inſcribed Polygon nearer it cher to the Cir 

ence and Surface 1 rk and that i Ze 


Po ore . Sides. is — is the ſame as A 1 


155 Gree 12. Or eue regull 3 aſcribed in one and. the 1 
Jane or equal Circles, . e be 1d lud the ogy [ 


e i, the Chord of be Polygon which hach moſt Sides, CT 
the Chord of that which hath the feweſt, hence CE being 
enter hom the Cemer A dan CLF ten the Keel anſequeny 
farther the Center A then the Perpendi. 


which, is. ego, - 
longer than the Norms ofthe e 


' evhich au, to be 


| 156 TnzorEN 13. Tus Surface of 4 Grel is oqual te Tf 1 


2 & ſtbe Radius, TRAY the Circumference of 1h#! 
Fee 


2 to the two precceding Theorems and their col 
rallies» Forde any, beta . , e e 
ing Palyge Sides. whereof are inne 


The n N to a Trian 3 
Baſe is the ing UL thereof, (aul tc * the ſame. 1 
Crcumference of the Circle,) and whole." Height is the A Wee 4 
er Perpendicular, drawn from the l of the Polygon . oy 
one of the Sides thereof, the Sides of Which being int 
Perpendic ar will be the fame as the R "os ofthe en e Cit | 
cle ; takin therefore the Circle for a ilar .Folygone its Sur- 
face is equal to a Triangle, whoſe Baſe is equal to Je 1 1 
ference, and the Height — to the d war big a 3 
Tas Radius fu Vircle may be eaſiſy meaſured, but how! to 
meaſure the Circumference remains yet unknown, Which pre- 
vents our finding the Quadrature of che Circle, that is, of 2 1 
makiog a Square equal to the Surface contained in a Circle, 1 
if the Circumference were known, it N, be eaſy to form 2. 4 
Triangle equal to the Circle, by making rs Bafe P val to ti. 

_  Circumference, and its Perpendicular equal to the Radius, e 
Triangle (as will Lay} appear) may be eafily transformed. 
into a Square equal to it, and conſequently equal to the ih ine. 


Circle, but the Circumference of the Circle can be no other- I 
d qe Sup. #. 147. . EF B.- 1. . 96. 
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1 # Properties belonging to Quantity in general, 
applied to Lines, Planes and Solids. 


e 2 1 FI COTS 


a Wr e oo od = eee 
LECT Þ i &1 

Tux four Operations of Arithmetic, ADD gr io, SuB- 

 _ TRACTION, MULTIPLICATION, and Dx v1iS10N, upon 


Lines, Planes and Solids, 
r 
HE firſt and ſimpleſt Prqperty of Quantity in general. 
t and conſequently of a Line, a Plane, and 2 Solid? is that 
it may be either augmented or diminiſhed, one Line may be 
added to another, by joining or prolonging them, ſo likewife a 
Plane to a Plane, by continuing or putting their Sides together, 
when Quantities are expreſſed by Letters, whether they he Lines, 
Planes, or Solids, the Sign of Addition is , thus a+b fignifies 
that the Quantities which are called a and b, (whether they be 
Numbers or Lines), are added together. When the ſame Letter is 
repeated, or taken ſeveral Times, it is written only once, but 
there is a Figure put before it, which ſhews how often it is added 
to itſelf; 3 b ſignifies that b is added three Times to itſelf. Thoſe 
Quantities which are the ſame, and have different Signs are 
- eraſed, or cancelled. In Geometry a Line is — — 
by two Capitals placed ag - the Extremities thereof, as AB, or by 
only a ſmall Letter which 1s put at the Middle:, thus a denotes 
W ode 44 — 


— C— 


3 7 


a 

SUBTRACTION. 5 

Tur Sign of Subtraction is —, thus a—b ſignifies that b is 
to be ſubtracted from a, and that conſequently a is greater than 
b. The Difference of two Quantities is the Fxcel the greater 
above the leſſer, or the greater, leis the leſſer. | 
Let there be two Lines AB and CD, having A——E-—Z 
taken from AB, the Line AE, equal to CD, C 
their Difference is EB, which is the Exceſs of AB above CD, or 
be gregter Line AB, leſs the leſſer Line CD, that is, what re. 


0 


a wy 
7 * 
a 


Boox III. Szcr. x. 61 
-miaing of the* greater, after the leſſer is deducted. If. the Plane 
BCEF, be ſubtracted from the Plane ABCD, the Subtraction is 
denoted thus, ABCD—BCEF, which is the Difference of the 
two Planes, after the Subtraction the remainder is the Plane 
ADEF, the general Rule of Subtraction is this ; change all the, 


* 


| the Duantities that are to be fabtracted: that is, change 
5; pA Minus, and Minus into Plus, the Sign + is always un- 


is 
derſtood as before the Quantity which hath no Sign, thus. ts 
ſubtract b from a, that iu, + b from a, the Sign + muſt be 
changed into —, and it muſt be wrote a—b. 


"_ 


* To multiply a by b, is to take a as many Times as b 
hath Unites or Parts, which is expreſſed by joining the two Let- 
ters thus ab. When a Plane is marked by two Letters, as ab: it 

3s ſuppoſed that a, or BC, makes a right Angle with b, or AB: 
In the preceeding Book we demonſlrated, that the bigneſs of a 
Plane not upon the Length of its Sides only, but 
alſo u 1 of che Angle which —— thereby, that 

a right ang arallelogram is greater an Oblique one:? 
1 ure, for which Reaſon it is ſup- 
poſed, {as I Sal proceed to fhew) that two Lines which are con- 
ceived as multiplied one by the other, make a Rectangle. When 
ſmall Letters are uſed, if they are joined together, it that 
they are multiplied into each other, but it is not ſo when Capi- 
.tals are uſed ; thus An does not denote that A is multiplied by 
B, but that AB is a Line whole Extremities are A and B, the Sign 
of Multiplication of two Lines marked with Capitals is this X, 
that is, AB X BC, ſignifies that AB is multiplied by BC. If it be 
conceived that the ABCD be taken and put upon itſelſ as 
many Times as there are Parts in DE, it will make a Solid: 
ABCDXE, if AB=a. and AD=b, and DE=c, the Product 
will be abc, as,a Plane is denoted by two Letters, ſo a Solid is 


fdenoted by three. , 
3 DI 44153109. ; 
Tan Quantity that is p-opoſed to be divided, js called Di- 

widend; That which is div is called Oi vir; and that 


which ſhews how many Titnes the Diviſor is contained in the 
Dividend, is called Puotient. 1 


To ſhew that one Quantity is divided by another, the Letters | 

by which they are r clented, are put under one another, and 

ſeparated by a little Line, the Dividing a by b, is denoted by 

putting the a above b in this Manner To which ſhews that a is 

to be conceived-as divided by b. When there are Letters equal) | 

contained in the Divifor, and Dividend. they muſt be cancelled, 

thus to divide od by e, the e muſt be ſuppreſſed and d remain, 
s W Which 


® Þ; 2. . 230. 


: repeated upon compound 
5 A Quantity is called compoond, when it is eampoſed 


| Sign, therefure I cancel it, and wrice +3b, or imply 3b. — 


A: 
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dich will 'be aotient of od divided by d. cha d. d ie 

Hove many Times © is contained iv . 7,0 

Tux fame ; 0 antities. 
wo; er 


more Quantities, which are each expreſſed by a particular Sig 
Ab, aud 2—b. are compound Quantities, more one 

leb the fame Quantity. is nothing, +5—2, is equa) to Cypher, 
thereſore to render an Expr e thafe Quantities Which 
are the fame, but bare: contrary Signs, are cancelled : Heng 
for Example this Expreſſoa bh, it is reduced ta this h. 
25 was before faid, when a Quantity bas no Sign 

Sign + muſt be vnderftood, thus 5b—2b, & the ſame as if in 
+ sbb: nom in this Expteffon there is 2b with a colitrary 


1 


= 
- 


| Avntrion of cemfernd Quantities. | 3, 

Componvd Quantitics are added in the ſame Manner as, 
ones ; to add bc to f- b. they muſt be joined by the 
thus b--c+t-+h, Letters which are the fame, —— 


4 4 | 
+ 4 


5 
: 
H 
8 
. 
: 
5 
; 
Z 
i 


1 


Times, there is put only one, with a Figure 
how many Limes it is taken, as here 
is wrote pt4-2g, if this Operation had 


Th 


73 
? 
72 
7 


| * would — 2 — * $45 — 

.- -& +0g—4&=, *+ 2g. Quantity vin gh — \ | 
— 4: Sign =, if you world add it to the ther fide, 
cancel it from the Place where it ſtands, and put it 9 


F 


Rr 
„ make it ard gab, this ex at u a- 
<Q SUnTRACTION of confound Quel ies. | | 
Tur general Rule for this is the fame as for ſimple Quan- 


* 
% 
Pg_- Cr 
- offi; 
le © 
* 


7 tins. the Signs of the Quantity required to be ſubtr»Qed-muſt 


be changed, the Sign & ought always to be underſlood as before 
every Quantity which has no Sign, therefore to take b- Vd. or 
+b+4d from c+f, there muſt be wrote & f- bd. | Por 1; b 
muſt be joined to cf with the Sign of Subtraftion. 2. "Tis not 
daly b that ſhould be ſubtracted, but alſo +6, it muſt there- 
fore be wrote -d, on the contrary to take bd from e. the 
Signs of -+b—d, mult be changed, puttint them ef -b .d. 

DODnskavr well in this Expreſſion c- f- „ it is? noe from b 
that d is ſubtracted, but b and d are ſubtracted from cf, When 
one and the ſame Quantity is to be ſubtracted from each ſide of 
the Sign of Equality, it is only cancelling it in the Ptace where 
it is with the Sign +, aud to put it on the other fide with the 
Sign —, let a=b+d, to take away d from each fide, write 


db. 
Hy * 8 2 Motri- 


OT To . "Ig 


Booz' HI. Stor. 1. WW: . 5 


+ oe 


| Maurinucarzon of conpint Leads. . 
Tat I iphcation of compa Wen, & 
ene on of aq rt 


Line, by a Line. mare anther Lice, as.a-+b by fg. 2. To 
maltiply.a Line fia another Line, by a oy 
Line, 23 a—b by fg. 3. To multiply x Line Mins another 5 
Line, By a Line leſs another Line. AAAS e ro 
Bense for men Tes, Cases, 1 


Rol; i. E EN given to be andliiylied 3 
= 3 u eh eee 


——— 


pn 

—— chis Be, af g. 1. Maltigly a+b by, 
ich makes af bf, dut as a- b . be multi plĩod by the _ | 
whole Value of f * che Product af+bf is too much the Value of 4 
g that is, by a end e eee, 
much, and che will be af bf. g: er f 
or HI, b==8C,. or ID, g=HG or IF, and f=AG, hence a+b 
SAC, 2d f-—gz=AH 7 then af=ABXAG, and bf=BCOXBF, fo p 
it maſh be Gem ee, that. af bf =ACDH, or. that | 
ACDH=ACEG—FGHI-DEFI; which is evident. 

Rorx 3. L 72 "ws" honor, Ma 


ey 


Ix multiplyi wr a wag: 
and f—g, their 2 — — * which. ou ſee” 
that the Product o marked with the Sign , 
to prove; thay this is ai 22 — 5 and b=BC, hence a—b 
=AB, let alſo f= and g=HG, hence AH, to de- 
monſtrate what is required; conſider that as ABl H is equal to 


ACEG, or af. K de was. ſubtracted, 1. DEG, or ag, and 
BCEF, or bf, provided that DEFI, or bg, which was taken 
way too much be reftbred. thereto, for in deducting 11 15. 


4 
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ECEF, twice DEFI, or bg, is deducted, hence af—bf—eg+bg 
is the Product of a—b by fg; therefore leſs into leſs' gives +, 
that is, at the End of the Product there ought to be the Sign +, 
— that having taken away too much, the oyerplus muſt be 

| Division of compound Duantities. 4X bY 

Tur general Rule for Diviſion, whether the Quantities, be 
D ample or compound, is to put the Dividend above a Line and 
the Diviſor under the ſame, thus to divide ax+cd by xd-þcb, 
L write SED i. was ſhewn in fimple Diviſion, that the fame 
Letters being found both above and below muſt be cancelled, the 


ſame muſt be alſo done here; when they are found in cach Parr 
f the Divi viſor. Thi 2 
0 Dividend and of the Diviſor, This Expreſſion beer 


therefore be reduced to this 88.4, which is Gimpler and of as 


bre 
As Diviſion undoes what Mulplication does, the three Rules 
that were given in Multiplication, ſuffice to ſhew what Signs the 


uotient ought to have, 1. Whether the Dividend and Diviſor 


Qu 
have both the Sign +, or 2. Whether one be +, and the other—,. 
or 3. Whether both have the Sign —. bo ed Land . 


C00 
Or the Power of Le.. 


. 


DzyxrniTiON t. 

7 HE firſt Power of a Line, is the Line it/elf befare it is 
—_— | % ag 

EF. 4 Tur ſecond Power, or Square of a Line, ts the Produ# 

of the Line multiplied by itſelf. | ' | 8 7 FAR 
Tu ſecond Power ef b is bb, or b; the Number 2 denotes the 
two Dimenſions of bb. Take Notice, that there is a great Difference 
between bz and 2b; for 2b, ſhews that b has been added to it- 
felf, whereas ba, ſignifies that it is a Square, or that b is multi- 
plied by itſelf ; which is very different, for ns od, and 5 or 
3 added to itſelf makes 9. When a Line is marked at its'Ends 
with two Capital Letters g8 A and B. its Product or ſecond Power, 
which is the Square ABCD, is marked with four Letters, or elle 
by two, which are at the Ends of the Diagonal as A nd C, or 
the ſame Line AB joined to itſelf with the Sign of Multiplication 
thus ARBXAR, or in ſhort, a Line is drawn above AB and the 
Sign of the ſecond Power joined thereto, in this Manner 


—2 —2 25 
AB, thus MN is a Square whoſe fide is MN, or which is pro- 
duced by MN multiplied by MN. AD- 


1 * 
. 

$ # 
© 
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ADVERTISEMENT. - 


Evcurp and the ancient- Geometricians took t Syvare for the 


Power, which is efleemed by the modern Geometery to be the ſe- 
ta 1 Quantity 2 2 
hath one Value, or one Power; Auantities 
te Sign + ave called Poſitive TEND 
called Negative. * 65 

Des. 3. 4 Line wich being ente e. calkd 
the Root of that Power: 
Tux er 3¹5 is Lis, equal to , thats, 
wo the ſide of a Square equal to dl. | 


AVI 


Warn the Root o a Power cannot be exprofſed 
4 eee og: e eee 


1 


aß 
fat wg it, with the Sign of the Power tha of 3 
Reet; if it be a Cube Rev thai W. 
De x. 4. UN” Aer gr ben h Pres 1h 


2 Pro fa 
its Squlabe,” 


which it makes, voher it 


15 
F | 


pn mn 
nn 
— 
once 
is Square that Square 
Which Number 4 
n. 


115 
His 


Dux. 5. RIAN Sn 
other Quantities, is called. a. brow 
Tabs 3% is a Plane; or plane 


RES 


Dae. 6. T e 5 
Tuus bed 1 is a ck denote tlie Ares i 
menſions thereof, the rare 


Plane or Surface, and the third the H 
by which th Pan hath been fed n 


Ee of Geometry: 
ADVERTISEMENT. 


17 Proy. 1. Ir n Lines, 2 1 
pleaſe ; the Rectan 


Part of the divided L. 
I Zusi. 2. Pro : kc, | 


Ir AE and AB be two ri t Lines : AE is cut into the 
AC, CB, DE, the Line AB is undivided ; it muſt be proved, 
that the Rectungie made by the whole Lines AB and AB, is 
equal to the Rectangles made ine | 
the Par of AE tha 6 tat A XAE=ABXACH 

=. 1 — 


multi Api As 885 A +CD-4 
24125 N EI, Q. : 
18. prop. 2. Ir wright Line be tr ern... 
2 Line, inanch of dhe „ 1 

ale Square ale Line. Evel. 2. Prop. 2. 
1 Lor Wins AB be cut into'two Parts at the Point C. let 
Cacly ad BOY, the Whole b wit 


- 


I” rug. nap nemo os 
angle comprebended unger. the au one of. arts, 
, to the Re both the Parti, together with the 
T5 FR Part. N Prop. 3. 4 a * 
BTL the Line AB be any how divided Into two Parts f e. 


it maſt be denichfſttated, chat ABX AO ACX BE e 
' Let-AB=a, und AC, and BC=2, hence A | 
ay AC+CB=AB, ſo hkewiſe a=5+4: then g 
| multiplying. 2 and 34d by the fame Multiplicator ö, the Priducts 
are equal j A -; now ab, is the Rectangle of AB. by AC, 
_ and 7 24-16 Ar Rectangte made of che Parte 5 and 4. togs- 
ther with che Square of tlie firſt Part 5 Sr „ 
* od Paw? 


+ 9.5. A, Its 


1 m. szer. 2 


fro, be E = — 0 _ EA 
, . = @ 
* 


fam: the Fa Dok 
wored, that N 


een A 220 ENR. 


rhe ee ben, N 


therefore AB=bb42bd+dd; auhich was to be, | 
— — 2 
04s, 4 at 
— with the Square pore of the fn 2 — 4 is equal to the 
quare of half the grven Li © ls 
Tas Wy AB N * 2 K — at D, 


= ADXDB=aq—00, then adding to Part or 


05 „ e "will make ADXDB+CD=as, which 
was to be To add 55 to -&, is only to cancel -, 
for it is that aa - a, us has — þ 
Prov. 6. Ir a ight Line be divided into two Parts, and 26 
there be another gr in * 0 it, i 

Line . together "wit 

only 8 

. ith d. 


r 


for From as ar the Ne C. — it directly the rich 
Line BD; it mult be demonſtrated, that + ADXBD +BC=CD, | 


Let AC or CB=3, then AB=26, and BC or Ts. Let BD - 
Dad, then CD==b<4-4d, and #$+d=AD, therefore ADXBD=2bd'." 
+4d; and ADXBD+BC= 2bd+dd+bb ; _ the ub won of o 


or b+d is bb+ 2504 di; 14 ADXBD+BC Be=CD; which — 
to be proved, 10 ait, that the Rectangle of AD N BD, * 
va the Square of AC 6c BY SET ee 


es. t hp. ns. 5 . 6. [Ou 8. 


11 


. N „ 
83 Ly 7. Ir @ Line be any how divided, the 


Sb 
together with the Sg — of one” of its Parte is au i 

2 — other Part, Tandeo Haves the Bore — 4 
bole Line, and - the: Part rer talen. — 

nx Line AB being any how cut at * 2 SH wn 


we Point c. It muſt be demonſtrated, that A8+BC=2ABXRC 
Ac. Let Ac, then AC=bþ bz leg then de 0 


likewiſe ſince AB =b+d; then 0: AB=3b+2bd + 4d, and ABXBC 
SA. dd, doubling: © theſe two Quantities —— 


and adding to them AC or bb, it will become 2ABXBC+AT= 


264+ dd+bb, and conſequently equal to 2AB +BC; E. D. 
24 Prop. 8. Ir a rigbt Line le any how divided into. lau Farts, fo 
Times the Rectangle comprobendeu under the <uhole Line, and one of 
the Parts, together "with the Square of the other Part, is to 
. the Square of the” *vhole Line 2 the Part firft: taken a 
only one Line. Eucl. 2. Pro 
% Tas Line AB wa divided any how into two Parts ut he 


Point C. it muſt be dementia, that 4ABXBC+AC, 3 is equal 
to the Square of a Line equal to AB+BC.. Let ACG, and 
BC, then A8=b++d, and AB EBC dd. or f % 
whoſe Square is b6+-4bd+ 44d,4+ which is equal to that of the 
Line AB-+BC ; now ABXBC=6bd+44, fince AB was ſuppoſed 

Na, ond cha then ere adding to each 


Part of AC, ies equal Ib, it will de AAC 
44d, which is the ſame Value as was found for the Square of the 
Line 4+24=AB+BC ; hence the Square of AC4+4ABXBC is 
1 the — of the Line AB-+CB ; which was to be 
prove NS 

25 Prop. 9. IF a "right Line be divided into two equal Parts, and 
* into tavo unequal ones, the Squares of the taus unequal Parts are 
fuel. the Squares of half the ewhole Line, and intermediate ny 

_ Tucl. 2 rop. 


Tur Line AB i is c cut into two equal Parts at c. Aa into two 

unequal ones at D, it muſt be proved that AD+DB, is double 

r e CB, let A- — 
bob. then AD=b-+6, and DB 25 3 | 

=6 nod Hence AD=3b+2bi4+ds;t and DB=3b—26d++44, and 


AD+DB=bb-+264+2d8—266, and by reaſon that ling, 
„ a 8. + Sup. u. 8, 18. 12 


yank nothing, then AD+DB= :bbo+24d; ara gs . 
AC+CD ; which au to be proved. 
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Proe. 10. Ir à right Line is Taue Tat tave al tw and 26 


anedber' of bt Line be directiy joined to it, the Square of the *whole 
Line with the Part adjoined confiderrd as only one Line, ET with 


the Square of the adjoined Part, is double the & of half the - 


whole Line, and Square of the ſaid half auith x 2 * 
ſeemed as only one Line. Eucl. 2. Prop. 10. 
Taz Line AB is divided into two A- l —1 D 
equal Paris a: the Point C, and the 8 
— Line BD is adjoined hereto, it muſt be demonſtrated, that 
the Square t A8 50 together with that of BD, is double 


—2 —2 —2 
boſs * and CD, - that is, Sn 


205. Let AC or BC=6, then Bel, and EN then AB 


Sl. Let Ab, then AD=24+4, and AD rd. 
Then the Square of AB BD, wich the Square of BD, 


is equal to- 4. 4 2dd; now e Square of BC, or 66, toge- 


ther with that of BC4+BD, or: 6-6, is 2bb+ L-. which is 
the half of b+46bd+ 244 ; awhich was to be 


-* Proy. 11. In every ambligonium Triangle, the Square- 8 


Side nohich ſubtendi the obtuſe Angle, is to the Squares of 

the other Sides, together with a double Rectangle mar. 5 
the Side upon which the Perpendicular, (or Height of the 7. 

falls, = its Part Produced fo as to meet the Perpendicular. Euc = 


Prop. | 

oe 1 ACB of the ambligonium Triangle ABC is Obtuſe, 
and the Perpendicular AD falls up upon the produced Side BC, 
which-being ſo, it muſt be demonſtrated, that the Square of AB, 
the Baſe of the obtuſe Angle ACB, is equal to the Squares of 
both the other Sides AC and BC, together with twice the Rect- 
angle made by the Side BC and i — — roduced Part, comprehend- 
ed between the — — C —— ; which 


is expreſſed thus : ABSBC+AC+ -2BCXCD. ADB bong aright 


Angle; ab= =BD+AD, and by the ſame reaſon AC. TA: 


But BD=BC+2BCXCD+CD 2 then ſubſtituting in the place of | 


| BD; and in the place of AD+CD, the equal Quantity AC, it 


nil be AB=BC+AC+2BCXCD, which was with A 1 
nor. 12. I'm every oxygonium or acute- angled Triangle, 1 
Sguare r= of its Sites in equal to the Squares of both the "other 


Cider, leſs twice the PEI * under one of the 2 
a N 


+ B. 3. n, 1 1 Sup. 1. * 
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#tber Sides, and one of its Parts contained between the Per 
which cuts ws 174 Angle that's oppoſite to the. Side firft pref 


Zucl. 2. 
I 1 * the Triangle ABD is 
- « Perpendicular AC falls upon the Side BD, 


an Ono, AY that the 


it mutt 


that the Square of AB is equal to the Squares en IE 
Sides AD, ard BD, leſs twice. the Rectangle made of the whe 
fide BD, and its Part DC contained between the Perpendicular, A 
and the Angle D oppoſits two — med cs anc, it mi 


therefore be demonſtrated . AB = ID + BD — BD XDC. 
ACD being a right Angle, = Ces. taking away BY 
from each Side, ie becomes es AD—DC=AC} this done u hu 


been taught, by cancelling DC, where it 


is found with the Sign , 


ey Rene en In ry fince AC ps 


right Angle, + wen Tre Now * =BD—DC, the 


Square of BD—DC is BD—2BDXDC4DC, — 
| 2BDXDC+DC; therefore) putting in the Place of AC IC and BY 


the Quantities equal thereto, it will be 


—z 2 


AB=AD—DC+BD= - 


— — 


2BDXDC+DC ; (and as — BCB. en 


l 23D C: » * D. 


a. CY 
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Or the Ratio $ and. Proportions 


I. <q 0 : 
of fm, Surfaces - 


ADVERTISEMENT: 


it is in Proportion to others, which Proportion occaſions i it to be 


T: may be conſidered both what a Line is in itſelf; and alſo what 


, equal, or unequal, ſhort, or 
-Sarkaces, and Solids; now one Line ma 
another, and they may be compared di 


= it is the ſame of 


may proportionable to 
anche, | (viz.) by con- 


ſidering either the Exceſs of one aboye the other, that is, their 
Difference, or how often one contains the. other, which make 
two Sorts of Proportion. Geometers conſider only the latter, 


which they alſo call Ratio. which in 


general ſignifies Proportion, 
| ans, or tis latter Sort — we we going 


. . 142; + Book 2. n, * 


W 


0 nnn oy 
25 a 5 5 25 contain or is Fer s 
aui 
Bieres Ber. ohe Quantity is W et is ae; 
u, or Ratio of one Line to another 
Line B. We S K by A. bg 


them „ : this A 


reſion hems anger, bern of A 6 Br how wh 
timer, and in what manner. A is in B. or pare B 
Dr. . 4 Ret 8 
tr. 2. 0 xfonent 
i: called a Ratio of Number to Number. " * 
Tur r 
| contained i another, that i, N. 


9 


rd or 
—— toinnd — der dees ey hee 
many times e e „er ie contained in We Ihe 
of theſe two Lines A and B is ſurd. Thar theew uw | 
Park —_— ſhall be hereafter demonſtrated. . 
Der. Tux Equality of Ratio's ii called P, 
Ir A the ſame to B, as C Yas to P, 3 


| Quantities are ſaid to be A is 
A. B:: C. D. 2220 EIS 


expreſſed thus 7 Jorden, art © 16 Djs logger, 


Cenderatly the Proportion of theſe four Lines, which confills 


A of their Ratio's, may be alſo expreſſed thus: 


GS 


7 


Der. 5. 


72 ' Elements of Gearwttry, "1. 5d 
p Dxr. 6 Tur Term 8 Ratio is called $ [dt 42 
33 "ther To : fr | 7 ; SAR. an 
Tus A ent is the Thing which is related, or compared; 
the Conſequent is that with which the Compariſon is made.” Eve. 
ry compariſon ſuppoſes two Terms: Ratio, which is & Rela. 
tion or Compariſon, requires therefore two Terms. 
34 Der. 6. A Proportion hath two Antecedents, and dub wnſe- 
Pn EN Wen 10 
| PxoyorT1ON is the Equality of the Ratio's that are compared.” 
2 Ratio ſuppoſes two Terms : Therefore Proportion require lires 


Der. 7. Tus ame Term in @ Proportion may be both Con) if 
35 and Antecedent ; and twhen it is fo, the Proportion is e On 


Ir A is to B as B to C, this makes two a 


conſequent! NN - A. B:: B. $4 
Now in mis P ion B is conſequent to the firſt Ratio, and 
Auzcalene W WH ani EK 
Dr. 8. Wurh 4 continued Proportion bas mirs than 'thiet 
36, 'tis called Progreſſion | | . TS 0 6 
Ir A i to BAB to C, and B̃ to C, as C to D, and C w. Þ 
a» D to E, and ſo on; it is called Progreſſion, which is es ell 


ed thus, . A. B. C. D. E. wy mes 

" Dur. 9. Wunn there are & certain Number of Duantities on 

— Side, for Example, three on one Side, and 2. on the other, 

if in comparing all the Six * thus, the Firft with the n 
and the Fourth «with the Fifth, the Second auitb the Third, and . 

Fifth, with the Sixth, they are in Prapertion, it i2 called ard: 
nate Proportion. I nut . 

Lr A. B. C. be on one Side, and D. E. F. on che other; 

if A. B:: D. E and B. C:: E. F, they are in ordinate Pro- 


se. Dr. 10. Tunze Quantities bting on one Side, and three on the” 
Other : If in comparing the Firft with the Second, dd the Fifth 
with the Sixth, they are in Proportion, and that in changing the Or- 
dir and compuring the Second to the Third, and the Fourth to the 
Fab, they be alſo flill in Prapertion, then it is called Ptrtarbate, 
or Inordinate Proportion, „ 


A G £2 D. F. 


* 


; 11. 8. 4. ö 12. 6. 43 

Ir A. Be: E. F and B. C:: D. E. this Proportion Ik called 

-Perturbate or Inordinate, becauſe it does not obſerve the ſame 

Order. | | pi 
| Dae: 
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DzF. 11. Tux frft and la Terms, a 9 
the Extremes of that Proportion ; and 7422 and. Third, the 
Means. . 
Laer che Proportion be A. B:: C. D. the Extremes are A and 
D.; and the Means are B and C. 

Der. 12. Tus homologous Terms of a Proportion, are thoſe 40 
auhich belong to the /c ame Rank , or which have the ame! Name. 

Is this — A. B:: C. D. the Terms A and C which 
e the Antecedents, are Homologous, as are alſo B and D which 
are the 2 : 


EviDENT Propoſitions concerning Ratio $ and 
Proportions. 


ProP. 1. EqQuaL Ratio have e Exponents. 

Tur Exponent of a Ratio _—_ —— often one of the Terme41 
is contained in the other, therefore are contained, 
their — are equal. l bs 

Proy. 2. Equal Quantities cannot be the Expononts of on 

Ratio g. uk a 

Let X be 8 of the Ratio of A to B. and alſo of 
the Ratio of C to che two Ratio's are equal, ſeetng they e- 
qually contain each other. | 

Lemma. Wren the faft Termof a Ratio is multiplied by the 
2 t of that Ratio, it becomes equal to the ſecond Term. 43 
| r A be the firſt Term or Antecedent of the Ratio of A to 
B, the Exponent of this Ratio, or <ubich is the ſame Thing; the 
Quotient g of the Terms divided one by the other, ſhews how 
many times A is in B, or what part Bis of A; conſequently be- 
ing taken as many times as tis contained therein, that is, bein 
multiplied by g. it ought to become equal to B the Dividend, 
hence Ab which waz to be proved. DIE F: 


a” 


SCHOLIUM. jon 15 


1 all benceforward generally ſuppoſe the Antecedent to hs ee | 
than the Conſequent ; thus having mentioned A and the — yr 
B, I Joall fox Lader AqzB, N LA. Were A a 
that the Antecedent A, were greater B, 
would be equal, 1 to ſay, tht the Term e os Er. 


ponent of A to B voi always produce the Confequent 3.5 by reaſon 
the 2. equally ſhews How one contains, or I tontained in 4 


— «when. the Antecedent A i is lf than t Cofuent B, the ex- 
ponent of that Ratio will be greater © than Unit, and on the con- 
trary leſſer, (which in the wry eng . is called a Fracti- 


on) 


Sap. 2. 4 
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on”) when the Antecedent is greater than the Con 

the Proportion be Ordinate, the firft Term af he Bp 

nent of its Ratio to the ſecond Term, will akways produce the 

ſecond Term which was divided. 

#4 Por. 3. Four Terms will continue in Proportion bowſoever 
changed, fo long as the firſt Antecedent is to its Conſequent, al the 

ſecond Antecedent is to its Conſequent, Which follows from the 

Definition of Proportion. 

45 Prop. Four Quantities being proportional Permetands, 


that is, c 2 them 4 — Antecedents become Con- 
equents, = 1 continue 7 
ir C. 5. Freren : D. 


To — and be contained are reciprocal Terms, Ha 
contains B, as often as C contains D, and conſequently that there 
be an equality of Ratio's, it muſt be that B is contained in A, 
as often as D is contained in C, and that there is alſo an 
of Ratio's, when a Conſequence is drawn from this Proportion, 
it is called a 2 or Inverſe _ 
Por. OUR ities _— 
46 that is, = comparing the fir and — tecedent s — | 
the firfi and ſecond 1 together, theſe four Quantities ars 
Sine uſt be proved, tat 
Lr roportion m 
Alternatively. A. C:: B. D. let g be ſuppoſed to be the Ex- 
ponent of des Ratet, 7. and Cg=D; — inſtead 
of A. B:: C. D. it may be wrote A. Ag:: C. Cg. It 
then be proved, that Alternately A. C:: Ag. Cg. which which is evi- 


dent, fince that the Quotient of C, divided by A is & the ſamo 


as that of Cy divided by Ag, which is J. Now according 


the Rules of Diviſion, + g may be it being both 
above and below the Line, which there remains only 


eq 
oP. 6. H 
farms of 6h3 fame Ratio, thus if to the Aitecedent of the Firſt, be 
added the em, will continue. 
Ler the roportion be A B:: C. D. It muſt be proved that 
A+C. B+D : : A. B. the Exponent of the Ratio's of A 4 
and of C to D is g. Hence AB. t and and Cq=D. It m 
then be proved that A+C. A Cg : : A. B. Quotient of 
E. divided by A+C, is g; then the two Terms A+C 


and having one and the Ex t as Aand 
2 they have the fame Ratio, |oO by * 
ROP. 7. 


* Sup. u. 342 + Sup. T Sup. n. 43. 
o Sup. *. 4+ 1 8. 4. 4 1. . 
/ : 


Book HI. Szer. 3. ” 


Pao. 7. Two i Ratio being ſulrradtmi from 1 
other Terms of the ſame Ratio, thus ne 


and Canſequent Conſeguent, the ſame Ratio will remain, 
Lr — — C. D. It muſt be that 
AC. B—D: : A. B. If g, gr Exponent of Rmio's, 


2 N a n muſt therefore be proved that 
. 
W two Lern 
2 ee. ſame Ratio as A and 1 — 
Por. 8. Four Qantities 
that is, the firft „ — more iti — its Conſequent, 19 
as the ay OL more its Conjequent, is to ins Cpnfequant- 


Eucl. 
A Hic. B. D. fr mt be demonfrace that AB B:: :C+D. D 
A. E:: LD. + then adding the Terms C andD, 
(which are in the ſame Ratio,) to A and B. F A+B. C+D :;B. 
m__ 3 ©4D. - Q. E. — 
kor. HEN [cur ties are in Proportion, un 
of the Are is to that of the * Bra, as each Antecedent 56 
1s to its Conſe Evel. 5. Prop. 1 
Suppolſ C. De: *B. F. fe ot be pred tha A+C 
+E. 5451 f. A. B : C. D: E. F By the preceeding 
Pro Ac. C:: BTB. D. Ahternatily. AC. B+D:: 
C. Now the Ratio ofg to D is the ſame, as that of E to 
F. therefore A+C. B+D : A. — AC. E:: B 
+D. F. then alſo A+C 
+E. B4-D+F ::E. F or is always 
the ſame, which was to be cw og 
Proe. 10. Four Quantities 2 2277 tiom, R 
that is, the fin Antecedent leſi its 8 
9 ecedent Ieſi its Conſequent, is to its Conſequent uel. g. 


"Ps, : C. D. Ie maſt be proved that A—B. B:: 
D. ſince A. B:: C. D. then Alternately. A. C:: R P. — 4 
rafting B from A, an D from C | A—B. CD: X C. 
Now is the ſame as that of B to D; henge 
A—B. C—D :: B. D. then Alernarch AB. B:: -D. D. 
which dus to be proved. | | 

Proe. 11. Two 2uantities each loving the fame Ratio to a 5% 
Third, are equal ene t6 anether. Excl. P- 9: 

Ir A. B:: C. D, it muſt be that A=C, for et 7 be the Ex- 
ponent of the Ratio of Ato B; ie will be that of C to B, which 
is the way 5 — and Cq=zB, *® therefore AgzB=Cq. 
Adam the Third, + equal to a Third, viz. By y are by 

bird, equal 2 | 


Cant 
L 2 Prop. 12 
® Sap, n. 43 + Sup. 1. 46. 1% n. 4 
$ Sup. 3. 47+ | Sup. „ 


\ 
. 
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76 Elements of Geometry, 
Pxor. 12. Two Ratio's to a third Ratio, art ena 
53 each other. Eucl. 5. N 8 
Ir A. B:: E. F and C. D:: E. F, it muſt be proved fut 
A. B:: C. D. If the Exponent of the Ratio of A to B is g, and 
that 7 be alſo that of the Ratio of E to F, which is the ſame, 
now the Ratio of C to D is the fame, as that of E to F; therefore 
its Exponent is alſo 3. The two Ratio's of A to B, and C to D: 
— * one' and the ſame Exponent; therefore they ate 
Kor. 13. Whtn two Quantities are multiplied by one and the 
5 ame Quantity, they * the ſame Ratio 5 a r M. le. 
tion, as they were in before. \ Ws 
Ir A and B are multjplied by x, it muſt be proved that Ax. 
Bx :: A. B. the Exponent of the Ratio of Ato Bing” and that 
. 2 Ax "IH. 
of the Ratio of Ax to By is - Now. the Exponent is juſt the 
fame, for baving cancelled x which is both above and below 
the Line in 5” there remains 51 therefore the Ratio's ha- 
ving one and the ſame Exponent, they are equal. tf 
Proy. 14. Two Quantities being divided by a Third, the Quo- 
5 * thereof are in the ſame Ratio as the Quantities tben- 
ELVES, f 
4 Lr the two Quantities be B and D, divide them by x, let 
the Quotient of B by » be called p, and let that of D by x, be 
called 5. It muſt be proved that p. 9:: B. D. Now-px=B, and 
gx=D ; then px. gx :: B. D. and p and 9 having been mul- 
tiplied by x, according to the preceeding Propoſition px. 
4x 4, > — ſince px. gx :: p. g. it muſt be that p. :: B. D. 
3 Poor. 15. Wutx four Quantities are Proportional, the Pro- 
5D du? or Rectangle of the extremes, is equal to that of the Means. 
Eucl. 6. Prop. 16. | 
9 A. B:: C. D. It muſt be proved, that AXD=BXC, let x 
be the Exponent of the two equal Ratio's; then Ax=B, and 
Cx=D. Hence this Proportion may be thus expreſs'd: A. 
Ax:: C. Cx. It muſt then be demonſtrated that ACzx=ACx, 
wwhich is evident. | 
CoralLakyY Three Puantities being in continued Proportion, the 
57 Product of the Extremes is equal to the Square of the mean Term. 
Eucl. 6. Prop. 17. 5 
SypposE = A. B. C. Since A. B:: B. C. then AC=BB, 
r 
Proy. 16. Wurx four Quantities are ſo diſpoſed, that the 
58 Rectangle or Pradud of the Extremes is equal to that of the Means, 
they are Prepertioual, Eucl. 6. Prop. 16. 
* Sup. u. 41. + Sep. u. 4. 4 Sup. n. 41. 
8 Sep. . 53. | 


— 


Book III. Secr. 3. 7 
In theſe four Lines A, B, C, D the Product AD of the Eu- 
tremes is equal to BC the Product 
demo that A. B:: C. D. let x be i 
vided by A, and « that of D divided by : 
— Hence I reduce the four Terms to theſe, A. Az, C. 
Cz, According to the Sup AXCz=AxXC, 
XC from each Side; there will remain . the 


Exponent of the Ratio of A to B, is equal'to tha 
of C to D; therefore they are Equal: Conſequently the four 
Quantities are W 

CORALLARY. Tux four — — Proportion being chang- 
ed, will always bs range . provided that the tao 59 
ſame Terms be always either — tevo Means. 


Lr the four Terms be A. B:: C. D. B. provided that A add 
D, for Example, be ahvays either the two Means or the two 
Extremes, their Product is always rel 


— according to this Prox 
ORALLARY 2, THz Product 22 Terms of a Proportion 6 
being divided by the fir & — the Quotient of the Diviſiom will be 


the fourth Term; he ſame Product be divided by the fourth” 
Term, the Quotient wil be 2 firft Term. 
Fox ,the Diviſor multiplied by the Quotient, makes a Product | 
equal to the Dividend. + 4 
Dzr. Tus Produ# of two /Quantities being to that 0 
thers,( they may then make a Proportion, ifebe Fe 4 95 2 — as 
the Fourth is tothe Second, the Proportion is called 
Ler the two equal Rectan ngles be AC and RG, 8, AB. 
:: FG. BC, the P ion is called Reciprocal, 2 6 which 
begins and ends in the ſame Figure. If one of che Sides of che 
two Rectangles is — the other is Reciprocally ſhorter. 
Proy. 17. Ir there are ever ſo many Quantities on one Side,g, 
and as many on the other, which being taken favs and tay arg in the 
— Ratio, thoſe which are in equal Ratio, are Proportional. | 
uc W , 7 | 
LeT A... FSI B, C on one Side, and thite 3 
others D, E, F on the other Side. If A. B:: D. E and B. 
C: E. F. it muſt be demonſtrated that A. C : * in e. 
qual Ratio. 1. Alternately, B. F:: A. D, and B. * 
then the two Ratio's of A to D, and of C to F beta equal 
that of Bto E, they are equal: 4 Conſequently A _— Et 15 
and Alternately A. O:: D. F. L. Z. P. 
Proy. 18. Ir the frft Term is to the Second as the Third is 163 
the Fourth, and the Fifth to the Second as the Sixth to the Fourth, 
the Sum of the Firſt an Fifth auill be to the Second, as 
of the Third and Sixth is to the Fourth. Eucl. 5. Prop. . 
LzT the fix Quantities be A, B, C, D, E, F; if the feſt A 
is to the ſecond F as the third C is to the fourth D, EY : 
® Sup. n. 41. + Sup. 2. 4. | Sup. n. 46. 
$ Sup, u. 53. 8 a b r 9 


| Eto the ſecond B as the eth F is w the fourth D; which is ex. 


' that in Eucl. Book. 5. 
by Proy. 1. Is there are ever ſo many Quantities, Equimultiple: of 


= (nw of Gone 


1 11 Na > ® A. 
+ Or, 1. C 
and R. F:: B. D; then 1 A. C:: Hrs ALE 


8 A. C. 1 and fince A. C:: R. D; then A+E. C+F :;B. 


D. $ and Alternately, ATE. B. : C+F. Dz . J. O, 

PROPOS ivo concerning Propertions, awbich Eucr 1D in bir 
Fifth Book, hath expreſſed in a different Manner. 

Euer. 19 calls that Quantity a Mu/ciple, which is meaſured ex. 
actly by a lefler Quantity ated a certain number. of Times; 
and chaſe Quantities 2 which contain the ities 
whoſe multiples they are, an equal number of Times, the Product 
of one Quantity multiplied by another, is the Multiple — — 
Quantity ; thus Ax is the Multiple of A, but A and B havi 
multiplied by the ſame Multiplicator x, the two Producte Ax and 


Bx are multiples of A and B. The followi 
have * above, the reaſon why wy My 


is their having been expreſſed in a manner different from 


as many other Duantities, each to each, as one is the Multiple 4 on 

fo ere the whole the Multiples of the Whole. 
N are 

of B and C, I ſa enn 8 * 

2 Bx4-Cx is to B4-C, 1. Br. Cæ :: B. C. || 2. Alternately Rx. 


B:: Cx. C. 3. Adding ; therefore the Quantities Cx and C. which . 


tral Rate, © to B and Bx it will be Br. B:: By+Cx. 
BC, and Cx. C: Bx. Cx. BC; which was to * 


bo Prop, 2. Ir the Firft is the fame Multiple of the Second, as the 


Third is of the Foxrth, and the Fifth the ſame Multiple of the St 
cond, as the Sixth is of the Fourth ; the Sum of the Firft and Fi om 
vill be the ſame Multiple of the Second, as the Sum of the T. 
end Sixth, is of the Fourth. 


Ir A. B:: C. D, and that E. B:: F. D. I fy that A+. 
B. CTF. P. Since A. B:: C. D and E. B. F. D. then 4 
eernatively A. C:: B. D, and E. F:: B. IS the Ratio 


of Ato C is the fame as that of E to F, theſe two Ratio's 
are the fame as that of B to D; + therefore A. C:, E. F; 
adding E to A, and F to C, 1 then AE. CF: -B to D. 


ts Now Alternately, A+E. B:: +F. D; which was ts be 


ed. 
3 3. Ir the Firſt js the ſome Multiple of the Second as 
the Third of the Fourth, and there be taken _Equimultiples of the 
Firſt and third; the Multiple of the Firft will be the ſame Mul- 
tiple 4 the Second, as the Multiple 7 the Third is of th 


A 
© Sup x 46. + Sup. n. 53. f Sup. n. 47. 
$ ON 1. $3- [| Sup. u. 54. 
| ® Cup. . 47. + Sup. n. 53. Sup. #. 47. 


Book III. 'Sn CT. 3. 
SIT vantity which is a Multi 
Multip 1 


Por. 4. Ir the Fir, is in the Jane Ratio to the Stud @ 


the Third is to the F ——— the Firſt and Third, 
avill alſo bear the ſame Ratio to the E s of the Second and 
Fourth, howſoever multiplied, if hm are taken as they correſpond 
together. 


Tuls is as much ns to ſay, that if A. B :: C. D, likewiſe 
Alternately, A. C :: B. D. it moſt be that Ax, Cr : 
For + Ax. Cx. : : A. C; and Ba. Dæ :; B. D. 
D. — 2 Cx :: Bx. Dx. Q. E. D. 
Por. Quantity is the fams Multi 
Sn a: the Part prune from one is of the 
from the other, the Remainder of one wvill be alſo the 
of the n the — f 
Tars Propoſition ny 
fay that AE. B--f;: A. B for then 
ſubtracted from them are in „ 
remain in the ſame Ratio.) 8 
Prop. 6. Ir two 283 are 
Duantities, and there be | 
Remainders are either equal 
Tuis Propofition I expreſs thus. If 
D. I ſay that Ax—C. Bx—D *: A. 


E 


3 


5 
8 


5 


1 


”F 
g 


Til 


[IX 


Ax. Bx.:: A. B. J Now two Ratio's equal to a 

equal: * therefore if Ax. Br. :: AC. N -D; it muſt be, 

that Ax—C. BZ— D:: A. B. | - 
Pror. 7. QuanTiTtEs are one fo anothiry as thiir Eu. 


— © 


tiples are one to another, if taken as they 
Bx. Cx : B. C or Br, B:: Cx. C; this deen 
The reſt of the Propoſition's of Euclid's fifth Book, 


in their proper place. 


* Sup. . 53. + 5p. 1. 54. 16. 153 | 
5 Sup. n. 48. | Sup. u. 54. | 
Sap. m 5.  Þ Sup. 2. 54. 


| 
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1 c . . * 
Or compound Ratio's and their Properties. 
Dzr:nition I, | 


Ario's whoſe Exponents are made by the Multiplication of 
2 two or more Exponents, are called Compound. a 
 SuyyosE x to be the Exponent of the Ratio of A to B. and that 
F, then the Ratio of Is B is ſaid to be compounded of the 
two Ratio's, whoſe Exponents are æ and y. 
72 _ þ A Ratio compounded of two equal Ratio is called 
a FRE | | * af 
r the Exponent of the Ratio of A to B is made by a 
multiplied by æ, that is, if xx be the Exponent ef that Ratio. 
it is a duple Ratio. | l 
3 Hancs @ Ratio whoſe Exponent is a d 
Lzr xx, or 28, be the of che Ratio of A to B; 
it is compoſed of z multiplied by x, and therefore of two equal 
Exponents ; it is therefore the | no of a duple Ratio, 
74. 8 3. J Ratio compounded of three equal Ratio's is called's 
atio. | * 4 . 
CoralLLaky HENCE @ Ratio whoſe Exponent it a Cube, it 4 
15 triple ' Ratio. ” ups 
Ir the Cube xxx, or z3, is the Exponent of the Ratio of A 
to B,'tis a triple Ratio, for its Exponent is made by the Mul- 
tiplication of theſe three equal Quantities x, x, x. 
76 'CreorREM 1 SEVERAL Quantities being in Progreſſion, the Ro- 
tio of the Firſl to the Laſt, is compounded of the Ratio of all 
te Quantities which are between the two Extremes. 
Laer the Quantities be A,B, C, D, E, F, &c. It muſt be demon- 
Krated that the Ratio of A to C is compounded of thoſe gf A 
to B, and of BtoC, let æ be rr, 
Ax=B; that of B to C is z; then by the ſame Reaſon Bx, 
or Axz=C. Hence the three Quantities A, B, C. may be changed 
into theſe A, Ax, Axx. Divide Axx by A; the Quotient x# is 
the Exponent of the Ratio of A to Axx, which is made by the Ex- 
nts of thoſe Ratio's multiplied one by the other ; wherefore 
y the firſt Definition, the 'Ratio of A to C is compounded of 
thoſe of A to B, and of B to C. By this method I can demon- 
ſtrate, that the Ratio of A to F, is compounded of all the Ratio's 
of the intervening Quantities. | 
77 Tusoktu 2. Tax Ratio of two Planes is compoſed of the 
Ratio's wohich the Sides of One have to the Sides of the Other, of thi 
Breadth to the Breadth, of the Length to the Length. 


71 


Let 


* Sup. n. 43. 


Book III. Szcr. 4. 


Ley the two Planes be ab and cd, it muſt be demonſtrated that 
their Ratio is compounded of that of à to c and of & to d, let - 
be the Exponent of the Ratio of @ to c; then azZc... Let x be 
that of 5 to 4, then brd, and azbx=cd, Dividing azbx by ab, 
the Quotient will be zx. co of x and x the Exponents of 
the Ratio's of @ to c, and of Þ to /: Therefore the two Planes 
are in a Ratio cqmpounded of thoſe of à to c and of & ta 4% that 
£;, of their Sides Q E. D. | f 2 


— 


ADVERTISEMENT. A 


IT muſt be remembered that it is here always ſappoſed that the 
Planes and Solids are all Rectangles, therefore it was that this Re- 
mark was made before. 


Tukokzu 3. Tur Ratio of one Solid to another, is 2 | 
ides of 


of the Ratio which the three Sides of one have to the three Si 
the other. © you 


Ler the two Solids be abc and def; it muſt be demonſtrated 
chat their Ratio is compounded of theſe three Ratio's 7, 2 5 
r Now this Ex- 

ent is compoſed of the three Exponents of thoſe very Ratio's, 
of which it is . to prove that the Ratio of theſe two Solids 
is compounded, wherefore according to the firſt Definition, theſe 
two Solids are one to another in a compound Ratio to that of 
their Sides, ba 9 pat * be 4 

THEOREM HEN uantities are proportional, the Pro- 
duct of the 3 is 82 of the Conſequents, in duple Ratio 79 
to that of each Antecedent to its Conſequent, or as the Square of each 
Antecedent is to the Square of its conſequent. i wan FE. 

Lera.b::c.d; the Product ac of the Antecedents, according 
to the preceeding Propoſition, is to hd that of the Conſequents, 
in Ratio compounded of thoſe of à to ô and of c to 4, which be- 
ing equal, the Ratio is duple.“ The Square «a of the Antece. 
dent a is to bb, the Square of the conſequent 5, in Ratio com- 
pounded of the Ratio's of à to 6 and of à to 5; and conſe 
quently the double of theſe two Ratio's : Now theſe Ratio's ars 
the ſame as the two Ratio's of @ to 5 andctod; conſequently 
the product ac is to the Product bd, as the Square as is to the 
Square 36. a . 3 

CokAlLART. Similar Planes, that is, thoſe whoſe Sides- 


are proportional, are one to another in Ratio duple that of the Sides 80 


of one to the Sides of the other. i 
Turm Ratio is compoſed of the Ratio's of the Sides of one to 


the Sides of the other ; + theſe two Ratio's are equal,, 'tis _ 
ore 
% * , M 


® Sup. 1. 72. Sep. 3. 77. 


—— 


* 


82 Elements of Geometry. fl 
fore a duple Ratio. Hence all Squares being ſimilar Pries 
they are in Ratio duple that of their Sides. #1 
gi THEOREM 5. Wu fix Quantities are proportional, the  Pro- 
duct of the three Antecedents is to that of the three — is 
triple Ratio of each Antecedent to its Conſequent, or as the Cube of 
each Antecedent to the Cube of its wy war's 
Lor there be a. b. c:: d. e. . the Product abc is to the Product 
def, in Ratio compounded of thoſe of à to d, of 6 to e, and of 
ctof; + Now theſe three Ratio's are equal: This compound 
Ratio, is therefore triple. f The Ratio aaa the Cube of à is to 
ddd the Cube of 4 in triple Ratio of that of à to 4; now tis the 
ſame Ratio as thoſe of @ to d, of b to e, and of c to f;, conſe- 
uently the Products we are ſpeaking of are one to another, as 
4. Cube of each Antecedent is to the Cube of its Conſequent. 
32 CoralLaky. SIMILAR Sohids, that is, whoſe Sides are propor- 
tional, are in Ratio triple of the Sides of one to the Sides of the 
other. | 
Taz Sides of two ſimilar Solids are fix proportional Quantities; 
therefore the Ratio of one to the other is triple. Hence all Cubes 
being ſimilar Solids, are in Ratio triple thoſe of their Sides. 
93 — 6. In a Geometrical Progreſſion, the Ratio of tau 
Terms between which are two other inter ueneing ones, is duple, and 
F there are three intervening ones, it is Triple. 
Lzr A A. B. C. D. the Ratio of A to C is compoſed or equal 
to a Ratio compoſed of that of A to B, together with that of 
B to C, Now theſe Terms being in Progreſſion, the two Ra- 
tio's are equal; therefore the Ratio which compoſe is a duple 
Ratio | In the ſame Manner tis demonſtrated, that the Ratio of 
a to d is triple. a k ; 
34 2 Warn Quantities are proporti vnal, their Square: 
are a 
I 4. 5: : c. d. I ſay aa. bb: : cc. dd. theſe Squares are in Ratio 
duple that of their Sides, + that is, in duple Ratio of a to 6, and 
of c to d, and as theſe two Ratio's are equal by Suppoſitton, thoſe 
which compoſe gre alſo equal, the Ratio of aa to bb, is then 
equal to that of cc todd; therefore the Squares are proportional, 
25 — 2 8. Warn Quantities are proportional, their Cubes art 
tional. 
Ir a. : : c. d. I fay that aaa. b:: cce. ddd. for the Ratio of 
25 to b,3 and that of c to 43 are triple the ſame Ratio's, 4 there- 
fore they are equal. X | 
$6 TurgokZMu 9. Thrts Quantities being in continued Proportion, 
= _ of the firſt is to that of the ſecond, as the firſt is to the 
ra. 


4 Lr 
* Sup. u. 72, + Sup. n. 78. ft Sup. u. 74. 
$ Sup. u. 76. | Sup. u. 72. | 
* Sub. . 74. + Sup. u. 80. + Sup. n. 82 
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Ler there be = 4. G. c. I ſay that 4. :: a. c. the Ratio of « 
to c, is compounded of the two Ratio's of à to h and of þ to c, t 
theſe two Ratio's are equal ; therefore the Ratio of @ to c 1s 
duple, 8 4 to & is alſo duple the. ſame Ratio's ; + 
then a*. &: : 4. c. | | 
Turok. 10. Four Duantitics being in continued Proportion, he 
Cube of the Firſt is to the Cube of the Second, as the Firſt in 10 the 
Fourth. | | | 
Ler them be +; 6. c. 4 /. The Ratio of 5 to F is com- 
pounded of the three intervening Ratio's, „ and theſe three Ra- 
tio's being the ſame, the Ratio of 5 to / is triple, + now the 
Cube #3 is to the Cube & in a Ratio triple the ſame Ratio: 7 
Therefore 53. :: 6. , f 
Tusok. It. Ir three Quantities and as others taken twogg 
and two are in the ſame Ratio, and in perturbate Propertion, the 
Quantities that are in equal Ratio are Proportional, Eucl. 5. 


the Proportion is rbate, 
that is, that A. B;: E. F, and B. C:: D. E. * 2 
monſtrated that A. C:: D. F. The Ratio of A to C is com 
ot D a 

now 


PROBLEM. 
o e tee Ae Ravi: s a ts ban the | 
Then nn nan nn 


Lr the two Ratio's be —and 75 0 reduee them to the ſame 
Conſequent, I multiply the Antecedent and Conſequent of the 
Firſt by the Coaſequent of the Second; which produces 2; 
likewiſe multiply the Antecedent of the ſecond Ratio, and its 


+ Cup. 1. 80. 
„ 
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Conſequent by the Conſequent of the Firſt ; which Faber 


| 25 hence the two propoſed Ratio's are reduced to theſe f and 4 
theſe two Ratio's have the ſame Conſequent, nevertheleſs' there 
is the ſame Proportion between. the Antecedent and its d 
quent, as there was before. $ | 

Tukonzu 1. Two Ratio's having one and the ſame celle, 


a Pare one to another as their Antecedents. 
Ler the two Ratio's be thoſe of A to X, and of B to X. 
which have one and the ſame Conſequent X, it muſt be demon- 
ſtrated that they are one to another, as the Antecedents A and B, 
— A and B. by X, and the Firſt will be expreſſed thus 


=P and the 5 . divided by one and 


the ſame Diviſor x, the Quotients 5 and are one to angther 


as A and B; Q. E. D. 

91 'Tuzor. 2. Ir two Quantities are 5 the Greate 
greater Ratio to one and the Jams third Quantity, than the * 1 
and the Ratio of that third Quantity to the Leſſer is greater thas in 
Ratio to the Greatet. Eucl. 5. Prop. 8. 

Lr the two unequal Quantities be A and B, the Greateſt i | 

A, and chuſe at pleaſure any third Quantity as C i it muſt be de- 
monſtrated. 1. That the Ratio of A to CD gronter than = 


B to C, I expreſs the two Ratio's thus 7 and &, or 2 F they 


have one and the ſame Conſequent ; therefore according to the 
preceeding Propoſition, they are _ to _ as A and B: 


Now A is greater than B; therefore 2 S- 2. It muſt be 
demonſtrated gat the Ratio of O to B i greater than tht of c 


A, that —S— Reduce theſe two Ratio's to the ſame Conſe- 


AB 9 
BC C 
mare” the ſame — now theſe two Ratio's ani 


Ache AC c 
quent, + thus = the Ratio — is then the 10 — ; and 


BC 
-— 0.005 29 Jnother, Fas A is to B; but accenting to the Pro- 


ne IE Ais greater than B; therefore the Ratio of C to B is 


greater, than that of C to A; Q. E. D. 
Theorem 


5 Sup. u. 54. 18 55. Þ Sup. a. 89. 
: IO Bf" Yau MI 


Gs , 


> 
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Turo. 3. Or e "unequal Quantities, "bi avs 


which hath the greater Ratio to a Third, and on the Contrary, that 9* 


is K* Leaſt, to ⁊ubich the * third Quantity has the greater Re 
* ar Anal he Gate 

Lar A B be eo unequal Quantities, A having a great 
er Ratio to C, chan tht of B to Cj thus ——, and . 


I fay that AB; *obich f be demonſtrates. u men 
poſed —>— now theſe two Ratio's are one to another ty A 


and B; it muſt therefore be that AB. 2. 1 8 Ic muſt 
be demonſtrated chat B is leſſer than A, having reduced tha two 


CA C 
Ratio's to the fame Conſequent — to —, . — it muſt 
B BA 22 8 . 


be according to what was ſuppoſed, — now theſe 


two Ratio's are one to another as A and B; + it muſt then be 
that A is the Greater and B the Leſſer, 
ProP. 5. Is the Firſt is to the Second as the Third to the Fourth,93 ' 
and that the Third hath a greater Ratio to the Fourth, than the 
Fifth hath to the Sixth; the Firſt will alſo have a greater Ratio to 
the Second, than the Fi 72 hath to the Sixth. Eucl. 5- Prop. 13. 


Ler the fix Quantities be theſe A, B, C, P, *. Fed ſour 
Firſt of which are in Proportion A. B:: C. 2925 It 


| "0" A 
muſt be demonſtrated that rn | 
11 5 2 


E A 868 . 
r | 
C E A | 
Ratio, — being greater than —, It muſt be Gas — Dan gp 
D WH SOM . 
E - | 
@ 


ProP, 6. Ir the Firſt is to the Second as the Third is to the 
Fourth, and that the Firſt be "ener than the Third; the Second will %* 
2 2 than the Fourth; and if equal, equal ; if leſſer, leſs. 

uc Prop. 14. | | 

Ler the Prendeticn be. A. B::C. D. It muſt be demonſtrated 
that if ASC, alſo BD; and that if ANC, likewiſe BAD; 


and 


* Cup. . 90. 1 Cup. n. 90. 
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and in ſhort if ATC, ſa likewiſe BYRD. 4 A. cn 

D; which cannot be, unleſs as AZC, that likewiſe B be alfs 

— NN being greater than C, that B is likewiſe 
r the Term B, be alſo 
than 

Paor. 7. Ir three Quantities on one Side and three on the Other, 
being taken two and tw, and that in an equal Ratio the Fin 
£5 Sacks _ the Third ; the Fourth will be alſo greater thax 
3 if” Equal, Equal ; if Laer, Les. 1 

rop. 2. 

* „B, C. be on one Side, and D, E, F. on the 
Jet A. B.. D. E and B. C:: E. F. If AN C, I ſay that D 
SF. If ARC, that DF. If A=C, that D=F. otherwiſe 
A is not to C, as D is to F. as wu ſuppoſed ) if it be either 

ter or leſſer; for two unequal Quantities cannot contain a 
— ccmdact hens, equally alike. 

Proy. 8. Ir three Draxtiticr on one Side and three on the 
96 Other, taken two and tano, are in the ſame Ratio, they 775 in 
perturbate P ien, and that in equal Ratio the Firſt is 
1 8 Fourth will be alſo than the 


4 1 Le * . 
1 be A, 3.0 b. 5 1 1 8 
B. C::D: E, ar f A than 


91 
75 


vm | 
Ler the four pro ional Quantities be A. B::C.D. 1 
ſuppoſe A the greateſt and D the leaſt, and I ſay th at A+CYB 
C. Let X de the exceſs of A above B, and let Z be the ex- 
ceſs of C above D; hence A=X+B, and C=Z+D, in the 
Place of A and C I put what they are equal to, and I have this 
Proportion XB. B:: X+D, D, which is the ſame as the Pre- 
ing one; it muſt then be demonſtrated that X+B+DYB+ 
Z+D. Subtract from each part the Quantity B, hence it 
remains only to demonſtrate that XZ. Seeing X is the diſfe- 
rence between A and B, and Z that of C to A-. and 
C-D=Z: Now A—B. B. CD. D. 1 putting X and 
Z in the Place of their equal Quanties, A—B and CD. it will 
be X Be 2. D, or Alernatth $ X. 2 : B. D, and B. D 
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Heights and Baſes; therefore if their 
dey are 9 each oher their Baſes. 
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Or the Ratio's and Proportions of Lines. 


Ccoxp ix to the Idea which has been given of Ratio's and 
Proportions, it is evident, that in order to demonſtrate that 
four Lines are in Proportion, it muſt be ſhewn that if th 
are divided into two, three, or as many parts you pleaſe ; if po | 
of the Firſt is Equal to each part of the Second, each part 
of the Third will alſo be Equal to each part of the Fourth ; if 
the of the Firſt be greater than thoſe of the Second, thoſe 
of the Third will alſo be greater than thoſe of the Fourth; if 
Leſſer, Leſs; and that if each part of the Firſt be not contained 
exactly any certain number of times in the Second, each part of 
the Third will not be exactly contained in the Fourth, in Fine, 
that if there be Exceſs or Defect, in dividing the firſt and ſecond 
One by the Other, there will alſo be Exceſs or Defect in divid- 
ing the Third and the Fourth one by the Other, This is the 
moſt natural Method, ſeeing Ratio is only an expreſſion, which 
ſhews how one Quantity contains, or is contained in another ; 
and it cannot be more plainly proved that a firſt Line is contain- 
ed in a Second, as a Third 1s in a Fourth, than by proving it 
of four Lines. 
Drrixtricx. A PARALLEL Space is that which is between two 
Parallel Lines. | 
X and Z being two parallel Lines, the Space which is between 
them is called a parallel Space. j 
Lemma 1. Ix a parallel Space, or the Perpendicular which 
meaſures it, be divided by parallel Lines, the oblique Lines con- 
tained in that Space will be divided into as many parts, as the 
Perpendicular. g 
Tur Perpendicular D C is the Meaſure of the parallel 8 
between X and Z, the Line AB is Oblique, and contained in 
that Space; divide D C into three parts by drawing the two Pa- 
rallels E and F; I ſay that the two Parallels do alſo cut the ob- 
lique Line A'B into three Parts. The two Parallels E and F 
divide the whole parallel Space, which is between X and Z, into · 
three parallel Spaces, thro which the oblique Line A B paſſeth, 
| | pu 


Book. IV. Str. 1. . 89 
as well as DC D 
Perpendicuar bo: which was to Fug 1 \- 
e SE at's , 
equal Parallel Spaces, art igue 
"Lax Z and X be two equal 1 Spaces, in which the 
obligns. 11 B C and E F make the equal Angles BCH and 
EFG; I fay that the two Lines are equal, and equally Oblique, 
From oy oints B and E, draw Perpendicularly ** Lines 
and EG, which are equal; * therefore the Triangles BCH, and 
EFG are Rectangled and * equal; + and therefore BC und 
EF are equal * H and FG; conſequently f 
and EF are equally Oblique ; which aua to he 
Lemma. 3. UBL1Qus Lines which make the 2, Angles in 
unequal parallel d _ — we 3 anger, as the Space is "_ 4 
and ſhorter, as is leſſes. 
* Ob e 
paces X and Z; the Perpendicular AB is than 
— the Space be kes i th 15 
ſlated, 3 1 — Oblique Line F 8 
Line BC. Upon BA let there be tak 
EF, and thro H le Yong be and 
the two Triangles and EFG, 22 55 right 
Angle BCA being 228 to FG E, by the Ee: Eh 
angular; 5 the Angle BKI is equal to BC Ta 42 
therefore the Triangle BEH is Fauian 7 5 with BAC, 
likewiſe with FGE. E. EE is 1 8 Þ BH; therefore FG 
SBK: * Now BK is C; th FO, is eq TP 
part of BC, and — leſſer, Q. : 
1 1. Haying. ,, a . Laaer mere 4 
os allels, the Perpendicular of that _ and que Lin 75 are 
cut roporti 


1. Ir Lemma the, 22550 


12 


I 

lee with 
the Parallels; 4 therefore are equal and equally Oblique, 
according to Lemma. If the 8 Parts into which the Per- 
pendicular is divided are all equal, the ten Parts of the Oblique 


Line are then alſo all equal. 3. According to Lemma 3. It the 
Parts of the ae agg ome are unequal, thoſe of the Oblique Line 


one to another, for the Obli 


Hence it follows, that if there be ten equal 
N CEOS. 3 


 ®-B:< ts 65. + B. 2. n. 96. t B. 1. n. 55. 
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Parts taken from the Perpendicular, and that there remain one 
Part which is either leſſer or greater, the Oblique Line will be 
ſo divided, that after ten equal Parts be taken therefrom, there 
will remain one which is leſſer, if the Remainder of the Perpen- 
dicular was leſſer, and greater, if the Remainder of the Perpen- 
dicular was greater, as was proved in Lemma 3. Wherefore as 
the whole is contain'd, or as the whole contains, ſo the Parts are 
contained, or do contain, therefors according to the Nature of 
phe 1 the two Lines we are treating of are cut Proporti- 


— Any 2. Ir ſeveral Oblique Lines art in one and the ſame 
parallel Space, and the Space be cut by a parallel Line, the Linn 
cui be divided Proportionally. 

Tur Oblique Lines EF and MN are between too Parallels, be- 
tween which AC is Perpendicular. This Space is divided by a 
Parallel Z: then by the preceeding Theorem MN, AC:: Mb. 
AB. and likewiſe EF. AC:: EG. AB, and ons MN. MD 
::AC. AB::EF. EG. therefore MN. MD::EF, EG, and by Per. 
mutation, MN. EF::MD. EG ; which was to be proved. 


Tuxox. 3 OBL1qQue Lines which make the ſame Angles in 
different parallel Spaces, are one to another as thoſe Spaces. 

Tus Oblique Lines BC and FG form the equal Angles BCA 
and FGE ; conſequently if AB is equal to EF, by the ſecond 
Lemma * BC=FG. If AB Sg CO 
ma +BC is greater than FG. If AB for Example is triple EF, 
then BC is triple FG ; for ſuppoſing that BA is divided into three 
equal Parts; then by the firſt Lemma f BC is alſo divided into 
three Parts, which by the ſecond Lemma, 5 are each equal to 
SF, for theſe parts make the ſame Angles ; || therefore they are 
equally Oblique: Therefore BC, is triple FG, Q, E. D. Thus 
it is demonſtrated that the Oblique'Line FG is the ſame Part of the 
Oblique BC, as EF is of AB; or that FG is alſo contained in BC, 
as often as EF is contained in AB. If AB is equal to, or con- 
tains EF, one or more times, more ſome remainder, then BC 
is likewiſe equal to, or contains FG, my one or more 
times, more the ſame Remainder; therefore the Lines are equal- 
ly Oblique, &c. 2, E. D. 8 
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e. 0; 
Or the Ratio's and Proportions which the Sides af 
Triangles bear to each other. | 
DzeriniTION 1. | 


Wo Triangles are Similar, when their Sides make equal Au- 8 
gles, or which are Equiangular. 


xr. 2. In tomparing fimilar Triangles, "the Sides <vbich ave 9 


oppoſite to equal Angler, are called Hom Sides. 

X and Z are fimilar or equiangular Triangles, each of their 
Sides as ABand DE which are oppoſite to the equal Angles C and 
F, are called Homologous, that is, proportional; we ſhall ſhew, 
that this is a Term thereto. | | 

Trzor; 2. Tur Sides of two fimilar Triangles are Proportie- 10 
nal, Eucl. 6. Prop. 4. 

Taro! the Vertex of the two Triangles ABC and DEF draw 
Lines Parallel to their Baſes, and from their Vertices let fall upon 
the Baſes the Perpendiculars X and Z, the Angles ABC and DEF 
are equal, the Oblique Lines AC and DF form alſo the ſame An- - 
gles : Therefore AB. DE:: X. Z:: AC. DF. Hence AB. DE:: 
AC. DF; by drawing Lines thro' D and E Parallel to the 
Sides AC and DF, it will be likewiſe demonſlrated that AB. DE:: 
BC. EF, and that two ſimilar Triangles have therefore all their 
Sides proportional. | | „ 

Tus for this Reaſon that the correſponding Sides of fimilar Fi- 
gures are called Homologous, becauſe hey are Proportional one to 
another, or have the ſame Ratio, which the Word Homologous- 
implies. | 
HEOR. 2. Two Triangles fimilar to a Third are fimilay one to 11 
another, Eucl. 6. Prop. 21. | FE 

Lr A, B, C, be three Triangles, if A and C are ſimilar 
to B, the Angles of B are equal to thoſe of A and C; then the 
Angles of A and of C are alſo equal one to the other, + 
therefore according to the firſt Definition, f A and C are Simi- 
lar to each other. ü | | 

Tuxox. 3. Ir the Sides of two Triangles are Proportional, , 
they are Similar. Eucl. 6. Prop. "A 

Taz Sides of the two Triangles ABC and DEF are ſuch, that 
AB. BC:: FR. ED, and AC. AB:: DF. EF; I fay that theſe two 
Triangles are Similar, Upon EF deſcribe the Angle GEF equal 
to ABC, and the Angle EFG equal to- BAC ; therefore EGF 
is equal to ACB ; 5 conſequently EFG and ABC. are e 
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lar Triangles ; * it remains then only to ſhew, that the two Tri- 
angles EFG and EFD are equal; and that as EFD, is the fame'as 
EFG, it is ſimilar to ABC. Seeing EFG and ABC are Similar, 

then AB. BC:: EKF. EG, by the Suppofition,' AB. BC::EF. ED; 
then EG and ED, which have one find the ſame Ratio to EF, 
are equal. + The ſame way tis demonſtrated that all the Sides 
of EFG, are equal to thoſe of EFD; which was to be pro- 
ved | 4 


13 Tuxonx. 4. Two Triangles are fimilar, when they have one 
Angle equal, mg the Sides containing that Angle Proportional. 
Eucl. 6. Prop. 6. | — 70 
Tux Angle FED is equal to ABC, and AB. BC::FE. EDB I 
| ſay that ABC and FED are entirely Similar, te freue it. Make 
the Triangle EFG Similar to ABC, the Triangles EFG and DEF 
are equal; for AB. BC::EF, EG:: EF. ED. as EG and ED 
have one and the ſame Ratio to EF; they are therefore equal. t 
Now ſince the Angle DEF is ſuppoſed equal to the Angle ABC, 
it is then alſo equal to FEG, which is made equal to' ABC; 
.. therefore the two W DEF and GEF; having two Sides 
equal, EG to ED, and EF to EF, and the Angles FED and 
GEF which theſe Sides contain equal, they are equal; 5 then 
ſince DEF and CBA are Similar to EGF, they are Similar one 
—_ GT e 
r HEOREM 5. Ir Nu Triangles have one Angle of one to 
14% Angle of the other, and the Sides of another Angle. proportional, 
and the third Angle of each be of the ſame Sort, that -is, Acute; 
Right, or Oltuſe, then are the two Triangles Equiangulay ; and 
— Angles, whoſe Sides are Proportional, are equal. Eucl. 6. 
rop. 7. * 
. E the two Triangles be ABC and DEF, the Angle A is e- 
ual to the Angle D, and the Sides which contain one of the 0+ 
Ger Angles are Proportional; I ſay, that if C and F are of the 
ſame Sort, the two Triangles are Equiangular ; and the Angles, 
whoſe Sides are Proportional, are equal. 1. Let C and F be 
Acute; I ſay that the Triangles are Equiangular, ( vis.) That 
the Angles B and E are equal, as alſo E and F. If B is equal 
ö to E, according to the preceeding Propoſition, the Triangles are 
Equiangular. But if B is greater than E, let ABG be made e- 
qual to DEF, * whoſe third Angle AGB is equal to the third 
Angle F, + and therefore Acute as that is, and APG and DEF 
are Equiangular, and Similar; therefore AB. BG:: DE. EF. now 
it is ſuppoſed that DE. EF::AB. BC. accordingly AB. BG:: DE. 
EP:: AB. BC: then BC and BG having one and the ſame Ratio 
with AB, they are equal; f therefore the Triangle GBC is Iſo- 


PL 
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celes, and Conſequently the Angles BCG and BGC are Acute, 
and Conſequently 5A is greater than a right Angle: + But it 
hath been demonſtrated that the Angle AGB is equal to the Angle 
F; which is ſuppoſed Acute, therefore it is at the ſame 
both greater and leder than a right Angle; ich is abſurd. that if 
C and F are not Acute, then BGC equal to C is not Acute; which 
is falſe . conſequently” the — * ABC and E muſt be e- 
qual, hence ABC and DEF are entirely Equiangular, $ therefore 
i i in the two Triangles, &c. 
THzoreM 6. Ir tuo fimilar Triangles haue one Point common, 
and the Homologous Sides Parallel, the two other Sides meet direct - ty 
h that is, they are in à direct Line with each other. Eucl. 6, 
rop. 32. 
De two ſimilar Triangles be ABC, DCE, which have a 
Point common ( wiz.) C, the Sides AB and DC are Parallel, as 
are alſo AC and DE; I fay that BC+CE is a right Line. See- 
ing AB and DC are Parallel, the Angle BAC ACD, I and the 
Angle ABC=DCE per Suppoſition; then the three An 
ACB, ACD, DCE, 2 to the three Angles ACB, CAB 
ABC of the Triangle ABC, which together make two oY 
Angles ; ' therefore BCE is a right Line. + 
Turok zu 7. WHEX 7/200 fides of @ Tri are ent by a Line ic 
Parallel to, the Side aubich fubtends the Ang ewhich they (tale, 
they are cut Prapertionally; -Eucl. 6. 2. 
Lr the Triangle be ABC, draw EF Nel to BC. I ſay 
that AE. EB::AF. FC; the Triangle ARP is ſimilar to the Tri- 
angle ABC, ſeeing they are Equiangulat ; 1 for beſides that the 
Angle A is common; the Angle EP ind, and the Angle 
AFE=ACB: {F then AB. AE:: AC. AF, || and dividedly, * 
AB—AE. AE:: AC-AF, AF, now AB =EB, and AC— 
ty then EB. AE:: FC. AF, and Permutaticeh, AE. EB 
AF. F 
Tugox. 8. Ir the of a Triangle is cut equally in ir 
by a right Line, which * the Baſe, 6 60. Segments of 2 i 
are one to another as the two other Sides, and if they be ſo, 
Line drawn from the Vertex to the Baſe divides A y ++ equally 
in 1200, Eucl. 6. Prop 
Lr the Triangle be ABD, the Line BC drawn from the Ver- 
tex, cuts the Angle B'equally in two, tis required to be proved, 
1. That AB. BD:: AC. CD. let there be drawn DE Parallel to 
BC, and produce the Side AB, until it meet the Parallel DE, the 
Angles ABC and AED are equal, + and by the ſame Reaſon 
CBD and BDE are equal. f it is ſuppoſed that ABC and CBD 0 
are equal: therefore C r and ſo _ 
quently 
* B.-2. n. 84. + J. 2. . 17. 7 B. 2 n. 84. 
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quently are BDE and BED. therefore the Triangle DRE, being 
Ioceles, BD=BE. now AB. AC:: BE (or BD.) CD. 5 then 
B. AC:: BD. CD. and Alternately AB. BD:: AC. CD. 2. It 
muſt be proved that if all this be ſo, then BC divides ABD e- 
ually in two, ſince Suppoſing as above DE Parallel to BC, and 
IB produced to E, then AB. BE:: AC. CD, “and by the Hy- 
heſis AB. BD:: AC. CD. then BE=BD, + and the Triangle 
BE is Iſoceles, 4 and hath the Angle BED=BDE ; I but on 
account of the Parallels C, ED, the Angles ABC, BED or its 


equal BDE are equal ||| as are alſo CBD, BDE, * therefore the 


Angle ABC==CBD ; which avas to be proved. 


18 Der. 1. Trose Lines which make the ſame Angles with the 


Lines which they croſs but which are taken from the other Side are 
called Antiparallels. 

ParaLLtEL Lines make with the Lines which they croſs, the 
fame Angles taken on the ſame Side, U thus if AFEZABC the 
Lines FE and BC are Paraliel. But if AFEZACB the Lines are 
 Antiparallels, | | 


19 Tarox. 9. WB the Sides of a Triangle are cut by Lines Anti- 


20 


allel to its Baſe, they are cut in reciprocal Proportion. 
PE is Antiparalie - BC; —— ARAB. and AEF= 
ABC. the Triangle AEF hath then the ſame Angles as ABC, and 
conſequently they are Similar, and their Sides are Proportional, 
A but their homologous Sides have not the ſame Poſition, for 
AB is not Homologous with AF, but with AE; therefore the 
Sides AB and AC are not divided in direct Proportion. ABis 
not to AF as AC is to AE, ſo that of theſe four Quantities, the 
Firſt is to the Fourth as the Third is to the „AB. AE: 
AC. AF. 4 . 

PROBLEM 1. To divide @ right Line in the ſams Manner u 
one that is already divided. Euel. 6. Prop, 10. | 
Tur Line AD is divided into the three Parts AB. BC. CD, 
*tis required to divide the Line AG into three Parts proportional 
to thole of AD; join AG to AD; ſo as to make any Angle 
you will, then draw a right Line thro' the Points G and D, and 
draw Lines Parallel thereto thro' the Points B and C of. the di- 
vided Line; which Parallels divide AG in three , which are 
Proportional to thoſe of AD: for + AD. AC:: AG. AF, and AC. 
AB:: AF. AE; therefore what was required is done. 

ProBLEM 2. To divide @ right Line into as many equal Parts 
you pleaſe. 

Tu given Line is X, required to be divided into three Parts. 


| Join thereto an indeterminate Line, making therewith any Angle 


at pleaſure as ZAX, with any extent of the Compaſſes, and one 
Foot 
$ Cup. x. 16. Sup. n. 16. + J. 3. 3. 52. 
4 B. 2. n. 57. 3. 2. n. $3, 
B. 2. u. 27. . 8. 8. 886. Q B. 2. . 27. 
A Sup. n. 10. + Sup. 2. 16, 


| x IV. Ser. 2 93 
Foot in A, mark upon Z with that extent three equal Parts, then 


the End of X, and thro' the Diviſions of Z, draw Parallels there- 
to, then according to what was demonſtrated in the preceed- *' 


Parts. | x 

A 1. 2 To cut off from a given right Line any Part required. 22 | 

uci. 0. . þ 

Ir from A . It was required to cut off the ö 
| 


, = 4 * q * 
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third Part, you need only divide AC into three Parts, accond- 
ing to the preeceding Problem, and take from AC one of theſe 
three Parts, | x 

Pros. 4. Two Lines being given, to find a third in Proper-2y + | 
tion thereto. Eucl. 6. 1 0. N 6 

Tur firſt Line is AB, the Second BC, join them together ſo 
as they may make only one right Line: then take AD equal to 
BC, which join to AB making any Angle therewith at Plea- | 
ſure ; from D draw a Line upon B and thro' the Point C, draw | 
a Line Parallel - thereto, produce AD untill it meets the Parallel 4 
CE; which being done, I ſay that DE is the third Proportional J 
ſought. For AB ® is to AD, or to its equal BC, as AC is to 
AE; and therefore as F AC—AB is to AE—AD, that is, as 
* to DE; therefore = A B. BC. DE; which was re- 
quired. 

Pros. 5. Trres Lines being in Proportion, to find a fourth 24 - 
Proportional, Eucl. 6. Prop. 12. | 

ae Firſt is AB, the Second AD, with which make any An- „ 

gle at pleaſure, ſuch as BAD; the Third is BC which join to AB. | 
io that they both together may make a right Line; then thro' B ) 
and D draw a right Line; and'thro' the Point C draw the Line | 
CE parallel thereto; prolong AD untill it meet the Parallel CE; 
which being done, I fa DE is the Fourth Proportional - 
for T AB. AC:: AD. AE; therefore 3 AB. AC—- AB: 
AD. AE—AD; that is, that AB. BC:: AD. DE, and conſe- 
quently Mternately AB. AD::BC. DE. | | 

ProB. 6. To find all the Lines that can be reciprocally Pee F 
portional to tao given Lines. | | $ | 

LzT the two given Lines be AB and AC; the ſhorteſt AB, 
muſt be taken from the Longeſt AC, and a Circle be deſcribed 
having the longeſt for its Diameter; then from the Point B, the | 
End of the ſhorter Line, draw upon the Diameter an indetermi- ' 
nate Perpendicular, as Y. Every Line drawn from A which cuts 
the Indeterminate Line, and at the Circle as AD, or which 
cuts the Circle and ends at the Indeterminate Line, will ſolve the 
Problem, AE and AD are reciprocal to AB, AC as are alſo AF 
and AG; for BE is Antiparallel to DC, ſince — — 

* Sup. #. 16. + B. z. . 48 1 Sup. 3. 16. 
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g6 Euenents of Geometry.” 4 
ABE=ADC: | therefore the Lines are cut reciprocally. A 
C=ABG, + and ACF=AGE. f then BG and FC are Anti- 
parallels ; therefore AC and AG are reciprocally divided. 
26 PrOB. 7. To deſcribe upon a given Line a Figure Similar to a 
Figure given. Eucl. 6. Prop. 18. en 
| THERE is no more required than to reduce the b an 
into Triangles 5 and to draw Lines upon the given Line naking 
the ſame Angles, ® and forming Similar Triangles. 


Lemma 1. Ir the right Angle of a Reangled Tris le 
*7 & drawn a Line — — the Le it wi Zuid it 


to two other Triangles Similar to the whole Triangle, and alſo one 
. to another, Eucl. 6. Prop. 8. „ 
4 Luxx ABD be à Rectangled Triangle. If from the right An- 
| gle A be drawn AC Perpendicular upon the Baſe BD, I ſay that 
the three Triangles ABD, ABC, ACD are all Similar to each 
other, 1. They are all right Angled. 2. The Angle B is com- 
mon to both the Triangles ABD and ABC; ore all their 
| > _ are equal, + and conſequently Similar. 1 The Angle 
is alſo common to both the Triangles ABD and ADC; they are | 
then alſo Similar, fince ABC and ADC are Si to'a Third, 
they are Similar one to another; 5 conſequently the thres re&- 
| . angled Triangles ABD, BCA, CAD are Similar. 
. 28 Turok. 10. Is a Line be drawn from the right Angle of a 
| Refangled Triangle, Perpendicularly upon the Hypothenuſe, it will 
Ee as follows. (viz.) 1. The Perpendicular is a mean Proportional, 
between the tauo Segments of the Hypathenuſe, 2. The * Sid, 
the Triangle is a mean Proportional between the Hypathenuſe, and 
the greateſt Segment. 3. The fhorteſ? Side of the Triangle is a mean 
Profortiohal 2 The _—_— and the lefſer Segment. 
By the preceeding Lemma, the Rectangled Triangle ABD, 
is divided by the Perpendicular AC into two rectangled Trian- 
gles which are Similar thereto and alſo to one another; ſo that 
| ABD, CBA, CAD are three ſimilar Triangles, therefore 1, + 
BC. AC:: AC. CD, or = BC. AC. CD, 2. CD. AD::AD. 
iy BD, or = CD. AD. BD. z. BC. AB::AB. BD, or 4+ BC. 
| AB. BD. 2, E. D. + | 
29. Pon. 8. To find a mean Proportional, between two given 
Lines. Eucl. 6. Prop. 13. * 
Mzruop 1. Tur two given Lines are AB and BC; join 
them ſo that they may make a right Line, fro.na the middle 
I thereof which is G, and with the Extent of AG or GC, de- 
: ſcribe a Semi-circle, then upon B erect a Perpendicular, and pro- 
. duce it till it reaches the Circumference to wit at the Point D. 
I ſay that BD is a mean Proportional between AB, and -u 
B. 2. 1. 52. and 39. * Sup. n. 18. B. 2. n. 52. and 39. 
1 2 t B. 2. . 39. and 53. 5 B. 2. 1. 122. 
| . 3. 3. 29. *Þ Z. 2. . 80. + Sup. n. 8. 
$ Sup. u. 11. + Sup. u. 10. / 
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Line EB or EC is the mean Prop | | 
By conſtruction ABZAE,” and CE=BE: then EAB and CEB 
are both Iſoceles; and the Angle ABE is common to each of 
them, theſe twg Ifoceles are then Equiangular, + and therefore 
Similar; 4 then AB. BE::BE, BC, or = AB. BE. BC. 5 

ProB. 9. Hav IAO the three fi Lines of 4 Gedmetrical Pro- 
gre//ion of Lines, to find others, ad inf. | 

Ler the three progreſſional Lines be, the Firſt AC; the Second 
AD, the third AB, vide AB into two equal Parts; and upon 
the middle thereof with the Extent of half AB, deſcribe a Semi- 
circle, upon the Line AB take a Part equal to the firſt Line AC; 
and upon C ere a Perpendicular which is bounded by the Cir- 
cumference at the Point D, from whence draw a Line to the 
Point B, and an indefinite Line X from A thro* D, alſo owe | 
the Line AB ad inf. which I call Z; then at the Point ered 
a Perpendicular which cuts X at the Point E, fram whence draw 
a Perpendicular Which cuts Z at the Point F, from which erect 
a Perpendicular which cuts X at the Point G, from whence let 
fall a Perpendicular GH, and ſo on for the Reſt, 1, The Line 
AD being a mean Proportional between AC and AB, || is equal 
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to the ſecond Line given, which is hereby found, if it had not 
been given. 2. All the Triang'es ADB, ABE, AEF, AFG, 
c. are Equiangular, * ſince that beſide their common Angle 
XAZ, they are all right Angled ; for the Angle ADB in 

Semi-circle is a right Angle, + and EF and HG are Perpendl- 


cular upon X by conſtruction, as are DC. BE. GF upon Z 
hence according to the Definition, f they are Similar, and their 
Homologons Sides Proportional: 5 then AC. AD:: AD. AB, 
and AD. AB:: AB. AE, and AB. AE:: AE. AF, and AF, AG 
:AG. AH, &c. conſequently FAC. AD. AB. AE. Ak. AG. 
AH, &. | | 
Pl Ars Methed of finding tabs mean Proportianals between teuo 
given Lines, mechanically. | | 
Tus given Lines are AB and AC, which join ſo as to make 
a right Angle. Place the Square X ſo that its Angular Point 
may be upon the produced Part of AB, and that one of its Sides 
be cloſe to C the End of AC: Z — another Square which ** 
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be diſpoſed ſo that one gf its Sides rub againſt X, and the 

inſt the Point B the Extremity of AB: Hence the T 

CDE and DEB, are em led, DA and EA are Pg 2 
lars, hence * ++ AC. AD. AE, and +AD. AE. AB; thang 
AC. AD. AE. AB. | | _ 
Ds CanTes his Method for finding between taus given, Lal | 
as many Proportionals as you pleaſe. {= j 
Tut Inſtrument he uſed is compoſed of ſeveral 570 
which are ſo adjuſted one to the other, that when the Ang 
E is ſhut, or that the two Rules FA and AE touch one anal 
all the other Rules BC. CD. DF. EF. touch each other and 
ſlide to the Point A; if the Angle EAF be opened, theſe ſam | 
Rulers are impelled and delice back, therefore two Lines bangs 
given, puſh the Ruler BC, ſo that AB may be equal to has 
rteſt Line, and open the Angle EAF ſo that the Ruler BY 
may be diſtant from A the Length of the fecond Line. It al 
vident that AC and AD are two mean Proportionals | 


- AB and AE. In order to find ſeveral mean Me” | 
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Number of Squares muſt be increaſed. 43 
37 Ttor. 11. Tur Segments of two Chords which i 
. evithin a Circle, are in reciprocal Proportion. „ 
Lr the two Lines be BD, CE which interſect at the Fall 
A. It muſt be proved that BA. CA:: AE. AD. Let theñ 
drawn BC, ED; which form the two ſimilar Triangles BAG 
 EAD; for the Angles at A are equal, and the Angle B is 8 
to the Angle E, — they are placed upon the ſame Arc - 
therefore their Homologous Sides are proportional. + Th 
BA. CA:: AE. AD; then Alternately, AB is reciprocally to.A8 
as CA to AD; which was to be proved. 0 ye 
3. Lemma, 2. Ir a Tangent and a Secant be drawn from a Fu 
out of the Circle, the Tangent is a mean Proporti between N | 
avhole Sccant, and the Part thereof which is aut of the Circle. 
Ler the Tangent be CB and the Secant CA; it 1 
proved that AC. CB::CR. CD, or r AC. CB. CD. The A 
le C,is common to both the Triangles ACB and DCB, the * h 
BC's meaſured by half the Arc BD, 1 the ſame half is nl 
the Meaſure of the Angle BAC; { hence the two Tri 4 
ACB and BDC having two Angles equal, and N rs 
Third, they are Similar, and Rroportional ; | ho Side of 
the Triangle BCD is Homologous to the Side BC of the T, 
gle * * therefore AC. BC:: BC. CD, or ++ AC. BC. 
. D. | . .2- 
5+ Pros. 10. To divide a Line, fo that its lengeſt part ay be 
mean Proportional between its H urteſt part and the whole nl 
«vhich is called mean aud extreme Ratio, Eucl. 6. Prop. 3% 
Tue given Line is BC, at the Point B erect a be ; 
BG, equal to half BC, with the Extent of GB, deſcribe a, CU 
0 ele whoſe Diameter is conſequently equal to BC, draw the Sex) 
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Book IV. Seer. 2. 98 
cant AC, chen having taken CH upon BC, equal to CD, I ſay that 
the Line BC will be right! divided at the Point H, as is requir- 
ed. If HC or DC is the Longeſt part, and BII or BCE—HC the 
Shorteſt, It muſt be demonſtrated that == BC, CH. HB. by the 

receeding Lemma, AC. BC::BC. CD, and ſubtracting the 

ines BC and CD fram AC and BC, the Remainders AC—BC 
and BC—CD are alſo in the ſame Proportion; “ hence BC. 
CD ACC. BC—CD. But by conſtruction AC—BC=DC. b 
—HC, and BC-HC=HB; therefore r BC. CH. HB; 2. —- 
E. D. | | | 
CoRALLARY 1. A Line being divided into mean and extreme 35 
Ratio, if the mean or longeſt Part be added thereto, this new Lane = 
wwill alſo be divided into mean and extreme Ratio, whoſe mean 9 
fs the ſaid firft Line. i | | i= 

Lzr AC be a Line divided into mean and extreme Ratio at | 
the Point B, the mean or longeſt Part is BC, which add to the = 
Line ſo as to make CD equal to BC, It muſt be proved that ; | 
= AD. AC. CD. Let AC=a, and CB=x; then a—x=A 
B, and CD==x, and a+x=AD. It muſt then be proved that g 
.a+x. a. x. by the Hypotheſis @. xitr. a—x. Permutatigely 
x. aux. x. Compoundedly, xa. ar: - U . . hut a—x+x 
=Cyphcr, therefore x+4. a:ia. x, or Fe. 4. x; which 
was to be B | , 

CoralLakyY 2. A Line being divided into mean and extreme 36 
Ratio, if its ſhorteſt part be Subjrafted from the Mean, the Re- 
mainder will be alſo divided into mean and extreme Ratio. 

Tus Line AC is divided into mean and extreme Ratio, at the 
Point B, its ſhorteſt part is AB, it muſt be proved, that if from 
BC be ſubtracted DC=AR, the Remainder AD will be divided 
according to the ſame Ratio; that is, that ++ AD. AB. BD. 
Let AB=y, BC=x, BD=x—y. then AC=y+x, it muſt there- 
fore be demonſtrated that == x—y. . X. According to the 
Hypotheſis, y. x::x. y+x. by Permutatios x. y::y+x. x. divided- 
ly, x—y. yi:y4+x—x. x; as +x—x=o': Then k . Jy. Xs 
therefore == K-. y. x ; which was to be proved. | + 

CorALLaRY 3. FroM the firſt Corallary it is eaſy to conclude 
that when a Line is divided into mean and extreme Ratio, in- 37 
numerable other — Lines may be divided into mean and 

extreme Ratio, by adding the mean to the whole firſt Line, and 
' by the Second Corallary, an infinite number of ſhorter Lines 

may be divided into mean and extreme Ratio, by ſubtracting 
the ſhorteſt Part from the mean. 


® B. 3. n. 48. 
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rences of two or more Figures bear to each other, and 
to the Radii of their circumſeribing Circles. 


Drrixtriox. 


38 Wo re#ilinear Figurts are called Similar, when their Au- 
gles are equal each to each, and the Sides containing them 
Proportional, 1 OY * n mx 
ORALLARY. ENCE, It follows 10 of 
39 he ſame Name are Similar; for being of the ſame Nike d they 
have the ſame Number of Sides and Angles ; and becauſe they 
are regular, all the Angles are equal as well as the Sides con- 
taining them, * and thereſore in an equal Ratio Proportional, 
therefore they are Similar, according to the Definition. 
TneoR. 1.. Tur Circumferences of two fimilar Figures art one 
to another in the ſame Ratio, | as their Sides, each to each, 
Lr there be two Hexagons X and Z, each Side of X is @; 
hence its whole Circumference is 6 a, each Side of Z is , and 
conſequently its whole Circumference is 6'4 ; now 6 a. 6 ba. 


Tutor. 2. Tur Circumferences of two regular and ſimilar Ni. 
gures, are to each other as the Radit or Diameters of their circum- 
ſcribing Circles, and as their Apotames. | 

X and Z are two regular and ſimilar Polygons; from the 
Centers of their circumſcribing Circles, draw the Radii AB and 
AC, DE and DF; the two 'Triangles BAC and DEF ars Ifoce- 
les by conſtruction; and fince that theſe two Figures are Similar, 
the Angles at their Centers BAC and EDF are the ſame; there- 
fore the Triangles are Similar, then AB, or the Radius of X is 
to DE, the Radius of Z, as BC to EF. Now the Circumference 
of X is to that of Z by the preceedent Theorem, as BC is to EF, 
therefore the Circumference of X is to that of Z, as the Radius of 
X is to that of Z, or as the Diameter of one is to the Diame- 
ter of the other; for the Radii and Diameters have the ſame 
Ratio one to another, the Radii being each the half of the Di- 
ameters. If AM is Perpendicular upon BC, it is the Apotome 
vi X, 1 fo likewiſe if DN is Perpendicular. from D upon EF, 
it is the Apotome of Z; now accerding to what hath been prov- 
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ed, BC b to EF as the Apotome of X'is to Z ; therefore' the 
Circumference e 
the Apotome of 2. 
CORALLARY, Tus Cir 
nother, as the Diameters or 


ther as their- 

ſceing the Radii are te Hale ofthe Diam 
Tazor. 3. Tun Arcs of 

prin 4 nr — a: 


4 the Circles whoſe parts 


We eee eee 
terre 090 10 another 4 ²— whoſe parts they ar, 
r are the 

Txzor. 4. Tun Chords 7 Arcs, taken in different 44 
ow N notre "res of al they are the 

4. 

Rionr Lines ley Hoem Ham 06. Guia afthe bets", 
to the Ends 2228 
ſince the Chords of 


rere 
lets. | 

Tux N e eee Eh LAs es Bs 
there be drawn a Line croſſing the Cireles C. D. E. It — 
be proved that the Parts of that Line AC. AD. AE. ate one 
another as the Circles which it interſe&s. Thro' A, draw — 
Tangent AB. hence the Angle BAR is meaſured by either the 
Arc CA; or AD, or AE, 4 therefore theſe three Arcs are Simi- 
lar; the Chords AC, AD, AE, of ſimilar Arcs, are by the pre- 
ceeding Theorem, one to another as the Arcs AC. AD. AE, and 
theſe Arcs are one to another as their correſponding Circles ; the 
Parts of the ſaid Line are therefore one to another, as the Cir- 
cles which it croſſeth. 


Tuzex. 6. AncLes which are in the ſame or equal Cireles, 16 8 


außether their Vertices be in the Circumference, or in the Center, are 
one to another as the Arcs jos n Eucl. 6. 
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102 Elements of Geometry. 
N is very evident, by reaſon theſe Arcs are the Meaſures 
47 Lemma. Ons of the acute Angles of a reftangled Trigngle be- 
ing divided into as many equal parts you' pleaſe, and right Lines 
drawn upon the oppoſite Side, thoſe parts of that Side which are far- 
ebe from the Perpendicular are longeſt. F 
Luer ABE be a right angled Triangle, whoſe Angle BAE is 
divided into as many 7 you pleaſe, by right Lines drawn 
from the Point A to BE. It muſt be proved that the parts of B 
E which are fartheſt from AB, are longeſt; that the Part DC is 
longer than CB, and ED longer than DC. Seeing, that the 
Angle BAC was by the Hypotheſis, made equal to the Angle 
CAD, the Angle BAD will be divided in two, and according to 
what has been demonſtrated, + DC. CR: AD. AB. | Now AD 
>AB; f then DC>CB. By the ſame Reaſon, if the Angle 
CAE is divided in two, as CAD is equal to DAE, then ED. D 
Ti: AE. AC; and fince that AE AC; then ED> DC; there- 
fore the Parts of BE which are fartheſt from AB are longeſt. 
48 Tuxox. 7, Or two regular Polygons inſcribed in the ſame or 
different Circles, that which hath moſt Sides, has an Apotome lang- 
er or ſhorter in Proportion to its Circumference. 

LzrT the two Polygons be Z and V. I ſu to have 
twice as many Sides as Z; that therefore if BC is a Chord of 
20 Degrees, GH will be a Chord of 10, that is, if Z hath 18 
Sides, Y hath 16. The Apotome of Z is AD, 5 and M Apo- 
tome of Y is FL; the Angle BAC is ſuppoſed double that of 
H ; therefore DAC is equal to GFH, having divided the Angle D 
AC equally in two, the Angle DAE will be equal to LFH. The 
two Triangles LFH and DAE are right Angled, and have the 
Angles LFH, EAD equal; they are therefore Equiangular, L and 
Similar; hence LH. LF::DE. DA. + the Polygon Y has 

6 Sides ; hence 72 times LH is its circumference, multiply 

E by the ſame Number. If DE were the fourth part of BC, 
then 72 times DE would be the exact Circumferenge of the Po- 
lygon Z, which hath 18 Sides, and contains 28 times BC; 
but by the preceeding Lemma, DE is ſhorter than EC, therefore 
leſs than the fourth Part of BC; then 72 DE is leſs than the 
Circumference of Z, which I call , wherefore 72 DE hath 
lefler Proportion to DA, but not , which is longer, I bat 
as has been demonſtrated, LH. LF::DE. DA, alſo 5 yz LH.LF:: 
72 DE. DA; therefore 72 LH hath a leſs Proportion to the 
Apotome LF, than the ſaid n, the Circumference of the Po- 
lygon Z hath to its Apotome DA ; which was to be proved. 


Tu preceeding Demonſtration well underſtood, may be ge- 
nerally applied to all other Polygons, not only in multiple Ka- 
tio 


* B. 2.10 and 39. 1. . 19. t B. 3. 3. 59. 
FB. 2. 3. 144. . 2. u. 80, | 

* Sup. u. 8. Þ+ Sup. n. 10. t B. 3. u. 91. 
B. 3. 3. 54. 
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e 
7 | { 
tio of their Sides, but alſo in any Proportion whatſoever, as 5 
to 13, or what other you will, which cannot be ef Nas 
ber to Number, hence inſtead of (as in the pro Example) 
the Angle DAC being double DAE, it will be here as 13 to 
5, and it may be ſu as divided into 13 equal of 
which the Angle DAE contains 5 ; and by the yp in 
the five Portions of the Part DE which are neareſt to the Perpendi- 
cular DA, are always in leſſer P ion, than the 13 of the 
Line DC; and therefore 26 times DE are always leſs, than ten 
times DC, which make the Circumferences of the P 
whoſe number of Sides is 13 and 5,, DE and DC being each 
only half their Sides, and therefore the Concluſion will always 
9 — O Polygens having the ſame Circamfe- 
RALLARY 1. Or i | ? 7 

rence, that which has the moſt Sides bath the longeſt Apoteme. 19 

CORALLARY 2. Tus Nai of a Circle having the ſame Ur- 
cumference as 4 Polygon, is langer than the Apotome of that Po. 3? 


on. e ; „ 

A Circle is a Polygon having infidite Sides, whoſe Apotome is l 
its Radius, which is therefore longer than the Apotome of any [ 
other Polygon, according to the preceeding Propoſition. | þ 
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S8 Fenn. = 
Or the Ratio's and Proportions of Surfaces, 


THeOREM 1. 
„ every Parallelogram, the adjacent Parallelegrams, er theje 

I rr . about the Diameter, are Auilar to each other, andgy 

alſo to the awhole Parallelogram. Eucl. 6. Prop. 24. | 
Lier ABCD be a Parallelogram, whoſe Diameter is AC, about | 

which there be two other Parallelograms AGFK and CEFK. 1. q 

Each of them hath one Angle common with ABCD. The 

oppoſite Angles of the Paralſelograms are equal; “ therefore 

GAK=BRCH=HFE, and KAG=KFG : Hence the three Pa- 

rallelograms having two of their Angles _ the others are 

alſo equal; for their Sides being Parallel, they make the ſame 

Angles. + The Triangles ABC, AGF, FEC, are therefore E- 

quiangular, conſequently Similar, 4 as alſo ADC, AK F. FHC; 

then J AG. GF:: AB. BC, and AG, AF:: AB, AC, and AF. 


AK 


i 


* B. 2. n. 119. + J. 2. 5. 27. ; | t Sup. v. 8. 
1 Sup. u. 10. 


* 
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1 AK AC. AD. fo likewiſe AK. AD. An therefore A 
* FG and ABCD are Similar; e likewile CEFH, and " ABCD 


are Similar. * 
 Tazor; 2. Ir a Parallelogram be talen away a Sins 
52 f Portion, ad alile 1 rogers to the _— „ and 
ing one An 922 arallelogram t 
— the Diameter of the whole 7 — Bad. 6.- 


2 26. 
3 „ por the Parallelogram AGFE be ſabtrafted from the -Pa- 
p rallelogram ABCD, they are Similar, and have the Angle EAG 
common. It muſt be proved that their Diameters are in the 
— fame Line. If it be denied, and it be aſſerted that the Diame- 
ter AHC interſects EF at che Point H; draw HI, parallel to 
AE, the Parallelograms EI and DB are Similar, + therefore A 
E. EH: AD. DC::AE. EF. t then EH EF. F Hanes tho 
Part is equal to its whole; aubich is- abſurd. 
Trzor. 3. WHEN @ Lint is divided into meay and extreme 
53 Ratio, the Refangle of the aubole Line and its J . part is equal 
to the Square of the mean Part. | 
Ler AB be a Line divided into mean and len 
2 then AB. AD:: AD. DB, or += AB. AD. 


BD. therefore AD=ABXDB; | which was to be proved. 
54 ConralLary, To divide a' right. Line, ſo that the Reftangle 
of the whole Line and one of its parti, may be equal to the Square 
of the other part. Eucl. 2. Prop. 11. 
Tuts is only to cut the given Line into 'mean and extreme 
Ratio, according to the Theorem. 
$5 Tuzor, 4. Ir /avo right Lines interſe® within 4 Cirele the 
Rectangle comprehended under the twa Parts of the one, is equal to 
the Rectangle contained under the two Parts of the other. Eucl. z. 
Prop 

8 Chords BD and CE of the Circle X i at 
the Point A, it muſt be proved that BAXDA=Z=CAX A. 
It has been proved“ that BA. AE:: AC. AD. then BAXAD, 
the product of the Extremes, AEX AC, the Product of the 
of Means. + 9. E. D. 

56 Tugok. 5. Ir from à Point any where taken out of a Circle, 
be drawn two right Lines, one touching the Cirele and the other 
cutting it, and bounded by the concave Cireumference, the Rectan- 
gle comprehended under the <vhole cutting Line and its part that 
7s out of the Circle, is equal to the Square of the Tangent, or touch- 
ing Line. Eucl. 3. Prop, 30. 

"From the Point C which is out of the Circle, let there 
be drawn two right Lines, CB which touches the Circle, 8 


Sub. x. 38. + Sup. v. 51. | t Sup. u. 38. 


{B. z. n. 52. . z. 2. 57. 
© Wp. u. 32. + J. 1. 3. 56. 


Book IV. Ster. 4 » | boy: 


> "us 
ca lid tk u muſt be proved hat ACXCE=DC, | 
has h eee © het . 30. DO: there AC = 


XCD=BC; + which unt to be. proped.. 
CoraLLany 1. Is from 4 Paint TEE _ 
Circle, be dun ever fa many right Liner, aul, croſs the | _—_ 
end at the concave Cireumfprenctz the Rectangle 
der any one of the cutting Lines, | and its part out: of e is 
qual to the Rectangli contained under a other cutting Lines: ond 

pe Kedtes al equal to the Square of the 
OR of the 1s to cut- 
ting Line, which is _ fron: te (apo 2 je 

CORALLARY 2. @ Point Z out g, 
Circle, be drawn au angents, or two nr touch? 
the Circle, they are to $2.85 other. 

For the Square of each of the Tangents is equal to the Ref | 
angle of a Secant Line and its part out of the Circle; and there» i 
fore theſe Squares are equal to each other; from hence it fol- it 
lows, thas the Lines which are the Nie el are equal. i 

Turok. 6, Is from @ Point taken at pleaſure out of 4 Circle, 59 | = 
be drawn two right Lines, one of which cuts the Circle and ends at © i 
the concave Circumference, and the other anly reaches to the Circle ; g 
and that the Rectangle 3 unden the whole Stcant or 
cutting Line and its part out of the Circle, 'be tp the Square 
of that Line which only reached the Gircle, then this laſt Line 
will be a Tangent to the ai War Eucl. 3. Prop. 37. 
ame 
77 the Square of the Line which ut reached the Circle, 
is equal to the Redtang le ACD, it is equal to the Tangent 
BC, whoſe Square is equal to that ReQangle, it cannot then be 
a different Line, therefore it is a e which hen to be 


proved. 
THeoREM Ir 4 Point in the | 3 dir 
cle two Lints * 2 ita concave Gireunference, * "ag 
a third Line 2 croſs thoſe two Lines, to two Points in the — 
cumference, equally diſtant from the Paint, the Rectangle com» 
trebended 4 4 one of the. Lines and its part contained between the 
gf den Point and third Line, is equal to — Re * the other 
_ and its part contained N the ſaid * and third 
Ide. 

Ler K be the Point in the Circumference, from which let 
there be drawn the Lines KF and KG, and thro' the Points E 
and D which are equally diſtant from K, draw the Line ED, it 
malt be proved that KFXKB=KGXKC. The two Lines BC 


and FG are Antiparallels; for the e KBC is meaſured by 
half the Arc EF, more half the Arc KD, or its equal KK; 1 
now the half of KF is alſo the Meaſure of KFG : 5 therefor 
P 
Cup. ”. 7 T. B. 3 5. 57. 4 8. 2. F. 52. 
„ . 71 39. 5 ; 
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KBC=KGF. by the ſame reaſoning KCB=KFG. Hence FG 
and BC are Antiparallels, according to the Definition thereof; . 
then KF. KC::KG. KB; + therefore KFXKB=KGXKC. 


" ewhich was to be proved I 


| $154 not only follows that if from the Point 


Coraltary. Tus ſame Things bein Ne as above, 

there be drawn 
Lines ad. inf. as KF or KG, which terminate at the coneave 
Circamference, and are croſſed by the right Line ED, all the 
Rectangles made in the ſame Manner as „are equal one to 
another, feeing theſe Lines taken two and two, are each 
td the Rectangle FEXKB ; but alſo, that if from the Point K 
be drawn the right Line KE, the Square of the ſaid Line KR 


will be equal to each of the aforementioned Rectangles; for ha- 


6 


ving drawn the right Line EF, it will always form two ſimilar 
Triangles ſuch as FKE, and EKB, whoſe Angle K is common, 
and the two other Angles alſo equal; viz. BFK to KEB, and 
FER to EBK, 5 each ſtanding upon equal Parts of the Circle's 
Circumference, hence their homologous Sides are 
and || therefore FK. KE::KE. KB; then the Rectangle FE 
XKB is equal to the Square of KE, 4 and it alſo follows, that 
if the Line ED is a Diameter, the Line KE will be the Side of 
a Square inſcribed in the Circle, f to which each of the Rectan- 
gles — under the ſaid Lines, fuch as FEXKB or othen, 
are . a | 
— 8. Ir @ Quadrilateral be inſcribed in a Circle, the Red. 
angle contained under the Diagonali is equal to the dum of the Red. 
angles made of the oppoſite Sides. 
ET the Quadrilateral be ABCD, whoſe — . are AC 
and BD; it muſt be 2 that ACXBD=BCXAD-+ABX 
DC. Draw BE, ſo that the Angle ABE may be equal to 
CBD, and that each of them being ſabtracted from the An- 
gle ABC, the Remainders CBE and ABD may be equal; hence 
as the Angles ADB and ACB ſtand upon the ſame Arc, 


they are equal; 5 the Triangles BDA and BCE are Equiangu- 


lar, | and Similar; therefore BD. AD::BC. CR; + hence 
the Rectangle of the Extremes is equal to that of the Means; 
and Conſequently BDXCE=ADXBC. tf By the ſame Reaſon, 
the Trian es B and BAE are Similar; for ABE=DBC by 
confirnttion, and BAC=BDC as ſtanding upon the ſame Arc 
BC, their Homologous Sides are then alſo Proportional; there- 
fore BD. CD:: AB. AE; hence BDXAE=CDXAB; Now 
BDxAEXBDxCE=BDxAC, || then ſeeing * 


® Sup. u. 18. + Sup. 1. 19. B. 3. n. 56. 
FB. 2. n. 43. . I Sup. „ us. F NPY 
+ J. 3. s. $5 DT. 9. 4. $24. JB. 2. #0 
3 13 2. #, 80. 
up. u. 8. + Sup. v. 19. 1 B. 3. x. 56. 
; Z. 3. 2. 56, -Z. z. 3. 1h. a ; 


FA. 


Boox IV. Ster. 4: * ; PO. 4 

and BDxCE=ADxBC, nn; np 
xBC=BDxAC, ws things equal to a third, pay tl 
another. Q. E. D 

THEOREM 9. Ir the Diameter of a Circle be 454 þ that $, 
one of its parts be Quadruple the other, and there be raiſed upon the 3 
Paint of diviſion a P. cular bounded by N 1 
ſay, that the Square of the Chord drawn from the End of the Diant- 
ter to the End of the Perpendicular, 4s equal to Su times the Square 
of the leſſer Pots the Diameter. 

Ler NM be the Diameter of the Circle' X' ſo divided in | 
that NA=4AM, if the Perpendicular AB be erected and there 
be drawn the Chords NB, ork — the right angled - 


NBM; * I ay, that MB=$AM. Let AM=a, then, 

oer ing to-the Ss tion, MN ga, let MB=6, — 
e =5caa; f now let BA=d; hence 24 4. 4 
4s. 6 by the ame Reaſon therefore ct which was ts b 
froved. 


CORALLARY I. Tur Diameter NM being divided into eves 6 
fo many parts, the Square of MB will be 
that of each of the Parts, ai there ave parts. | 

Ir, as above and ſame NM is fo divided at the Point 
A, that AM be the Fifteent (er any other part ) of NM, it wi 
always be, | += MA. MB. 'MN, or <> 5a MB. a thereforg 
me Square of MB is alſo equal to g. f 

CoRALLARY 2. Tus Square of BA it equal to fo many many times g 
the Square of each of the — . 4 : OR 


For Ag. preceed. Sup or any other 
Diviſion 2 — 2 cone | 5 the —_— 


equal to the F AB, enn is — 
e gen, ben ae 
parts leſs one, is what aua, fo be 

THzoR. 10. Ir a Line be divided into mean and extreme Ro- 66 


tio; I ſay that the Square of half the Line and im greateſt Se 
i qual fove times rag the ſaid bal} Lowe. OY 
rop. 1 

Ler — mean and extreme Redo at the Point 
C, and let AB=2a, and BC=6, then CA -, it muſt be 
demonſtrated that the Square of a+6 ( which is 4 245.96) 
is equal to 5aa, taking away aa from each part, there will re- 
main only to prove that 2 ab+bb 2 By the Sup- 


poſition 24. b::b. 22-1; 5 then — ys, and addin 
2 ab to each part, Toe Pre Rye — 1 
to 

. 2. . 44 Sp. n. 28. t B. 3. . 57. , 


\ Sup. n. 28, | Sup. n. 28. | | 
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to be proved; then ſubſtituting a« which was before taken & 


67 
Lr the two Lines be Z and X divided into mean 


adding aa to each part, it will be ga 240 which 


Elements. of Geometry. 


way: it will be d. TN za: A FE. 7 f 
HEOREM 11. Two right Lines being divided into mean and 
extreme Ratio, they are ſimilariy divided. - Eucl. 14. Frog. | 


! 2. 
treme Ratio at the Points C and G. Hence Z. AC. AC, 155 
and X. EG: EG. GF. Let C= „ and CR=c, and EG= 
mn, and GF, it muſt be demonſrated that AC. CB::1BG, GF, 
or that a. cim. x. As the . Square of half Z by Mga with | 
ay. is equal to five times the Square of half Z; ſo likewiſe the 
Square of half X together. with u, is equal to five times that of 


| half X. hence theſe Squares being 3 their Sides ate 


alſo Proportional * feeing they are in Subduple Ratio, wherefore 
half Z+s. half Z:: Wale u. half X: and dyvidedly +. 4. 
half Z:: m. half X, the Conſequents being changed and doubled t 
Z. a: X. m, but by the Suppoſition r Z. 4. c. and == X. n. 
728 the two Lines are divided Proportionally ; 5 2. 


Tuxox. 12. A Zine being divided: into e 55 if 
8 the Quinte of the Square of the half thereof i: pum pry >= 
if 


of that half together with its longer part, the Line is then divided 
2 mean 2 Ratio, whoſe mean part is the greater Segment 
Eucl. 13. Prop. 2. | | | 
Lr AB be a; Ling unequally divided into two parts at the 
Point C, let AB==2a, and AC==b, hence CB It muſt 


be demonſtrated that if fe times the Square of a, the half of 


AB, is equal to the Square of a+6, that is, to the Square of 
half @ together with 6, which I expreſs thug 5aa=aa+2ab+6b, 
then the Line AB is divided into mean and extreme Ratio, and 
AC or 6, will be its. longer part, to prove this it muſt be ſhewn 
that if AB is ſo divided, then aa Let ys ſu 


| poſe then that ++ 24. b. za; 4aa—2ab=bb,; 


| and 
adding + 2ab to each part, it will be 44aa==2ab+66, I alfa- by 


was to be proved. | 


69 THzoOR. 13. Ir g right Line is divided into mean and extreme 


Ratio, the Square of the leſſer Part together with half the greateſh 
p Quintuple the —— - half Fry greater — Dre 
trop. 3» f y | | 
Ler AB be a Line cut into mean and extreme Ratio at the 
Point C, (A. prececd, ) Let Achau, and CB», then AB 
zm. It muſt. be demonſtrated that the Square of half the 
reateſt Part AC, together with the leſſer part BC, that is, the 
— of u, (. which is um zm) is Quintuple the 
Square of half AC, that is, of u, which is mm, according to the 
Suppolition +> am-. 2m. n; then zun tum A * adding 
um, 


* B. 3. 2. 84. 1 B. z. 2. 81. t B. 3. 5. 45. 
B. z. 2. 53. . 3. . 55. | 
T 3 $- +. $3. 


Box IV. Ser. 4. 109 
mm, to each part it will be mn 2 Nun QED... 
| Taxon. 14. If a right Line E ors egos Sd extreme o 
Ratio, the Square of the whole Line, together waith that of its Ihr 
part, ie triple the Square of the greater part. Bud, is, 


Prop. 4 1 
"es AB be divided into mean and extreme Rat, a the Paint 
C, (fs. preceed,) Let ABZ, and Ar and, BC=e ; then 
: Z. a. . It muſt be demonſtrated that ZZ-+ee=3aa. 1. 
aa T za bee. lt muſt therefore be demonſtrated chat 
4 #ae+246=34a. 2. aer Ze, + and Zeman, þ by the Sup- 
ſition, hence ae+ee==aa, there may then in order to obtain a 
roof, be ſubſtituted in the Equation in the Room of 24c+-2ee, 
their _ value za, and it will be ag = , which - 
Was (0: proved. . * | a. þ 
'TazoR. 15. Suna Triangles and Pprallelograms, art out 
js aber in Rata 4 l. that of their, Sides, <uhich ave of the omg ®* 


Cand. 
l n, e 


of a duple Ratio, ö the Ratio af bd to mn, is duple. Let BPM 
and EFKI be two ſimilar Parallelograms, by the ſame ing- 
it will be proved that 5. dum. u, and . ud , the ce 
of BDMN is 4d, and that of EFKI is n; the Ratio of & to 
mn, is com of the two Ratio's of 5-to. , and of 4 to »; : . 
theſe two Ratio's are equal ; the Ratio compounded thereof is 
1 . * | 4 2 1 7 : 
EMMA. DOIMILAR Polygons drvided into an oqual num- 

ber of Triangles, ſimilar each to — T1; 75 

Ler the two . ſimilar Polygons be ABCDE, and FGHIK; I 
ſay that they may be divided into an equal number of Triangles, 
each Similar to its correſponding one; for 1. Seeing the Polygons 
are Similar, they have each an equal number of Sides, and the 
Angles which they contain are equal by the Defaition ; | hence 
from one of the equal Angles, as from E'and K, may be drawn 
Lines to the other Angles Which will divide the Polygons into an # 


ww wa AD Wu 0 AT TS Y*=Þ 


$ Sn. =. | 1 2 
@ B. . . | + B. 1. *. 135. F . B, „ . 1 
, $ B. 3. 3. 72. Sap. n, 38. en 
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equal number of Triangles. * 2. All the Triangles of one 


ing one; thus the Triangle ABE is Similar to its — 


one FGK ; for by the Suppoſition the A EAB= KFG; \ 


their containing Sides are r at is, EA. AB: KF. 


FG ; and therefore the two Triangles are Similar. + It is the 
ſame of the other Friangles, whote Angles contained between 


homol Sides are equal, whether they be form d by the Sides 


of the Polygons, or by the remaining ones after the equal ones 
which / touch at the Points E and K are taken away, ſuch as BEC 


and GKH, thereforg &. which waz to be proved. | 
Tuxzoxtem 16. AlL fimilar rectilinear Figures, are one to a- 


7 other @ the Squares of their homologous Sides. 


7 


? ſame Height, are one to another in the ſame Ratio as their 


Lr the ſame things and the ſame Figure be ſuppoſed as in the 
ing Lemma. mn Each of the Figures may be! divided 


pitch upon which you will, therefore. c. which was to be | 


concluded. 


ae are Proportional, the four Lines are Proportional. Eucl. 6. 
22. 991 
1 4 the four ional Lines be a. þ::c. d, upon which 


let there be deſcribed four ſimilar Figures V. X. V. Z. by the 


proceoding Theorem V. X::aa. bb, and V. Z::cc. dd, but aa. 


::cc, 44; ® therefore V. X:: V. Z, and if this be ſo, then 4. 
b:1c. d; for the equal duple Ratio's are compounded of equal 
Ratio's, therefore if ae. b6::cc. dd, it muſt be that a, b::c. 4. 

THEeoREM, 17. TRIANGLES and Parallelograms having the 


B aſcs. | 
Lsr Z and X., be either two Parallelograms or two Triangles, 


| Having the ſame Height which I call @, the Baſe of Z us 5, 


and that of X is 4, the Surface of Z is ad, if it is a Parallelo- 


gram z 
*. 2. 3. 122. + Sup. u. 15. t Sap. 3. 71 
9 . z. n. 80. . 3. 3. 50. 


| po- 
Iygon are Similar to thoſe of the other, each to its correſpond- 


1 if i ff 
ab. ad::b. 4 


ſame Point, there ſhould be 
BAD and DAC are one 
what was required is done. -If 

: | N. 


— 


— — 
— — — — — — — — 
—— — —— — — — 


. 3 
* 
LY 
* * 
=> Pm. — 
EST 


where that Parallel cuts AC, draw 

DH; it muſt be that it divides the [Triangle ABC, 

according to the Ratio of BG to GC. The two « ns 
BAG and GAC are one to another as 'BG, to GC, K it is f 
then required only to 2 that DHC=AGC, and DBAH 1 
BAG; hence as DHC. AGC::DBAH. BAG; the two Tri- | 


the Triangle ADG is equal to that of AHD; therefore adding 
ABD, it will be ABDH=ABG ; and there- 
fore ABDH. DHC::ABG. ABC, therefore that is done which 
8 8 | , 1 | 
ROBLEM 2. divide a Parallelagram according 10 a gives 
Ratio, by drawing @ Line tbr a gives Point > rake, * 
Ler the Parallelogram be ABCD, it is required to be divided 
according to the Ratio of BF to FC, by drawing a Line chro- 
the given Point E. t. Draw FG Parallel to AB, or to CD, 
the two Parts ABFG and CDG are one to another, as BF is 
to FC, actording to the laſt Theorem, '2. Take GH equal 
to FE, and having drawn a right Line from E to H, I fay 
ABEH and ECDH are the Parts required: For HGI and EFI 
are two ſimilar Triangles ; ſeeing they are Equiangular: For 
the Angles at the Point I are equal, +. and the other Angles 
are likewiſe equal, being alternate ones between the ſame Paral- 
lels; 4 therefore the Triangles having the Sides EF and GH 
equal, are entirely equal. 5 Therefore ABFIH=ABFG—HGI; 
and there being added to each the Value of HGI equal to FIE, 
it will be ABFIH+FEI=ABFG; which was to be demon- 
ſtrated, It is proved the ſame Way that CDHE=CDGE. 
| Theorem 
J. 2. #. 133. + B. 3. n. 54. p Sap. u. 75. 
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g Taken 18; Tas Square of the 
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N of & right an+ 
fed * 1 is equal to the Sum of the res of ths 600 ee 

irt. Bucl. 1. 47. | | W 
A Ne from that laid down in Book 2. n. 142. 
ABC is a fight Angled Triangle, the right Angle is A, and 
the Hypothenuſe is BC. It muſt be proved that BC=AB4-AC; 
and — from what has been done already, From the 


right Angle A, let fall the Perpendicular AD and prolong it, then 


according to what has been proved. + = BC. BA. BD; then 1 


| AB=BCXED, or BEXBD fince that BC=BE, becauſe it is 4 


Square: So likewiſe = BC. AC. CD; therefore Ac C 
CD, or CF CD ſeeing that CF=CB; now BC=BEXBD+ 
CFXCD: 5 Therefore BC=AB +AC; which was to be 


79 proved. 


CoraLLARY I. Wuar Figure forever, is made upon the H 
pothenuſe of a right angled Triangle, it is 2 to the fimilar 2 
gures 8 on in a lile Pofifton upon the other two Sides there- 
7. Eucl. . . 31. - . ; 
V the Sides BD. DA. AB, let there be three ſimilar Fi- 


gures X. V. Z, let X be upon the Hypothenuſe, theſe Figures 


: r | — — — 
are one to another as BD, AD, AB. | now BD AD TAB by 
Sothe Theorem; therefore X—=Y-þZ. | 


81 


—2 
Reaſon = DB. BA. BC; then alſo DB CB BA, wherefore 


CorALLARY 2. A Perpendicular 83 from the right 
Angle of a rectangled Triangle upon the Hypothenuſe, the Squares 
deſcribed upon the other two Sides are one to another as the Part} 


or Segments of the Hypothenuſe. 


Lzer ABD be a rectangled Triangle, whoſe Hypothenuſe is 
DB, upon which the Perpendicular AC falls from the right 


| — 2 | 
Angle A. It muſt be proved that AD. AB::DC. CB, fince 
that + DB. DA. DC; - then DCA, + by the ſame 


DBXDC. DBXBC::AD. AB; but DBXDC. DBXBC::DC, 


— — 
CB; 1 hence, AD. AB:: DC. CB, 2. E. D. 

THEOREM 19.  PARALLELOGRAMS having one Angle common 
or equal, are in a compound Ratio of the containing Sides. Eucl. 6, 
Prop. 23. | | 

The 

® . 2. 3. 142. 1 Sap. n. 28. I J. 3. a. 57. 

5 B. 3. à. 18. || Sup. n. 73. 


* Syp. u. 28. F B. 3. n. 57. 1B. z. 3. 54. 


1 I. Wann prey * have oneg, 


hy 
Angle common or equal, the containing Sides thereof are in 
Proportion... Eucl. 6. Prop. Fer 

Ir the and GHIK are chad one to 

another, fig. above, I ſay that AB. BC. GH. HI, ook roy 
— Proportion; that i, that AB. GH:: HI. BC. 
DXBCSHLNHL then BD. HL:t:HI. BC; 'now . 

the Angles ABC and are = the 

Concluſion will be * that AB. G Hun BO; and. 

therefore AB. GH:: HI. 801 1 C, F. D. 1 

CoRALLARY 2. IF the Surfaces of two Trianghs 4 are 283 
and they have one Angle common or equal; the Sidei containing that 
Fa. are in reciprocal Proportion. Eucl. 6. Prop. 15. ( ſame 

gure ) 

Ltr the two Triangles be ABC and OIL whoſe Sirfaces are. 
equal, and rhe Angles ABC and GAL equal, it muſt be demon- 
ſtrated that AB. GH:: HI. BC, theſe Triangles are half the Pa- 
rallelograms ABCD and GHIK,, which proves chat AB, GH:; 

HI. BC; which was to be proved. \ f 


Pros, 2. To fads e equal to agree Reba. ' "84 


Ler bd be the Der cbr. — 
Dani!!! and & f 


thus is a uare found equal to a given Reangle. 14 

Prop, Py To deſcribe upon a gr right Lint, a right linedg 
Figure finilar to 4 given redilinear Figure, and in a like Poſition * 
thereto, Eucl. 6. Prop. 28. | 

Ler AB be à right Line, upon | which mut be deſcribed a 
{ſimilar Fi and in a like Poſition to the Rectilinear one CDFE, 
reduce CDFE' into two Triangles, . — 
gle ABH, ſimilar to the Triangl and upon AH the 
Triangle AGH filar to CEF, . 2540 on, if che Figure * 


* B. 2. n. 129. 1 77. 2 1 3. 2. 8. 80. 


« 


Elements of Geometry. | 
the Sides alcdaſs Gxiilde Tridgghts and Pro: 
+ but as 


portional, 385 ar co 1 their 
Angles are therefore al * — Sides pro- 
portional, thus A;. A0 be x: Oh, aa. conſequently = . 


3 are Similar : 1 vu 
Pho, 24 To redilinear; 1 ro tots 
et Smdes 4% ove; N. ag to '6. 
Tor e 
HE. Ld tofilinear Fi * tis rad e 
| n qual to B, — 2 right lined 
igure. . the Par CE equal to A, 
T —_ Meute on ET the Parallelogram DH equal to B hay. 
(Ds þ upon —— IL a * 
and 


upon IK, 


5 1 L is | the Fo required 


114 
tained pe THangles 


in d Ned B neg _— the 
8 85 G 8 


and ard —.— — - bot . DG::CE. 
br f and by 2 

DG: 11 wherefore 21. $2 / 3 OS gn bo bee. 
| Ovsenve that this ConfiruBion a — ＋ cafe * 
Head of the Ui ed rr CE, bene bad made « 


 Redanple. © n 


87 


Tnkok. 20. A Square let — — 
Y a right angitd. Parallelogram, is greater than tht Par 

the Square of half the Diferexcs, «which is. en the * | 
of the Paralletogram. 

Tur Square is X, and Za Parallelogram: 


having an een 


a Circumference, the Sum of the two Sides either 2. X er 2 


s AC, the half of AC, which is AB, is the Side of the Square 
X. The longelt Side of Zis- AE, and the Shorteſt EC. Let 


then AE the longeſt Side of Z will be e and the honeſt 
EC or AD wilt be a, their difference will- then bi 2a, the 
Square X is therefore equal to 5, and tlie Rectangle Z equal to 
the Product of - CAI —4, chat is, to 46—45- Lal. 4 or bb 
-a; conſequently the difference between X and Z is aa, the 
Squate of half the difference of the Sides; ue avas "to be 


N ; 
18 2 , f 6 5 B.zunn and 
up. Taps ah p TI 43 39 4% 
q Sup. n. 73. 4 5:6. $0. + B. 3. 2. 72. þ 
Þ+ Sap. v. ä CB. z. 2. 52. = 


% ** 


Book IV. Srer. 4. 


THER, 2t, Or tue regular Polygons) 

cumference, that which hath Sites bath the 
Polygon is —__ 4 a 88 whoſe 

of the Polygon, and 


1 N 
thereof. 12 Pa e mw Fa the lame hs 
cuit; "Hf of w 1 Be FL of 


that which n e let that of the other 
their Surfaces are æ and xd; 11 Now x6. xd::b, & 1 245525 . 
| { therefore x6 is Jenner thn a 
CoraLlLakY, Tur Circle is the ne Capacious ans of all Ihperime-g,, 


| trial Figures, t is, having the /ame 
Foo RE ay is greater chan a Paralc gram of the fans 


Circuit, uare is a Polygon, the = 
a 22 est ir {ap rs gr dle, g 
he greateſt erefore a greater Surface, 1 7 is = 
— of all Ke Polygons. 
| THEOR. 3 $2. Rpcouias and wg ug Polygons are in Ratia % . 


1 ber Ply T2 are equal 
BT e two are to 
two ſimilar Triangles if a is half half the Circuit of X. and 6 


its Apotome, and c uod, Palf che Circuit of Z, and 4 its Apotome, 
ab X. and cd= Z; 40 is to cd in Ratio duple that of @ to 
4.87 der ef wo % P whith by the Hypotheſis is equal there- 
to, the Figures being Similar. 
CORALLARY, Tyzpar0ny the Surface of ane Circle is to that, "a 
| of another, is « dfle. r ireumference, or r in Dis- 9 
| meter. 
Turok. 23. SIMILAR and 712. Polygons, ard one 10 an- 
| 1 4 60 anne er: of their circumſeribing Circles. 9 
| ucl. 12. N 
b Ler the two inſcribed Polygons be X and Z, It muſi be de- 
monſtrated that are one to N av hb uares of their 


Diameters*AD, Seeing that X Aer 
they are one to another in 1 Side 8. 
— N — AD, eor account of ror 
* larity, t rian 

placed Eng 


Anges are all equal, 
ogous Sides are e Proportio 8 
GH :AD. GK; hence the duple Ratio 


{ame as the duple Ln or 2D co GG, II 
KXis to the Polygon i duple Ratio of the Diameter AD 
GL, the is, 2 ths 13 of AD to the Square of GK; I 

CoralLany. Tüzxzroak ſeeing that Circles may he taken93 
for Polygons, their Garface are one to another as 2 5 of 
their Diameters. Eucl. 1 * 2. 


eee F4 = TY WW ww 7 goons 


— 


„B. 2. . 148. 1 B. 2. 77 B. 3. 3. 54 
9 Sup. A. 48. | Sup. n. 87. ” k 

. 2. n. 145- f Sup. #. 71. T B. 2. 3. 39. 
$ Sup. u. 10. | B. 3. 2. 80. 


1 N 
116 Elements of Gtometry. 

94 Txroxe 24. AB=BC; the Parallelog ram ABDH it7 dreat- | 

er than the Rectangle AFGK, and fro ps other whoſe point G. 
in the Dia onal DC. Eucl. 6. Prop. 27. 

then BG+GC=GE4-GC, that. is, chat BISKF 
Now BF =BI, fince that AB=BC ; then B 56, or AG=BG 
TKE; now BG+KE is leſſer 3E, or its equal AD: 
therefore AG is leſſer than AD. 

9% ProB. 6. To apply to a given Line AB, a — | 
equal to C, wanting a Parallelogram ſimilar to D. C ouges 
net to be greater than a Parallehgram made Similar to D, and 
= to — _ of AB, that ii, greater then AF or EG. 


e A en — ally at the Point E, upon EB deſcribe the Pa- 
rallelogram 1. N Ls milar. to nC! which 2 8 — 745 is 
uire greater than the 4 — * 
cel thereof, let the Parallelog am NT be ual to I, and 
ſimilar to D or EG by the Froblem, let * * drawn the 
Diagonal FB, and make FO=EKN, FQ=KT, thro' O and 
Q draw the Parallels SR and QZ: then is the Parallelo- 
; gram required. For the Parallelograms D, EG, OQ, NT, ZR 
— —— ar one to another, and EG = NTC OOTC; con- 
uently C is equal to the Gnomon OPQ=A A0 
EP AP; 2. E 123 * N 
95 Pros, 7. To apply to a given right Line AB, a Paralkh- 
ram equal to C, and 8 it 4 Parallelogram fimilar to 
& - Eucl. 6. 3 
Ler AB be 7 Aided in E, u EB deſcribe EG 
ſimilar to D; equal by meays of the former Problems, || de- 
ſcribe HK equal to EG4+C ar and fimilar to, D or to EG, pro- 
long FE and FG, ſo that FL=IH and FM=IK ; thro' L and 
M draw the Parallels RN, MN and AR; prolong AB and GB; 
draw the Diameter FBN, and then AN' is the Parallel 
required. For theſe four Parallelograms D, HK, LM, EG are 
Similar by confiru#ion ; therefore OP is ſimilar to LM, or to D. 
® So likewiſe LM==HK, by confirudtion ; hence LM=HK= 
5 22 LM=EG+C; then LM—EG=C. Now 8 
ob, to BM-+-L BEN, or equal to BLA 
for ARE the 2 therefore C=BL+AL+ 
C=AN; 2. Z D. 
Pros. 8. A right lined Figure being given, to find another 
Similar thereto and in a given Ratio therewith. | 
97 Ler the given Figure be A, 'tis required to find X, to which p 
the Surface A hath a given Ratio; as for Example of 5 to 1. 
Theſe Figures being ſuppoſed Similar, they ought to be one to 


„g. 2,7. 132. | | Sup. n. 85, + Sup. =. 86. 
y Sup. u. 85. B. 2. a. 139. and Sep. u. 86. 
"* Op. v. . e ; 


it 6 


1 3 


N - 


Boo IV. Sze3.s. 41 
| is, 


N at gt t between the Diameter B and another 
ine D, ſo that 4+ B. C. D. and upon the Line C deſcribe the 
Figure X, ſimilar to A, $ th 


: 
Ps 
7 
** 


ven one, and leſi than another by a certain Figure given. 
% By taking dach another Line D as may bear the required Pro- 


to 
them find 


'CORALLARY 2. IT #s equally eaſy . Conflruc- 99 
tion, to'find a Figure fimilar to @ given one, exceeding it by a cer- 


DeyinitTion 1. 
Pod 


* 


Uanririzs are called Commenſurable, evhen they can ho 
meaſured by d Third, which is thereftwe thei w- : 
17z common Meaſure of a Yard and an Ell, is an 
which is contained exactly thirty fix times in a Yard, and forty 
fve times in an Ell, meaning the Ell Engli * | 
Drr. 2. Troge Quantities which came he meaſured by any 101 
common Meaſure, are nſurable, ' >} | | 
A length of ſeven Ells cannot be exactly meaſured by a2 
Yard; but it may be meaſured by à leſſer Meaſure, as by a Foot 
and by an Inch. Hence two ities are incommenſurable 
only when they cannot be y meaſured, by any meaſure 
how little ſoever it be. 10 | A 
CoralLaky, ThzrEFORE two Duantities having an infinite 
Proportion, are incommenſurable to eac other. | - , _ 
or 


® Sup. u. 73. + B. 3. n. $0. L t Cup. u. 29. 


on $ Sup. u. 95. [| Sup. u. 73. 4 
Cup. u. 29. + Sup. n. 8, 


818 Elements of Geometry; | 
Fon if they were Commenſurable, their common meaſuts 
wou'd determine their Proportion, there is an infinite Proportion 
between a Point and a Line; for it cagnot be determined in 
Line whatſoever, how D therein, ſeeing that it. 
may be divided ad inf. So likewiſe the Proportion between a 
Line and a Surface is infinite ; for in a Surface may be conceiy- 
r you pleaſe, ſo you may of Surfaces in ' 


Day, 3. A rational ed is that ieh Me en enatin. 
30% 4s As eee 


104 Der. 4. Two Yfuantities which are nw commenſarable in 
neee, are commenſurabls in Prewerg if their Squares er their 
Cubes are commenſ/urable, 114 25 F er 
Ir b and « are Incommenſurable, hut chat their Squares arg 
Commenſurable, as for Example let 66, be to cc as 3 to 
| then b and c Incommenſutable - in themſelves, are C - 
rable in the ſecond Power, If x and & are not Commenſurable 
nor their Squares xx and zz, but only their Cubes xxx and 
xx, or x3, 23, for Example that if x* be to 2? as 10 to 13, 
then x and = Incommenſurable in themſelves and in the ſecond 
Power, are Commenſurable in the third power. 
105 Der. 5. A /quare Number, is the Product of 4 Number. 
multiplied by itſelf. I 
Thus 9 is a ſquare Number, becauſe tis the Product of 3 
multiplied by 3, which is the Root thereof. Ro 
105 Der. 6. A cube Number is the Prodyt of a ſquare Number 
multiplied by the Root of the Square. = 
Tnus 8 is cube Number made by the ſquare Number 4 
multiplied by the ſquare Root 2, that is, by 2, which mul 
tivlied by itſelf makes the Square 4. | 
107 _ Dr. 7. Tuosg Numbers whoſe Square Roots are not expreſſi- 
ble by Number, are not ſquare Numbers. | 5 
108 Dev. 8. Tuosx Numbers whoſe cube Roots cannot be expreſſed 
by Number, are not cube Numbers. | 
2, 3» 5» ©, 7\ 8, 10, are Numbers which have no ſquare 
Roos expreſſible by number, for no number can be found which 
multiplied by itſelf makes either 2, 3, 5, 6, 7, 8, or 10, &c. 
Nor is there any cube Number among them e the 8, for 
"there is not any number, which Cubically multiphed, can pro- 
_ duce them. | e | N 
100 Dey. 9. Tur exponential Numbers of 4 Ratio, are the leaft 
Numbers which expreſs it. 
I vs if „is to x, as 6 to 12, the nents of the Ratio 
| q of x to x are 1 and 2, which are the leaſt Numbers that can be 
" between them, as 6 and 12. ME hs 
| Wurx two incommenſurable Quantities are joined together, 
and which conſequently cannot have the ſanie Name, or whi 
mult be expreſſed by two diffezent Names, this is called a * 


When rods ge 
thereto 

with 3 ＋ one FIX 

from that which is made by —— 


ble _— * apa in Hanan) 3 
Quantity. 


Eule, _Proplitions, 
bene. 1; « 
wo Neue wo | Sg ten ary ante, 
[2 d common Meaſure. 
Tz — ö — 77 and 81, _—_ 


others, the Unit is contained nn a certain Neuber of 
W | — from: anche, the 
OP.- 2, HEB one ir ſubtract? 111 
Remainder is a Number. 
Fox the Remainder is one or more Unite. 27 
* — and hoe 2 2 e bye 
„ are ; and oe hh 
„ 
Por. 4. Two Duentitics comnenfurabh 1s (6 Third, 2113 
able to aach other. - 
For if B and Z ace comdmenſurable, thei? Ratio may-bo er- 
_ Preſſed by Number. If C and Z are likewiſe commenſarable, 
their Rat i alſo expreſil number ; therefore — 
Quantities may be n 
—— fide of  Iquare les is 
ROP root or „ & 
number, 7 Irrational, if its Square were ww to a * * 
ber, it would-be | Rational. 
--A I 


Tur Root of an irrational Number cannot be 
Number whatſoever ; therefore every Ling equal 3 = 
inexpreſſihle 22 
ro! Seen Mane hd vue 92 15 

Taz Lines are each val to the Root of an irrational Wum⸗ 
ber, therefore inexpreſible by Number they are then-invom- | 
menſurable. 

Proy. 5. . be equal. ts vue Shuaptr,, 
one of which is rational ard the other Irrational. 

Taxrs b what was faid Propoſition the Second ® that is 
one Number from another, m Th 


„if 
Sup. 1. 111. . n 4 


nnn 7 
- \ * 
1 


| 


. kd ot You 
120 Elements of Gedtnetry: 
if from a rational 'Squate, tat is, which is a Number, be Wt?” 
ken a rational Square or a Number, the Remainder ought to be 
a rational Square or Number. a 

117 _Proy. 8. A commenſurable . 
if one is commenſurable, the other 5 ae 
Fox this Line is expreſſible by number, from which having 
taken away a comm urable part, that is, a Number, the Re- 
mainder will be a Number, according t6 the ſecond Propakition. 
118 Prop. 9. Ir two commenſurable Lines are added together, heir 
Sum will be Commenſurable., | 
This is evident, a Number added to a Number makes a Number, 
119 Proy. 10. Ir from a commenſirable Line be ſubtracted an in- 
commenſurable bne, the Remainder is Incommenſurable. | 

Fox if one was Commenſurable, the = would be ſo like- 
wiſe, according to the eighth Propoſition. * 

120 Pror, 11, Four Lines being in Proportion, if the Firſt is m- 
menſtrable to the Second, the Third wwilt be fo to the Fourth. If the 
_ ppb e 3 to the Second, the Third ul be fo to the 

— | | 


Tx#1s is as much as to ſay, that if the Ratio of the Firſt to 
the Second is expreſſible by number; that of the Third to the 
Fourth, which is the ſame, is alſo expreſſible by Number. If 
dhe firſt Ratio is inexpreſſible, it is the ſame of the Second. 

121 ProP. 12. Tus Square of @ rational Line, is a Square Num- 
n 9 * 
122 THEOREM 1. ey Number to Number, the 

Exponent of the duple Ratio's which are c nded thereof, are 
Numbers, and thoſe of the triple Ratio's Numbers. © 
Lr the ſimple Ratio be that of à to d; then the Ratio of * 
to 4*, is Duple, now 6 and tore ev or op by Number their 
Squares are ſo likewiſe. Hence & and are equal to ſquare _ 
Numbers, therefore & and 4*, are one to another as ſquare Num- 
bers. By the ſame Reaſon 63 and di are one to another as Cube 

. Numbers * 9 90 ' 

I 2 2. A ſimple Ratio is Surd, if its duple or triple Ratio 


Ard. . 5 8 
For by the preceeding Theorem, if the Ratio wwas not Surd, the 
Exponent of the duple Ratio would be a Square Number, and that 
of the triple Ratio a Cube Number. | FERN * 
124 Tuo. 3. A ſimple Ratio is not Surd, 4 the Exponential 
Numbers of the duple Ratio are ' Squares, and the Exponents of the 
triple Ratio Cubes, and if they be not ſo, it is a ſurd Ratio, 
on the Squares are in duple Ratio of their Sides or Roots, 
and the Cube Numbers triple of their Root; * hence the 
Roots of the Exponents of a duple or triple Ratio, are the 
Exponents of the ſimple Ratio; which conſequ is not ſurd, 
dy the ſame Reaſon if the Numbers are neither 2 
1 Cubes; 


. 73 475. a 


3 


Boos IV. Sr r. g. tat 
bes their Roots the Exponents of ſimple Ratio 
— ſimple Ratio's nor deing exprſidl by Number, d 


ſurd Ratio's. 
en, the Produ8t of the 4; 


Lu A. Four Lines ee 
Antecedents is to that of the =; ———— 
Term is n bs 
that ac. 


Lir them bg a, bite. d, 2 
2 equal 


the P duet 6c of the F 
to renn 


2 


bu. 
Hence it mult be demonſtrated that at you aa. bb. _ Multiply 


cu b 


products by e, there will remain az and 3b, the ſame Ratio will 
— remain; + therefore ac. di. bb, which was to be 


Tazar, 4, Four commen/arable Lines being in propertion, the 26 
Lal or Dp of the Autecedents, is to_thas of the G 
quents, as two ſquare 

Lr the four ade and Lines be «. 
bc. i 4 o the fronting: Came py t. 8 Now 4 and 
b are ſa menlurable; their Squares are therefore two 
* ſquare Numbers, therefore ac and bd are one to another, as two 
ſquare Numbers. 

Luna. S1x Lines being Proportional, the Product of the 4-125 
tecedents nee Cube of the firſt Term 
is to the Cube of the Term. 

Lx them be 1 te, dre, fe * muſt be proved that ace 
1 ce 
bfi: aaa: 2563 ene . t Then bf = —, 


a 4 22 
Babes 
Now is muliphing ace and === by and dividing, the Pro- 


2ufts of that multiplication aaace and Ille: by ce, the Quotients 
will be a?, &, the fame Ratio will alwayy tamnuin'y therefore 
3 esel, . bring ta he 

HEOR, IX commen nes proportion, t 
Product of 755 Antecedents is to that of Denker. as fue 28 
cube Numbers. 

Let them be 4. b::c. dite. F; by the preceedi Lena art. 
bif::aaa. bbb, Now a andib being Commenſurable, are there- 
fore expreſſible by Numbers, | 43 ; pd 63 are two cube Num- 
bers; conſequently ace and þ4f are one to another as two 
Cube numbers. | i 

R in Theorem 

* B. 3. n. 60. + B. 3. 2. 54 and 55. + B. 3. n. 60. 

| . 3. a. 54 and 55. "FEY 103, 


FM 


1 „ 
122 _ 7 Elements of Geometry. | 


129. Turok. 6. Ir three Linti ars in continusd Pripertion, «and 


that the Fin is to the Third as two ſquare Numbers, thi thres 
Lines are Commenſurable. N | WP} bt 
Lr the continued ion be = @. 6. c, if the Ratio of 

a to c is a ſquare Number; I ſay-that the Ratio of à to þ 
will be a Ratio of Number to Number; for the Ratio of à to 
c is duple that of à to 6, or as the Square of à to the Square 

of ;; and conſequently by Theorem! 3. f this duple be- 
ing as two ſquare Numbers, the fimple Ratio of w it is 

compoſed is Rational. a Ne | 2 

/ CoralLLaky. IN this Caſe the Rectangle of the Extremes and 


130, Sides are Commenſurable with the Square of the mean Term, 


131 


132 


and its Side. ' RE 
For 1. Seeing that by the Suppoſition == 4. B. e, it will 
follow that ac; I and therefore ac commenſurable with 
bb. 2. By the preſent Theorem, the Sides a. 6. c, are com- 
menſurable. WH on HECK.) 4-7 02 Y WET » 
Turok. 7. Ir three Lines are P onal, and that the Firfi 
is to the Third as two Numbers, whoſe Produft is not a 8. 
Number (or which have for Ex ts two ſurd Numbers) the 
mean Term quill be Incommenſurablt in itſelf, and Commenſurable in 
power with the Firft and Third. 9 | 
Ler ==6. c. d, the Firſt of the three Lines & is to the Third 
d, as theſe Numbers 2 and q, whoſe Product 1 is not a ſquare 
Number, I ſay that the ſecond Line c is incommenſurahle in it- 


ſelf, and Commenſurable in power with the Firſt and Third. 


It's Square cc is equal to 34d, or to 18, 5 Now 18 not being a 
ſquare Number, its root c cannot be expreſſed by Number, 
therefore c is Incommenſurable in itſelf with & and 4 but its 
power cc, which makes 18, is Commenſurable with 5 and 4 
that is, with 2 and with 9, ſeeing that is Ratio is expreſſible 
by number. | BER 
THzor. 8. Ir of three Lines in continued Proportion, the Firft 
is not to the Third as Number to Number, the mean Term is Incom- 
menſurable with them, either in itſelf or in Power. _ 
Lr the Proportion be <= 6. c. d, whoſe firſt Term þ is not 
to 4 as Number to Number; I ſay that neither 4 nor its power 
cc are Commenſurable with à and 4; for the Ratio of & to 4 is 
duple that of 6 to c, and of c to d. | this duple Ratio being 
therefore Surd, the ſimple Ratio of ô to c, or of c to 4 is there- 
fore Surd by the ſecond Theortm. I The Square of & is to the 
Square of c as 6 is to 4. + Then ſeeing that & is not to das 
Number to Number, 46 and cc are not as Number to Number; 
therefore they are Incommenſurable. f 33 


® B. 3. 3. 86. + Sap. 5. 124. 1 B. K. 
$ B. z. 3. 57. . 3. n. 83, 
J Sup. x. 123. + B. z. 2. 84. 4 Sup. u. 112. 
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Book IV. Snor. 6. & 2 , 
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four 
the Nie to the Fourth be a Rats Ry 
* E xfonent: Cube e the fur Nuantities dro Commen- 


farable, 
. the four Lingo l C 4. 


Lear Ic. df. 1f l. Ari. 8, 
are Commenſurable; for the Ratio of 5 wr rar Ned J 
two Numbers 1 and 8 ate Cubes; this 
thoſe cube Numbers for Exporients, | — 2 
this P „which is between each Term, cannot be irra- | 
tional, f according to Theorem the third. 1 

Tarox. 10. It of four Lines is continined PMportivir, the Bat) 1 
fonents of the . 25 75 Le to. the Fangih are not Cal. 
numbers, the Firſt and np" rau; 882 
it is the ſame lileiſe of the r 72 

Lzr L b. c. d. f. and that 6. f::1. 5. the Ratio of b 0% b 
triple that of 4 to c. 1 Now 1 and 5, the Exponents of the Ra- 
tio of b to. f; are not Cubes; therefore the imple Ratio of 5 to U 
c ere EF Tae 
But ſeeing that 50. c ; conſequeti ez 1. 
* A. 4 17 

THtoreM 11. IT of fow Line mn — Proper} 
the Firſt is not to the Fourth as Number to Number, the Ratio of the'35 
Firſt to the Second is not of Number to Numbir: © + 

2+ 3. c. 4 F; the Ratio of 5 to f is pte! therefore this 
triple Ratio being ſurd, by the ſecond Theorem; the Ra- 
* ; and fince chat 51, 8:25. A this Ratio of 5 
| Surd, that of 53 to & is Surd. efore c is not 
2 


ble in power with 5. 5 
Prone 1. To f a Line which 3 
ze . in youer with er or ben ne 


E „Line, to find another Incommenſurable therewith. 
The Line 6'being 2, take a Eine & equal to 3 or to 5, or to any | 
Number which is not a Square. -- Between theſe two Lines find 
a mean Proportional, which I call c: Hence 4+ 6. c. x. Now 
by the ſeventh Theorem the Line c is Incommenſurable in it- 
ſelf with the two firſt Lines, and commenſurable in power. 1 

Prop. 2. To find Line that is Incommenſurable, as well in 
itſelf as in power, with a kriown' and gives Line. vm 137 

Lev the given and known Line be B, by the pteceeding Prob- 
lem find the Line D, which is in itſelf Incommenfurable there- 
to. Then, between B and D, having found the mean Propor- 
tional Line C; this Line . the eighth + will be In- 


commenſurable with B, r in ** which was 
to be dont. 
CB. z. . 83. Rs nt. 25 ＋ B. 3. n. 83. 
$ Sup. n. 124. | B. 1 87. 
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7s Turenzzv 12. Tur Diagonal 4 Square eee . 
. in itſelf, and Commenſurable in N. with each of the . 
Ler the Square be ABCD. It muſt be proved that its Dia- 


onal AC, is intommenſurable in itſelf with AB; but that it is 
enſurable therewith in Power. Lav I 


AB: Then BC=a: Therefore — ;*then aa. ic 
::1. 23 thus you ſee the Dia 4 is Commenſurable 1 — 


er. n e umber : + Therefore AC, 1 
of AC cannot be W Mes 2 cones 
commenſurable in itſelf ; 5 auhich was 10 be proved 


139 THeor. 13. A rational Lins being divided into mean and ex- 
— Ratio, the two Parts thereof are irrational. Eucl. 13. 
rop. 6. 
ou CB be a rational Line divided into W extreme 
Ratio at the Point A; I ſay that the Parts ap" 2 — AB — 
not rational Lines; or, "which i is the ſame „n A 1. 
not be expreſſed by Numbers. To CB join Line BY BD, "the 
half of CB, the Square of the intermediate Part AB joined with 
BD, makes five times the Square of BD; herafrs theſe two - 
uares are as 5 to 1. Now 5 is not a ſquare Number: There- 
fore by the Theorem, I the Line AB+BD i is irrational, but 
BD the half of rhe rational Line AB, is rational ; the interme- 
diate Part AB, muſt therefore be Irrational ; + and therefore the 
leſſer Part AC is Incommenſurable; for if it were commenſura-. 
ble, AB would be fo likewiſe. t 
140 CoralLLaky. THE mean Part is Incommenſurable avith the 
whole Line, either in it/elf or in Power. 
Lx 6, be a Line divided into mean and extreme Ratio, x 
36 the mean Part, and b—x the leaſt Part. == 6. x. b—x. 
Now ſince þ—x is by the preſent Theorem an irrational Line, 
then by the eighth Theorem $ x, the mean Proportional between 
b and bx, is incommenſurable with 65, either in itſelf or in 


power, 


© Sup. 1. 78. || + Sap. mn. 16. t Sup. x. 114. 
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ADVERTISEMENT. 1 


HE Chords of one and the ſame Circle are not one to'4* 

another as the Arcs whoſe Chords they art : The two 
Arcs BED and CFD being equal, the Arc BDC is double of either - 
of them. If BC tho Chon of ther Anas thang doohls 
the Chord BD or of the Chord DC, as the Arc BDC is dou- 
ble the Arc BED, then BC would be equal to BN4-CD ; which 
cannot be. Therefore. it cannot be ſappoſed that the Chords 
rr 


: 
which they are the Chords of. 4 
Tuo. 1. Tux Ra of a Circle is equal 'ts the Chord of af 
fixty Degrees. * | 
Tux Angle at the Center of an Hexagon is 60 the 


ſixth Part of 360 Degrees, which make the four right Angles | 
an Angle of 60 Degrees f hence BC is the Sid —— — | 
e z hence e "M4 

lich nu be pers onal w the Rades ABer AC The Tam: 1 
* therefore the Angles at the Baſe are equal; 1 
ut that of the Vertex is 60, therefore both together make 120, | 14 
each therefore 60. The Triangle is then Equilateral ; there- | 
{ 


fore BCSAB, or BCZAC ; which was to be proved. ; 


CORALLARY 1. A Circle being given to deſcribe an Hexagon.” 
Eucl. 4. Prop. 1 43 


as Compaſſes being to the Extent of the Radius, it 3 
ill divide the Circle into ſix equal Parts. 1 
Mow gt 2. Iris eaſy to inſcribe en equilateral Triangle i mu v 
&Q Ur + i 
_ two Parts of the Hexagon's fix, make the third Part of * 
e Circle. / 
CorallLaky 3. Tut Ratio of the Circle's Circumference to its 
Radius, is above 3 to 11 145 


Eacu Side of the Hexagon being equal to the Radius, the fix 
Sides are equal to three times the ameter ; hence the Circum- 
forence of the Polygon is to the Radius of its circumſcribing 
Circle, as 3 to 1. Now the Circumference of the Circle is 
reater than that of the Hexagon, each Portion of the Circle 
„ hagegr. ans) conn oa Tls. ed 


thereo 
Theorem 


. 1. . 12. 


9 * N K , 
/ 
| 
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146 Tuzortm 2. Tat Square of one of the Sides of an equilateral 
Triangle inferibed tn a Cirete, is the Square of the dm dia- 
meter or Radius of the Circle. Eucl. 13. Prop. 12. 5 
Ler ABC be an equilateral Triangle inſcribed in the Circle 
X ; let there be drawn the Diamet — er AD ears hong the . 
BC perpendicularly into two equal parts. It m prov 
the Square of AB is triple that of the Radius; ſince that BC 
is the Chord of the third Part of the Circle, BD is the Chord of 
the ſixtk Part, and therefore equal to the Radius, of which the 
Diameter AD is double. + hence if BD==3, then AD=26, and 


Ab. Let AB=a ; fince that ABD isa right Angie: the 
ar +45=AD. t Therefore aa+bb=4b6. Taking away 6b from 
each Side, there will remain ae=345; Q.E. D. x 


ADvERrRTISEMENT. 

147 Taz are ſeveral ſuch like Theorems, which I ſnhall not give 
Place to in theſe Elements. It is evident that the Tangent of an 
Angle of 45 Degrees is equal to Radius : For it makes with the 
Radius a rectangled Triangle, whoſe Baſe is the Secant, the 
Angles at the Baſe are equal, (vl.) each of 45 Degrees: There- 
fore, the Tangent ard the Radius are equal. 2. The Square of 
the ecant is equal to the Square of Radius and of the Tangent, 
or which is the ſame, to twice the ſquare of Radius, Now the 
Chord of ninety is equal to the Secant of forty-five ees: 
Conſequently the Chord of ninety is equal to twice the Square 
of Radius. as is evident. Nee a7 

Lemma 1. Is the Angles at the Baſe of an Iſeceles Triangle, 


148 are each double that of the Vertex, I ſay that the Line which di- 


wides one of the Angles at the Baſe into two equal Parts, will di- 
vide the oppoſite Side into mean and extream Ratio. 4 
LET the Iſoceles Triangle be BAC, and CD the Line which 
divides BCA, one of the Angles at the Baſe into two equal Parts; 
it malt be proved that it divides AB into mean and extream Ra- 
tio at the Point D. 1. Seeing that the Angle BCA is ſuppoſed to 
be double of BAC; then the half DCA is equal to the Angles 
CAD : Wherefore the Triangle ADC having the Angles at the 
Baſe AC equal, it is Iſoceles, $ and the Sides AD and DC 
will be equal. 2: The Angle BDC is equal to the two oppoſite 
ones DAC and ACD; - conſequently it is equal to the _ 
ACB which make theſe two Angles, and to DBC which is by the 
Hypotheſis equal to ACH; therefore the Friangle DCB: having 
its Ang!es at the Bale DB equal, is alſo Ifoceles ; Hence DC 
BC. +: The two Ifoceles Triangles BAC and BDC, which have 
at the Point B an Angle common, are equiangular, and there - 
fore ſimilar: Then 1 AB is to BC, or to AD its equal, as DC — | 


B. 1.7. 90. + Sup. n: 142. f Sup. u. 78. | Sap. n. 78. 
B. 2. n. 83. * B.2.n. 73, Þ+B. 2. 3. 85. 4 Sup. n. 10. 


1 


its ul AD h to DB, that is, 46. AB. AD. DB; and conſe- 
ue Nee ſince that 
, „e ene e the o 
Part 

2 To deſeribe an Iſoceles Triangle, having « 


its Angles at the Baſe double the other. — Prop. r 9 


Havmoe the Ling AB, divide it into mean and extream Ratio 
at the Point D; f from B and P, with the Extent of the mean Part 
AD, deſcribe two Arcs which interſect at the Point C. Hence 
BC=DC=AD. The two Triangles ADC and DCB are: there- 
fore Iſoceles. By the ſame.ConſtruQtion <> AB, AD. DB. ſub- 
ſtituted in the Room of equal Lines AB, BC :: BC. BD; then 
BAC and DBC are fimilar, or bake Send das, Now 


the Angle BDC- is 2 to to DAC+ACD the oppoſite interior 


Ang es which are ADC is Iſoceles: Therefore 
Pas to BOG e Bartl of BAC ; which au to be 


ae, | In an / Triangle, whoſe Vertex is at the 150 


c its 455 the le of 4 Decagon, each Angle 
at roy Bak ie double that at its Vertex. 

Tux Triangle BAC hath its Vertex at the Centre of 
X, its Baſe BC is the Side of a Decagon, and conſequently the 
Chord of an Arc of 36 Degrees the tenth Part of re nas 
which make the whole Circle. It muſt be that each 
Angle at the Baſe CBA and ACB, contains 72 degrees, the 
Double of 36; which is evident, for the three An 
Degrees, + if from this Number be taken 36, the Content of 
the vertical Angle, 144 remains for the Angles at the Baſe, which 
being equal, each is 72 the Double of 36. 

THzoreM 3. Tus Radix being Side into mean and extream | 
Ratio, the mean Parc is the, Side of a Decagon, or Cherd of thirty. 
fix Degrees. Eucl. 4. Prop. 10. ( Fig. above) 

Ler AC be the Radius of a Circle divided into mean and ex- 
tream Ratio at the Point D, I and that the Chord BC is equal to 
the mean Part AD, then the | Angies at the Baſe BC are each 
double of BAC. 5 Therefore by the preceeding Lemma, BC 
Nase Ck of hes re of the Circle, and conie- 
quently the Side of the Decagon. 


LEemMa 4. Two Lines being drawn. from one of the — 152 


a Pentagon ta the Ends of the oppoſite Side, they make an 


eeles — and each of the Angles at the Baſe is double — | 


le at the Vertex. 
is a regular Pentagon, having drawn from A two Lines to 
the Extremities of the oppoſite Side BC, they make the Tri- 
angle BAC, which muſt be proved to be Ifoceles, and that-ABC 
BCA are each double of BAC. 1. AB and AC the Chords of 


equal 


+ Sup. . $ Sup. n. 34 „S. . 13, 
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equal Arcs, are equal: Therefore BAC bs Ifoceles. ® 2. The” 


Angle BAC is meaſured by half the Arc BC, and the ACB/ 
by half the Arc AEB. ow AEB is double of HC: 


the Angle ACB is double the Angle BAC. It is in like manyer 


proved that ABC, is double of BAC. 

Turok 4. IF in a Pentagon two Ines interſef, each 
evhich is the Chord of double the ; ny fubtended by each Side of 
Pentagon, they are divided into mean and extream Ratio, and the 
mean or longeſt Part is one of the Sides of the Pentagon. | 
 Svuyyose E to be a regular Pen inſcribed in a Circle, the 
Lines BD and EF interſect, each being the Chord of double the 
Arc ſubtended by each of the Sides of the Pen „it muſt be 
proved that they are cut into mean and extream Ratio, and that 
the mean or longeſt Part, ſuch as BC, is one of the Hides of the 
Pentagon. 1. The Angle BEF is meaſured by half the two Arcs 
BG and GF, + and the Angle BCE, by half the two Arcs BE 
and FD. 1 Now theſe two Meaſures are equal: therefore the two 
Angles are equal; hence RBC is Iſoceles, || and therefore BE 
BC: Therefbre BC is one of the Sides of the Pentagon; wwhich 
«was to be proved. 2. By the ſame Reafon CF=FD: And fince 
BD=FE are Chords of the fame 3 it muſt be that CE=CD; 
Therefore ECD isIfoceles. The Triangle BED is alſo Hoceles, 
ſeeing that BEZED ; for Z is „ ee to be a _ Penta- 

n: The two Iſoceles have one 555 common at D, therefore 
they are equiangular :*Wherefore as BD is to BE, or its equa} BC 
ſo ED or its Equal BC is to CD, { that is, =BD. BC. GD; and 
conſequently, according to the Definition of mean and extream 
Ratio, BD is divided as was propoſed. | ; 
154 Tuzor. 5. Tux right Line compounded of the Side of an Her- 
agon and that of a Decagon both inſcribed in one and the ſame Cir- 
cle, is divided into mean and extreme Ratio. Eucl. 13. Prop. 9. 

Ler the Side of the Decagon be AB, and the Side o 2 
Hexagon BE, that is, a Line equal to the Radius BD; I 2 
that AE is divided into mean and extreme Ratio at the Point B. 
EBD is Iſoceles, ſeeing that BE is ſuppoſed equal to the Ra- 
dius BD; the Triangle ABD is alſo Iſoceles, and the Angle 
BAD or ABD is the double of BDA. 1 Now DBA is alſo the 
double of BDE, as being equal 'to the two equal Angles BED 
and EDB: | therefore BED, and BDA are equal one to ano- 


* 


ther, and taken together they are equal to EAD; hence the 


Triangle AED is lſoceles ; wherefore, ſeeing that BD divides 
the Angle EDA into two equal Parts, EA is therefore divided 
into mean and extreme Ratio. 2. E. D. 

| Corallary. 


B. 1. 2. 31. & B. 3. n. 57. 5 B. 2. 3. 39. +B. 2.n. 39. 
44 3. 8. 52. B. 2. 2. $3. 
9 . . 4 5. Sup. n. 10. * Sup. n. 142. 
4 Sp. u, 150. [ B. 2. u. 73. * Oup, a. 148, 
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Ona e From hence it follows that if AR it divided"s55 
into mean and extreme Ratio, and that its Segment A it the Side 
2228 BE will be the Site of 1 e 

me 4. 
gs das here ant fhnenae nn Proportional between 
AE and AB, and it has op porn that BB, the Side of the 
Hexagon is that mean. 

ProBLEM 1. A Circle giver, to fad the Chord of 36 De- 156 * 
grees, of Side of a Decagan. To Num. 1 

Tur Circle is X, and the is AB, which divide inan 
mean and extreme Ratio at D. ® Take the Chord BC equal ts 
AD, which is the Side of the Decagon required. + a 
; ProB, 2. To deſcribe .a Decagon upon -a Lie; gioes fil 4457 

ide. 

Drviva the: ven Side BC into mean and extreme Ratio, 4 
and 2 mean Part; which gives a new Line AC, di- 
vided likewiſe into mean and extreme Ratio, whoſe mean part is 
BC; f deſcribe a Circle having AC for its Radius, then will BC 
be the Side of its inſcribed Decagon; 5 whereby the whole * 
be eaſily conſtruted, ens 7 SY 

Pros. 3. A Circ given, to the Side of a — 
or to Inſeribe à Penta A Grele. — 4. — 11. Aer 158 

1. Hayinc found the Side of the Decagon, that of the 
Pentagon is the Chord of double the Are, {i ed by one of 
the Sides of the Decagon. - 2. The Side of che Pentagon may 
alſo be found thus, - Deſcribe an Iſoceles Triangle, having i its 
Angles at the Baſe each double that at the Vertex, * and cither 
. inſcribe that {or one Similar thereto ): in the given Circle, ˖ 2 | 
* be the Side of the — ht. t oy 

ROB, To deſcribe a Frntagon upon 1 Si t 

Ley oa Side be ED, ſuppoſe er; mw to be already 85 
made, then will the Method of finding the Lines BD and EF, - 
diſcover what muſt be done. Now ſeeing that BD is divided into 
mean and extreme Ratio at the Point O, 5 that BC equal to BB, 
and conſequently to ED, is the mean patt, by dividing the Side 
ED. into mean and extreme Ratio, and adding thereto the mean 
Part, there will ariſe a new Line equal to BD, | divided like» 
wiſe into mean and extreme Ratio, whoſe mean Part is ED, con- 
ſequently equal to BC, Then as the three Sides of the Trian- 
gle DEB are known, it is eaſy to compleat the whole Pentagon, = 
by circumſcribing #- Circle about the Triangle. 

PaoB. 5. To Circamſcribe a reptiles Pentagon about a Gircle-x60 


Eucl. 4. Prop. 12. Fe 


8 . 1. I 
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1. In 4 given Circle inſcribe à Pentagon. 2. Draw ig 
Lines from the Center of the Circle * the five Angles of tha. 
Pentagon. 3. Draw Tangents thro' the Points of the Circum? 
ference where theſe Lines croſs the Circle. Theſe Tangemts, as | 
is evident, will form the Pentagon required. 7 | 
161 i Pros. 6. To inſcribe a Cirele, in à regular Pentagon. Eudl 4. 5 
rop. 13. 
rox two of the Sides of the Pentagon, raiſe Perpendiculam, 1 
tlie Point where they interſect is the Center of the Circle requis- 
6d, having for its Radius the Extent between the Center and 
the Middle of one of the __ of the Pentagon, which 
evident. | 
162 Pros. 7. To circumferibe a Circle about a Pentagon. Eucl. 46s 
Prop. 14. - 
L d by the preceeding Problem found the Coma of the, 
Circle, take the diſtance-between' the Center and one of the 
Angles of the, Pentagon, a Circle deſcribed 2 that extent "2 
he the Circle required. 
163 Pros. 8. To inſcribe in a Circle a Quindeeagon, or aura 
L. Fifteen Sides, Eucl. . Prop. 16. 
Tus Circle X bong given to inſcribe therein a Quindeca 
1. Divide it into fix equal Arcs; the Chord of each of f 
Arcs is the Radius thereof. 2. Take two of theſe Arcy the | 
double whereof is the third Part; the Chord thereof is therefars 
a Side of the Equilateral Triangle ABC. z. Make'the Pentage 
ADEFG, each Side of which is the Chord of the Arc of ths 
Circle's fiith Part; the Chord of the third-Part of this Arc; 
the Side of the Quindecagon, hve Sides of which make thi 
third Part of the Circle, and conſequently anſwer to the i 
of the Equilateral Triangle. 15 ing ſo, BE is the Side 
of the Quindecagon required; for three parts of the Polyganif 
anſwer to AD, and as many to DE. Hence ſix Sides wall ate 
| ſwer to AD and DE: But fe Parts anſwer to AB; th 
BE. the fixth Part of AE, remains for the Side of the Yi , 
decagon. 
164 TusosxkEu 6. Tur Square of one of the Sides of 4 Panter 
equal to the Squares of ene of the Sides of @ Decagon, and 45 a Hen: 
avon, inſcribed in the ſame Circle. Epcl. 1 Ps 454 
Lr AC be the Side of a Pentagon.” win vided the At 
AC into two equal parts at the Point B. and drawn the Chot 
AB. BC. they are the Sides of the Decigon, and AF or | 
Radii of the ak — are the Sides of the Hersgon. Ir uit HE" 


* 


| _ 
| proved that AC= AFA AB. Let there be drawn the FN 
[ dwiding AB into two equal Parts, and ſrom the Point E let thets 
be drawn EB; there will be the two Triangles ACF and pe : 
hich ate Similar; for they have the Angle C common; all 
fe Angle CFE is equal to FAC; becauſe they both contajp 
_—_ ne of EN wo. 5 tor the Arc EC pa of - 
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Degrees and BD of 18, DC will be of $4, the Meaſure of the 
Angle CFD, to which CAE is equal becauſe the Triangle AFC 
is Hoceles, and the Angle of the Center is 2 Degrees. Then 
theſe Triangles being Similar 2g AC. AF, EC: Therefore 
wg. * ' \ hs Lan . 
AF=ACXEC. + Now the Iſoceles Triangle AEB is Similar + 9 
to ABC which is alſo Iſoceles; for they have one common, 'F 
viz. A, and conſequently all the others equal. T Then ++ AE. | 


| —2 | Pl — — , 
AB. AC, then ABZ=AEXAC ; then AF+ABZACXEC+AE a 


XAC. But theſe two Rectangles are equal to the Square of Mi 

1 re. for AE+ECZAC. Therefore AC=ZAF+AB; 2. { | 
ConaLLaty. Tus Square of the Side 0 a Pentagon inſcribed ig 4 

in a Circle, and the Souare of 4 Chord which ſubtendi the penny 5 | 


of the Polygon joined together, are equal to ue times the Square of 1 
the Radius of the Cirche | | | = 

Ler n ual to ö, and BC ths, 
Diameter of the Circle za, and BD the Jabteaſe of the Angle = 


| —_ — —2 
F of the Pentagon==d. It muſt be proved that BF+BD=;AB, 

or bb-+4=5aa. Let there be drawu DC, which will be the 
Side of the Decagon, and will form che right angled Triangle 
BDC. || Then ca; but by the — Theorem 
(Dan ＋ec; this Equation added to the Firſt, the Sum will be 
GA c cc ]; ſubtract cc from each Side, bb-Fdi= 
5 aa; which was to be proved. Lake & | | 

Pros. 9. A Circle being given, to find the Side of a Pentagon 66 2 
and of a Decagon, by a Methed different from the Former. 

Lar the Diameter of the given Circle be AB, and its Radius 
CD Perpendicular upon AB ; if there be taken CE half of BC, 
and that from the Point E be drawn ED, and that afterwards be 
taken EF ED and there be drawn DF; L ſay that this Line 


| — 

will be the Side of the Pentagon requited. For BFXFC+EC= 

—2 — — 2 —2 — 12 3832 

- EF=ED. + But FD=DC+FC, f hence BEXFC+EC=DC 

— 22 —2 | — 
＋EC ; then taking away EC from each Side, BEXFC=DC= 
— 5 Nen 

EC; and this Equation reduced to a Proportion, 5 it will be == a 

BF. BC. FC Fo cane the Line FB is divided — mean and * 
extreme Ratio; | and ſeeing BC or DC is the Side of the Hex - 

— — — 
agon, FC will be that of the Decagon. But FD DC TCF TMT 
| | 3 - _ therefore 


* Sup. . 10 + B. 3. N. * 1 B. 2, . 85. 
. 2. 2. a 


5 B. 3. „ 58. | Sup. n. 34. 
® Sup. 1. 154. - + Sup. ap 
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| therefore DF is the Side of the Pentagon; * «vhich was n be 
> 44, Oat Pups 4) 


167 Take BC equal to the Radius of the Circle, BD equal to the: 
Chord of Ninety, or to the Side of a Square inſcribed in the 
Cirele, and CE equal to BD. The Line DE will be the Side 
of the Pentagon, and AD being the Radius of the 'Circle, AE 
will be the Side of the Decagon. To demonſtrate the Truth 
thereof, let fall from Ca Perpendicular upon the Radius AB, 
and from D upon the Center A, the Perpendicular AD ; hence 
BD is the Chord of Ninety, to which. CE is equal. Suppoſe 
AB, AD or BC=2a; hence BG=4a. Now == BG. BC. BF, 
+ that is, == 44. '2a. a; then BF is half the Radius. But it 
appears by the preſent Theorem, that to find ED the Side of the 
Pentagon, there is made FE=FPD, if then it be proved that 
there is this Equality in the preſent Conſtruction, it is a ſuffici- 
ent Demonſtration. Since FB==a, FG will be = 3a, the Rect- 


angle GP PB, bat is, 3aa=FC. 4 Now AB and AD being 
each 2a, their Squares together are gan PBC by Con- 

| firation, $ equal to CF-LEF If then from CE =8aa be taken 
FC=3aa, there will remain 5a for EF, to which FD is alſo 


* 1 ns 
equal ſeeing it is equal tb DA+AF, | that is, to 4aa a: 
Wherefore CE 1 Lakes p . r | 
TuBOR. 7. IF three Angles of an Equilateral Pentagon bei 

w_ taken any how art Equal, it is —— — 
Prop. 7. | | 1. 77 * 3 
f Lad the Equilateral Pentagon be ABCDE, which: hath 
three of its Angles equal, take them how you will, vis. A. C. 
D ;-it maſt be proved that they are all equal, that C=B=E. 
The Triangles BAE, BCD CDE being lioceles, whoſe equal 
Angles A, C, D are comprehended. by equal Sides, they are 
every where equal; * and therefore the Baſes BE, BD, CE are 
equal, as alſo all the Angles formed by equal Sides upon the 
ſaid Baſes are equal. So likewiſe the two Iſoceles Triangles 
BEC, EBD having all their Sides equal, they have alſo the 
Angles EBC, ECB, BED, BDE equal. + If to each of the 
equal Angles EBC, ECB the equal ones ABE, DCE be added. 
the Total B will be _ to the Total C. 'The ſame for the 
Angles E and P, therefore the five. Angles are all equal; which 


Wa to be proved. 


* Sup. u. 164. + Sup. 1. 48. f Sup. u. 28& B. 3. n. 57. 
$ Sap. u. 78. Sup. u. 78. | 
» B.2.n.93, . 2. 2. 92. 


Book IV. f Sxor. 6. ; 137 
Tuxonzu $. Wrrn the Radius of A Circle is Rational, the 
| Side of a Decagon inſtribed in the Circle is incommenſurable with 
the us, beth in HtJelf and in power. . "Woes. 
Lr B the Radius of a Circle be a rational Line, divided into 
mean and extreme Ratio which I ſuppoſe to be the mean Parr, 
will be the Side of ecagon. . * ow the mean Part x is 
wcommenſurable with B, both in itſelf and in power. F * 


Tuzoazu 9. WHEN the Radius of a Circle is rational, the” 


Sides of the Pentagon inſtribed in the Circle are Jncommenſurable 
—_ the Radius, either in themſelves: or in power, © Eud, 13. 
Wie | : - 

g the rational Line 3, be the Radius of a Circle, & the 

Side of a Pentagon, and x the Side of a Decagon, both i 

in the Circle whoſe Radius is 4. Therefore b4-xx=z: f 

then ſeeing that the Square xx is , Irrational, as we demon- 

ſtrated in the laſt Theorem, the Square ax cannot be rational, $ 


conſequently its root & is Irrational, ſince that every Square which 


is not equal to a Square Number, cannot have for its Root 
— exactly equal to any Number, as we have 
above. 


Or the Quadrature of the Circle, © 


We have ſhewn - that the Surface of the Circle is equal 
a Triangle, having for its heighe the Radius of the Circle, and 
the Circumference thereof for its Baſe ; therefore a mean Pro- 


e 


8 


* 


169 


170 


17% 


portional between the Radius and the Circumference, is the Side 


of a Square equal to the Circle. But to find this mean Propor- 
tional, the Radius being given, a right” Line mutt be found 
equal to the Circumference, which cannot be done without 
knowing the Ratio of the Radius'to the Circumference, which 
is known nearly, but not exactly. The Circle may be taken 
for a Polygon whoſe Sides are infinite; therefore the moſt exact 
and leaſt deficient Method of finding the faid Ratio, is to take 


the greateſt Polygon poſſible; and to ſee what is the Ratio of 


its Circumference with the Diameter of its circumſcribing Cir- 
cle. Archimedes conſidered a Polygon af 1 *. Sides, the 
Circumference of which, to the Diameter of the Circle is as 223 
to 71, which Ratio is leſs than that of the Circumference of the 
Circle to the Diameter, the inſcribed Polygon being leſs than 
the Circle. + Comparing the ſame Polygon, but co 1 as 
2 Circumſcribing one with the Diameter, he found that the 
Ratio of one to the other was as 22 to 7, which is greater 
than that of the Circle's Circumference to its Diameter ; by 

reaſon a circumſcribing Polygon is greater than the he 
® Sap. n. 181. 1 Sup. n. 140. t Sup. 2. 164. 

0 Sup. N. 116. "| Sup. 1. 114. 

* B. 2. „ 184. t B. 3. n. 147. 
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Here is therefore two Ratio's ( viz. ) that of 223 to 71, and chat 
of. 22 to 7, one of which is 1 and the other greater than 
the true one required. Reduce theſe two Ratio's to one and the 
ſame Conſequent. | 2 
| 1562 497. Hav ix therefore ſuppoſed the Diameter of 497 
'$ Parts, the Circle's Circumference will be greater than 1561, and 
| leſs than 1562. Dividing unity which is the difference of theſe 
two numbers by 497, the Quotient -1— ſhewsthat the Difference 
which each number differs from the true Length of the Circum- 
| ference, is leſs than 2.9 part of the Diameter; which is but a 
| ſmall matter. | n 
i Thoſe who have taken Polygons containing more than 96 
6 272 Sides, — 3 exacter Ratio. Pell conſidered one of 2 56 
; Sides, each of which is leſs than 24545, ſuppoſing the Radius 
of the Circle to be of 1000000; Fs 2 + = A 
rence of the Polygon is leſs than 3141760. If the Diameter of | 
the Circle was therefore 4000000, the whole Circumference of | 
the circumſcribed Polygon would be to the Circle leſs than 
334176. Now the Calculus contained in 4 Work print at Am- 
ſterdam in the Year 1647, ſuppoſes no extraction of the Root; 
and is grounded upon the following Theorem. 


—— — 


| THEOREM. 


BC being the Tangent of an Arc leſs than forty five Degrees, 
and BD the Tangent of a double Arc; BC is to BD as the Square 
of, the Radius AB, leis the Square of BC, is to twice the Square 
of the Radius AB. It muſt be demonſtrated that BC. BD::AB 


— —2 . | 
BC. 2 AB. Seeing the Angle BAD is ſuppoſed double BAC; 
then AB. AD::BC. CD, + and compoundedly, AB. AD+AB 


' 
| | | — — — —2 
| (or DE) :: BC. BD. + Wherefore AB. DE:: BC. BD. 5 Alter- | 
— — — —2 — 
| aately, AB. BC::DE. BD; then dividedly, and compoundedly, AB | 
| any ny — 2 —2 | 
BC. 2AB :: DE=-BD. 2DE. Hence it remains to be de- | 
— —2 —2 — 
monſtrated that DE— BD. 2 DE:: BC. BD, for then AB+BC. | | 
— | | 
2AB::BC. BD. Seeing that two Ratio's equal to a Third are 
— — — 
equal one to another. Now DE=AE+2AEXAD+AD. | ls 
—2 — — — —2 —2 —2 
But ADZAB (or AE+BD.* )then DE=2AE+2AEXAD-BD. 
| | Then 
* B. 3. 2. 89. + Sap. n. 17. f B. 3. 2. 4 


| $ B. 3. n, 84. .. 3. 8. 20. 
® B. 3. 2. 140. 
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Then ſubtracting BD from each Side DE-BD=2AE+2AEX 
— 2 p a 

AD. Now 2AE+2AEXAD=2AENXED : * Then DE—BD- 


—2AEXED. Theſe two Rectangles 2AEXED and 2ED have. 
the ſatne Bale, wiz. ED; they are therefore one to another as 


AE or ABis to ED, Now AB. ED::BC. BD; therefore DE. 


—2 — 

—BD equal to 2AEXED is to 2ED as BC to BD. wwhich was 

to be ſhewn, 5 1 a | | 
According to the Archim&dian Proportion of the Circumfe- 173 

rence of the Circle to its Diameter, viz. That of 22 to 7, or 

44 t 14, fr 66 to 21, which are each the ſame, the Surface 

A the Circle is to the Square of its Diameter as 11 to 14. For 

let the Circumterence of the Circle be called n, and the Diame- 

ter a, multiply and by =, then mn. un. m. n. + and ſeei 

that m. #::44. 14; then m. nn; 44. 14, therefore the fourth 

Part of mr is to zn as 11, the fourth Part of 44, is ta 14. 

Now the Quarter of mn is the Surface of the Circle. 4 this Sur- 

face is therefore to n, the Square of the Diameter, as 11 


to 14 / 
* Hence the Quadrature of the Circle would have been found, 174 
if the true Ratio of the Circumference to the Diameter had 
been, as 22 to 7; but. this Ratio is not exact, and what is 
the true one is not yet known. Nevertheleſs this r is 
partly known, that is, a Portion of a” Circle may be aſſigned 
£qu-l to @ rectilinear Figure ; for the Triangle ABC being ; right 
Angled, the Semi-circle ADBE is equal to the two Semi-circles 
AB and BFC. 5 then taking away the Parts which are com- 
mon, viz. ABD and BCE, there will remain AGBDA and 
CEBF, which are equal to the Remainger of the Semi- circle 
ADBEC, which remainder is the Triangle AB. It alſo ap- 
pears to the Eye that the Figure AEBFCDGH, i equal to the 
_ — 8 ; for by conſtruction the Parts AHD AEB 

rFC=SC Ws. $74 

The Figures themſelves ſhew that a Triangle circumſcribed 1, : 
about a Citcle is Quadruple of the inſcribed'\one, that a circum- 
ſcribed Square is double the inſcribed one, that the circum 
mg Hexagon is to the inſcribed one as 4 to 3. Obſerve here by 
the Way, that to divide a Line as BE Geometrically into three 
equal Parts, make the Side of an equilateral Triangle inſcribed 
in a Circle, then having made the Hexagon and divided the 
Sides thereof by Pe iculars, you will fad that the Perpen- 
gliculars will divide BE into three equal parts BC, CD, _ 
” B. z. 2. 29. + J. 3. 3. 5% ft B. 2. n 154. 

i 5 Cup. » 7 . | 


þ ; : | | ; | 
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The following is a general Theorem which affords a very 
extenſive Idea, of what may. be known in this matter.. 


276 Wt of two inſeribed Polygons one has. twwice'as many Sides as 
the other, the Greater is to the Leſſer, ai the Radius of the Circle - 
is to the Apotome of the leſſer Polygan. | | 

Z is a Polygon whoſe Apotheme is AB, and X a Polygon 
having twice the Number of Sides. The Surface of Z is equal 
to as many times the Triangle DAE, as Z hath Sides ; and it is 
ow. that the Triangle DCE being added to each of theſe 

riangles, will give the Surface of *. which is to that of Z, 
as the Rhombus AECD is to the Triangle DAE. Now theſe 
two Figures are one to another as the Radius AC is to AB, 
which is the Apotome of Z; for the Sarfaces of the twp Tri · 

angles DAE and DCE, which have the ſame Baſe, are one to 
another as their Heights AB and BC; fo of all other Polygons, 
of which one has twice as many Sides as the other. the 
Polygon X is divided ſo that it may have a double Number of 
Sides, which I call Y; it will be the ſame: And it ig proper to 
obſerve, that the firſt Polygon Z, is to the Third 'Y, as the 
Rectangle of the Apotomes of the Firſt and Second is to 
Square of the Diameter; which I demonſtrate thus. Let 
Apotome of the Firſt be called r that of the Second ; and 
the Radius &, according to what has been demonſtrated. ; 


| Z. Xi n. I. | 7 4 
Ins. 4. 5 


The Antecedents being multiplied bY the Antecedents, and 
the Coney nts by the Conſequents, ZX. XY::mm. kk. Now 
SX. XY::Z.Y; then Z. V:: mn. 4k. The firſt Polygon Z is 
to the Third V. as un, the Rectangle of the Apotomes of the 
Firſt and Second is to 44 the Square of Radius. 1. 

«77 The ſame Way it is demonſtrated that the firſt Polygon is to 
the Fourth, as the Solid produced by the Apotomes of the Firſt, 
Second and Third is to the Cube of the Radius of the Circle, 
and ſo of the Reſt; ad. inf. The Apotome of an inſcribed 
Square is the half of one of its Sides; hence a * is to an 
Octagon as the half of one of its Sides is to the ius of its 
circumſcribing Circle; or which is the ſame, as one of the 
Sides is to the Diameter of the Circle. Wherefore it is juſtly 
concluded, that an inſcribed Square is to a Polygon of inſini 
Sides, doubling always the Sides, /hat is, of a Square is 
an Octagon, of an Octagon a Polygon of ſixteen Sides, and fo 
on which Polygon may be conſidered as a Circle; it may, 1 
ſay, be concluded that the Square is to the Circle as a Quantity 
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Or Solids, or the third Species of Extenſion. 
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O the SeQtians and mecting of Planes. 
ADVERTISEMENT. 


© -. we . * 


Very Solid of what Sort ſoever it be, may be conceiyed as 
compoſed of different Planes placed one upon another; or ay 
eſeribed by the Motion of one only, moving in a certain man- 
ner. Alſo according as two or more Planes interſe& or 1 
they form Solids ; which obliges us in treating hereof, to begi 
with the meeting and Section of Planes, Fr" HM 
N. B. The References to the pas beard Plates annexed to thñ 
Work are denoted by the Letters P. B. 3 | 


Ev 1penT Propoſitions concerning Planes. 


ProPosIT1ON 1. A right Line in moving along another rig 
Line, which is at reſt, and keeping with it one and the ſame Fr 
tion, deſeribes a ſuperficial Plane, er fimply a Plane. 
Tuis Superficies hath all its parts equally placed between its 
Extremities ; for they are uniformly Jelcribed : And that which 
makes the Difference of other Superficies, which are not Planes, 
is the Way by which they gre generated, a right Line may be 
every way applied to it, as is going to be declared. RE, 
Por. 2. A right Line may be every way applicd to a plane 
Surface, and will agree with 'it, © © | | 
or. 3. "THE Surface of a Plane is the Shorteſt that can be 
conceiv'd between the Ends or Bounds thereof. © | 
rox a Plane is compoſed of right Lines, which are the Short- 
eſt that can be conceived between their Extremities. | 
Proy. 4. A Plane raiſed upon a Plane is Perpendicular there- 


upon, when it inclines no more to one Side thereof than 10 the 


other. 


Proe. 5. Two Planes are Parallel, when all their Parts are 
at an equal Diſtance one from the other, and which being produced 
will never meet. ay "TR 
| F. op. 6. 


Proy. 6. 4 Plane ay be 
from all its Sides, as much as 


above it. Eucl. 11. Prop. 1. ö 
Fon if it were, then this Line cannot be a plied to the Plane 
and a with it, to the 


the Plane would not be a Plane. this, i may be conceived. 4 | 
chat the Part of this Line which is on the Plane being prol ch 
r 

that which is out of it; — — two Lines having 

two Pomts common, they cannot be 


Por. 8. Two rieW Lines that interſef, may be conctived i in s | | 
one and the ſame Plane. Eucl. 11. Prop. 2, 4 
Tre Lines DB and EC beit e having drawn right Lines : | 
between AB and AC, there will be a Su ich is a | 
Plane: for a right Line may be applied to it, and this Superfi- | 
cies is the Shorteſt that can be conceived between the Lines A 
and AC which are upon the Plane ; which being produced, if AD | 
and AE which are parts of the Lines BD and EC, be not found | 
in the ſame Plane, BD and CE are part i a0 fan bend 
it; which has been ſhewh to be im e. : 
Proy. 9. Eviry Triangle — * concein'd as contain d is 
a Plane. + 9 
Turs is a Conſequenee of the pili Propoſition. #4 : | 
Paor. 10. THE common Section or r i410 
right Line. Eucl. 11. Prop. 3. 
X and Z, interſect. The Ends of their Seftion are the Points 
E and F, between which there may be drawn a Line upon 2 
and one upon X. If theſe two Ling are not one and the ſame 
Line, then there may be drawn between the ſame two Points more | 
than one right Line; which is im le. [+ therefore the Section 
of two Planes can be no other WR See 


nee, 1 TORS ar 4 Plane N, 
ROP, 11. re 14; ther ra a 
2. its End is equal 15 equally ** 


ought to be hnked when as a 
diftant from the Circumference of a e deſeribed about its End 
A, as a Center, and it it not, it cannot be ſaid to be Peryen- 
dicula . ' 
Tris is agre le to the Nature of a P Line, 
which . more to one Side N other. 
Proy. 12. A Line ſuch as AC Perpendi upen the Plane XN, 
being concei ved as carried by a dire? and regular Mation 1 
to a right Line ſuch as AB, it vill make the Plane Z, which 
be Prryendicular in all its parts upon the _ X. 


Prop. Ir the Line ED, AB, the Section | 
of Z and, „ ler Z is Perpendi- 3 
cular upon X. 5 

or 


0B. 1. . 16 1 B. tn, 15. 


— 
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For the Plane Z may be 9885. FER ; | 


ao) vir Maven of DB 
E - 


4 ndf the leaſt between its Bounds, is not 222 
then equal; —— are not different: MT 


ſuld that they are plated one 0 the other, as they have no 
2 2 could make only 2nd Plone, ON 
Tuxox. ag Two Plane tht agree in three Paints «hich are 


2 


„ Barwzzn two of the given u Point, can be conceived only 
— wg 2. 3 N 
. — yon = the Part | of the thele — 
_ three Points is one and the ſame, conſequently 8 
— „it will be only one and the ſame Plane; i er 
C: how T the Pofition Plane depends. 
— HERBFORE a 
16/2 three Points, which are not um one Fo ſame Line. 2 
On _ —— three Points «which are not b one and 


Ae. AS de LOS) die de blow % 
1 . raiſe t 
2 . . Paints a die,. 


oot A, it is Pen 
| _ "In the Plane. pps + Cie at uno equal Diſtance from 
B, paſſing thro' C, D, E, which are ſuppoſed at equal diſtances 
| —— A alen C, B, ue N 
as e oints y the C- 
Is, = bi equally diſtant from A. * Thele exo M the 
pay ny + Thetefore AB is Perpendicular upon X; I which was 
fo be 
8 — 1. From a Point 8 B, ba, PW 
. 11. Prop. 
( /ame Fig. ) 

Dxaw the two right Lines CE and DF at pleaſure, and ſet 
one foot of the Compaſſes upon B, with the other take the Points 
C, D, E, equally diſtant, thro' which draw a Circle, 5 to the 
Canter of & ich draw a Line from B, which will by the pre- 


"NY Theorem, be the Perpendicular required. 
Theorem 


# Sup. u. 2. + B. 1. 3. 88. 1 Sup. n. 11, 
KB. 1. n. 87. a 


5 1 2 . 4 1 


. 


Lines of t 
F of 


is contrary to the AB l AC . 
cularly ; as doth likewife every other Line of the Plane Z, Which 
paſſeth thro A. 

"Taxon, 6. Ir 4 


Line ar i a and he Jams re. Tal. f. Prop 5. Cn. „ 
Ir AB and AF be in the Une Plane Z, and that AG h hot; = 


that Line AC will be Perpendicular upon the Plane Z; |} and 

therefore alſo upon the Section Line of Z and V, and it is 

upon AG by the Suppoſition, therefore upon AC and at the ſame 

Point A, there will be two Perpendiculars, which cannot be. + | 
ProB. 2. To raiſe a Prrpendicular, the Point A be the |. — 

Plane Z. Eucl. 11. Prop. 18. — 9 ä | 
From the Center A deſcribe a Circle; every Line that is let 

fall from a Point at an equal Diſtance from the Circle, is the [| 


Wy gs ured. - 
HEOR. 7. THERE can be but one P culay from the Jame , 
Peikt upon th? ſame Plane. Eucl. 11. 13. | 3 
fappoled 70 be Perpenticalars and raiſed S le es Pl, 
uppoſed to iculars and rai pon nt A, 
ll chat K be decide fem A as a Center : The Points E and 
C the Tops of the two equal Lines AE and AC being different 
cannot be equally diſtant from the Circumference of the Circle 
2 therefore they are not both Perpendicular upon the Plane 
*t * | 


— — — — — = 


® F. 1:& 4% * + Sup, u. 11, | 1. t. 5. 40. 


$ Sup. n. 11, | Sup. ». 19. 
® Cup. u. 20. + B. 1. 3. 49. _ f Sup.n. 10. 
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Trrzer. 8. From @ Point without a Plane can be drawn but 

34 ono Perpendicular upon the Plans, © © 8 
Ler A be the Point given above a Plane from whence thefe 

is ſuppoſed to be drawn two Perpendiculars, viz. AB and Ac; 
join their 'lower Ends B and C by the Line BC. The three . 
oints A, B. C, form the Triangle ABC which may be conceiv- 
ed to be in one and the ſame Plane. The Angles ABC and 
ACB formed by the Perpendiculars AB and AC, are right ones 
Rey more than two right Angles; . which cannot ' 
CorotLary. Ir the Plane X is Perpendicilar upon the Plaue 

25 Z, and that from the Point A in the Plane X, be let fall a Perpen- 
Seular upon Z, it will fall upon MN the Section of Z and X. 
Eucl. 11. Prop. 38. (ſame fg.) 1 4 2% 
Ir it be not ſo, and that a Perpendicular fall from A upon C 


out of the Line MN; let fall por pager" arly upon MN; 
therefore as B is in the Section of X and Z. there i e Y two 
Perpendiculars AB and AC drawn from one and the ſame Point 


A; which has been ſhewn to be im e. 

6 Turok. 9. Tur Perpendicular Line is the Shorteſt that can be 
| RO rawn won Plane from a Point without the ſame. ' 
Tus given Point is A, the Line AB is Perpendicular, AC is 

not. It muſt be proved that AB, is ſhorter than AC. To do 
which join C and B by a right Line. The Triangle ABC may 
be conceived to be in one and the ſame Plane. 1 Now AB Per- 
pendicular upon BC, is ſhorter than the Oblique Line AC; 5 
which was to be proved. | * 
CoroLLaRY. THEREFORE the diffance between a Plane, and 
272 — which is out of the Plane, ought to be meaſured by a Per- 
IcMHAY, 7 
* reaſon the Perpendicular is the ſhorteſt Line, and that 
there can be drawn no more than one. - 
9, Turon. 10. Two Lines being P cular upon one and the 
2 ame Plane, they may be conceived as being in one and the ſame 
Plane. 
Lr us conceive a third Line BD to be drawn by the bottoms 
of the two Lines AB and CD which are Perpendicular upon X, 
upon which third Line let us conceive AB or CD as moving uni- 
formly and always Perpendicalarly, which will thereby conſti- 
Turok. 11 AB and CD ( ſame bg.) res upon X, are 
?9 parallel ; and if one of the two Parallels is Perpendicular upon the 

Plane X, the other is ſo likewiſe. Eucl. 11. Prop. 6 and 8. 

1. LsT the Line BD, be drawn thro' the bottom of AB and 

CD, which Lines are Perpendicular upon BD; * therefore 
the three Lines AB, CD, BD may be in one and _—_— 
* Sup. u. q. + B. 2. u. 79. + Sup. n. 9, 

$ . 1.2. 53- Sup. u. 1. 
* Sap. u. 20. 
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Therefore AB and being Perpendicu BD, 
232 Perpendicular upon BD, 
be Ferpendi ar, 


Perpendicular upon 
Fuel. 11. Prop. 19. | 
1. Tyx1s Section is a right Line, | and ſeeing the Planes Z 
and X are Perpendicular upon V, the Line AP inſomuch as it is 
conſidered in Z cannot be conceived as leaning more on one 
ſide thereof than the other: And by the ſame Reaſon, infomuck 
as it is conſidered in X, it cannot be conceived to incline more to 
to one fide of the Plane than to the other ; wherefore it may be 
conceived by. the Means gf three Points in the Plane Z equally 
diſtant from P, which are „3 — therefore 
AP is Perpendicular upon the Plane V. : . 

* Tazor:; 13. Tur Section of X and Z being Perpendicular up- 
on Y, theſe du Plaurs and all others whoſe Seftion is AP, are Per-3 
pendicy/ar upon T. Eucl. 11. Prop. 18. ( ſame fig.) F 
Fon all theſe Planes may be conceived as generated by the 
Motion of AP. + | . , 
Tuxox. a . „ee in one and er Plane, and, 
not upon one the ſame Line, are at an i/tance a ſe- 
read Plate, 22 TY 4 waz 1 
Tus Poſition of a Plane de only upon three Points; 1 
conſequently if three Points of a Plane are equally diſtant from 
a ſecond Plane, all other Points of theſe two Planes are at an 
equal diſtance ; therefore they are Parallel. *, 
Taxon. 14. Tux Planes X and Z being Parallel, if the Line 
4B is Perjeadicular . X, it is ſo alſo when Z. 4nd if AB 1233 
Perpendicular upon X and upon Z, the two Planes are Parallel. 
5 ed AB is Peryend is 206e X and acth 

F it is n icular upon not 
upon Z, ke ws th e a Perpendicular at the Point A to be raif< 

towards Z ſuch as AC, which is ſhorter than AB. 5 From 
C cohceive a Perpendicular upon X, which is alſo ſhorter than 
AC, therefore yet more ſhorter than AB ; hence the Point D ap- 

3 nearer Z than to A; therefore Z and X not being at an 
ual diſtance, they are not Parallel; which is contrary to the 
ypotheſis. Therefore a Line which is Perpendicular upon one 

of the Planes, is ſo upon the other. The reft is eaſy. 
Tutox. 16. Tur Section, AB and CD of two Parallel Planes | 
cut by a third Plane, are Parallel Lines. Eucl. 11. Prop. _ 34 
Sup. u. 28, | B. 1. 2. 68. t Sap. a. 20. 
$ B. 1. 2. 69. I Sap. 2. 10. ö 
Seb. 2. 17. Þ+ Sup. 2. 13. t Sup. x. 16. 
J . 1. 8. 63. : 


. p. g. 

Lar CE be Parallel al f 
i alſo Porallel; I ſay that CE and DF are to each other. 
From the Point B upon AB raiſe BC. BD Perpendicu 
cralling CE, and DF, at the Points C and U. By means of 


Gn . 71 5 conceived a Plane; + AB Per- 
— — Frcs TEE, 

CEand el to AB, are alſo Petpendi, 
— — Jane and eee 


36 Tutor. 18. * 2 ee b 
Lines in the * „ oguel he fy Ip p< *6 
11. Prop. 10. N | 
BD and NO are Parallel to each other pon the Biaye X ; and 
BC, and MN upon the Plane Z: Te maſt be proved hae the Ay: 
© gle CBD is equal to MNO. To do which, draw DF and 
Ft w A „„ — 
conſtitute the ſame An conſequently eq 
I fay, fince CE is Parallel to DF by 1 10 earem ; 
the Triangles BD and MNO are equal and ſimilar, 
the Angle CBD is equal to MNO; 2. F. D). 
Taxon. 19. Two Lins AB 4 AC which - 
37 Point 4, and are Parallel ta two other Lines ED 
meet at D. if they are not » = is 
BC and 3 F, are Parallel. Eucl. 11. 
B 1 the Plane 


From A let there be drawn a 
EF which it meets at the Point G, om. which dren GH part 
el to DE, and GI varallel to DF: Ten by Thawamy 19, 7 
AB and GH are Fadi. as alſo AC and G — 


og r you . K upon - 

ewiſe u upon t and therefore u 

Plane BAC; f hence e two Planes muſt needs be Ha, 
for if they were not, they ( being produced) Yar fly = 
Point or other, from whence might be drawn right Lines o the 
Points A and G, which therefore are not Parallel, contrary to 


What has been demonſtrated, fince AG being Porpendicalar 0 


58 Sup. 1. 19. 


* 


10 
F * = 

1 . 

1 
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the ſaid Hanes, it t to be ſo upon all the Lines drawn upon 
them thro? the Point and G; * which cannot be ifthoſe Lines Likes 
ner bd. Two: 1 Liab by allel Planer, a 
HEOR; 20, 0 nes cut art 

divided Proportional y. 70 el. 11. Prop. 1 Let * 

Ler the two right Lines be AB, D, Sly three par 
Planes X, Y, Z, at the Points A, L, B. D. M, C; I fay chat 
they are divided Proportionally, chat is. AL. LB CM. MD, © 
For upon each of the extreme Planes X and Z, the Points of 
Section are joined by the right Lines AC and BD, and the Dia- 
gonal AD being drawn in es the Flane I at the Point N, from 
which are drawn the Lines LN and MN chre' the Points of Secti- 


* 


lel Planes, the Section Lines are Tal, Xe 
are alfo cut Parallel to their Baſes, and endl Vo 41. LB:: AN 
ND: : CM. MD, 5 9 Fade bal AL. LB.: CM. MD; 
avhich was to be prov there had been more Planes 
more Lines, e hve rn th fame thing: IN 


» . * 
a + #3 
' * » % > +$4x LO 

* - 
% * * 
ſt * 4 8 » 
" * 4 * r . * Id „ 7 6 S** . 
- 
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SECT. II. 


Or the r of Solids in to heir Sur- 
faces, and Sdlidity. | 


Dep1nrTION 1. 


" HEN three or more plane Anglit, which are 2 different 
Planes, (or which be one and the ſame baſe ) meet at 29 
_ Vertex, the Angle which they tonflitute is called a ſolid An 
Ke. | 
Two plain Angles on! cannot form a Solid a z it 
at leaſt — Ne. An — which croſs or meet about tes 
like a well cut Diamond. | 
Der. 2. SoL1Ds bounded by refilinear Surfaces, or or parallel 
Planes, are called Parallelopipedons. P. B. Plate 7. fig. 20. 49 
i ._ Sol IDs contained between Planes all fimilar and equal, 
2 Polyedrons. When the Figures which bound them 4 
are regular, — all their Aagles equal, they are called regular 
olyedrons. 
BF. 4. A regular Solid receives a different aa particular 
Name, according to the . of its or Surfaces. 4 


® Sup. u. 20. I Sap. u. 1 Sup. n. 134. 
$ B. 4. u. 16. B. 3.7.53: 


— 
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1. Warn tis bounded 25 and 7 Triangles, 

it is called a, Tetraedron. 7 5. F. F Plate 1. fig. 3. 
2. HxXAEDROx, er Cube, wer it is Gounded by fix equal Squares, 

- See P. B. Plate 1. fg. 1. 
3. OcTogpRron, when bounded by eight equal and Equilateral 
Triangles. P. B. Plate 1. fig. 4- 

4. Dopecarvron, when it's banded by twelve equal and equi- 
lateral Pentagons* P. B. Plate 1. fig. 6. 

5. IcosakDROx, when Bounded by 20 equal and equilateral Tri- 

let. P. B. Plate 1. fig. 5 
EF. 5. A Line whoſe Top is — and its bottom madt 
43% move round a Figure. 1. If the Figure be a Polygon, the Line 
will * a Solid, which is called a Pyramid, fach as ABCD. 
5 F the Figure about which the bottom of the Line * js a Cir- 
cle, the 84% enerated thereby is 1 as X. P. B. 'Plate 7, 
fig: 28. and, Plate 8. fig. 

In theſe Figures the Line ru from the Vertex to the Cen- 
ter of the Baſe, is called its Axis, and the Solid is called either 
Right or Oblique, according as its Axis makes either a right or 
an oblique Angle with the Baſe. 

3. Ir the Top of the Line, which deſcribes the Solid is not 
unmoveable, but that whilſt its bottom moves round the Baſe, its 
top moves round a Similar, equal Figure, and alike poſited, ſuch 
as * it is a Priſm. P. B. Plate 7. fe. 19, 21, 
22, C 

4. Ir the Baſe is a Circle, it will be a Cylinder, luch as 
ABXZ. 

Dee. 6. Ir a Circle revolves about its Diame * it deſcribes a 

44 Sphere, the Diameter of aubich is called the Axis thereof; the 
Center of the Circle, whoſe revolution makes the Sphere, is the Cen- 
ter of the Sphere ; the Lines drawn from the Center to the Circum- 

ference are the Radii; thoſe which paſs th the Center and termi- 
nate at the Circamference are Diameters. 

Dr. 7. A regular Polygon revelving about a right Line 

45 which faſſeth thro' its Center, deſcribes what is called a Spheroid, 
that is, a different Sort or Species of a Sphere, ſuch as it A and Z. 

6 Pur. 8. A Solid A is ſaid to be Circumſcribed about another 

49 8% B which it contains, if it is the leaft of all fimilar Solid 
capable of containing B; or rather, if B is the greateſt of all fimi- 
= Solids which A ts capable of containing. 

47 Dex. g. A Solid B i, ſaid to be inſcribed in another Solid A in 

4 avhich it Is contained, if it is the greateſt of all ſimilar Solids that 
can be contained in A; or which is the Same, if A is the leaff of all 
ſimilar Solids that can contain it. 

48 Der. 10. A regular Body is that which is bounded by regular, 

$ _—_ and __ Figures, Im "oe Angles are alſo all me 
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r that chere are ouly five 0. 


gular 
THEOREM 1. under three Mare 5 . 
An gles, An bs al Ad together, are 
ht the Thea E . the pn gi w greatey#9 

Tus three plane Angles BAD, BAC, CAD ks a Solid 


Angle ; it muſt be proved that two of theſe plane Angles taken 
together are greater than the Third; as for Example BAD 
BAC--CAD, there is no leſſer Plane than BAD, between the 
Lines AB and AD; therefore the reQlinear Plane BAD is 
leſſer than the Curvilinear one ABCD. In the ſame manner it 
is demonſtrable, — the plane A BAC is lefler than BAD | 
and CAD t | 
CoroOLLARY. Tun Sides of three , which make @ a 
lid Angle, being taken equal, the Bojes of the three lau Tul 
make a riangle. Eucl. 11. Prop, 22 . (Jame fig. } 
Le the three Lires AB, AC, AD, Sides of three 
Angles, which make the ſolid Angle A, be taken . 
muſt be demonſtrated that the three e CD, D | 
of the three lane Angles BAC, CAD, DAB, "make a Tri | 
To do which it is — that two of theſe Lines taken | 
ther, are longer than the Third. + Now this is ſo; for the wo | 
Angles of which theſe Lines are the Baſes, are greater than the 
Angle which is upon the Third ; and conſequently this third 1 
Line is. ſhorter. 7 | 
| 


Tusox. 2. ALL the plain Angles which comprixe a old gel. , 
are together leſs than four 2 les. Eacl. 11. Prop. 2 
. 1. Ler us begin with the ſolid Angle A, compoſed of = 
Planes: by the preceeding Theorem the Angles BCA DCA . 
are greater than the Angle BCD, and likewiſe ADC+ADB 
ter than CDB; as allo ABD+ABC greater than DRC. 
ence the fix = at the Baſes of the three Triangles which 


form the ſolid Angle A, are greater than the three Angles _ 
Triangle BCD, that is, greater two right Angles. 23 
all the Angles of the three Triangles which form ſaid ſolid 


Angle A, are together equal to fix right ones. | "If then from 
that Sum be taken more than two right ones, the Content of the 
fix Angles at the Baſe, there will remain leſs than four right 
Angles for the Content of the ſolid Angle A; uubich au to be : 
proved. 2. By the ſame Method it is ſhewn that the ſolid Angles 
formed by four Planes, are leſs than four right ones. 3. X 
is a ſolid Angle compr rehended under five Triangles, whoſe an - 
gular Point ought to be conceived as above the lane, the pre- 
ceeding Theorem will alſo prove that the Angle DBC is leſſer 
than the two Angles DBA and CBA, and the Angle BCE is leſſ- 
er than the Angles ACB and ACE taken together, the ſame of 
the others. But alſo all the Angles of the Polygon BCEFD, 
* Sup. u. 4 + B. 2. , 67. 1. 2. n.104- 
I. 2. 3. 75. 8 73. 
$ 2 


the 


— 
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the Baſe of the ſolid Angle, are equal to fix right ones; * 
hence all the Angles at the Baſe of the five Triangles whiclt 
make the ſolid Angle X, are greater than fix right ones, ſeeing | 
they are greater than the Angles of the Polygon, as was ſhewn 
beſore. All the Angles of the five Triangles which make the ſolid 
le are equal to ten right ones; therefore ſince thoſe of their 
Pale: ale more than fix right ones, thoſe of their Vertices are 
leſs than four right ones. 2. E. D. a 
ho Tuts Theorem may be demonſirated thus. 
1. Lr us conceive A to be a Point in a Plane, and the Ver- 
tex of ſeveral Triangles whoſe Baſes are the Sides of Xx. All the 
Angles about A make only four right Angles. 2. If the Point A 
be raiſed up, then the vertical Angles of the Triangles will become 
leſs, having the ſame Baſes and longer Sides; + this being ſo, 
all the Angles will together be leſs than four right angles. 

52 PROBLEM 1. HaviNG three plane Triangles, two of which 
taken together are greater than the Third, but which all together 
are leſs than fo reght Angles, to make therewith a ſolid Angle. 
Eucl. 11. Prop. 23, 4 | 

Ler the three plane Triangles be A, B, C, tis required only 
to join them in one and the ſame Point, ſo that the containin 
Sides may coincide together, that is, that AE unite with B 
BF with CF, and CG with AD; this will form the ſolid Angle 
required, according to the Definition thereof, t 

53 ProB. 2. To makea ſolid Angle upon à given right Line, and 
at a * given in that Line, equal to a folid Angle given. Eucl. 11 
Prop. 26. 

Los the given Line be AD, and A a given Point in that Line, 
requized to make at that Point, a ſolid Angle, equal to a ſolid 
Angle given. Let the three Planes of the given Angle be DAE, 

EBF, FCG; having made three other Planes equal thereto, and 
joined them together at the Point A in the Manner as was ex- 
plained in the preceeding Problem, it is evident that they con- 
ſtitute the ſolid Angle required. | 

54 Turok. 3. Ir there are two equal plane Angles, thro' the Vere 
tices whereef are drawn two Lines, raijed upwards, and containing 
equal Angles with the Lines firſt given, each to each, and from a 
Point taken in each of thoſe elevated Lines, be drawn lines Perpendi- 
cular to the Planes, which contain the Angles firſt given, and from the 
Points <vere thoſe Penpendiculars fall, be drawn right Lines to the 
Vertices of the Angles firft given, the Angles which thoſe Lines make 
—— thoſe elevated Lines, ar: equal one to another.” Eucl. 11. 

rop. 35. WE -. 

Is Euclid this Propofition is uſed for the Demonſtration of o- 
ther following oncs, but as che Method of this Treatiſe has no 
need of it, 1 therefore pais it without taking any farther Notice 
thereof. 

5 Theorem 

. 2, 8. 133. T Z. 8. 4. 99 « TY JV 
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Turok. 4. Tuzxz cannot be more than five different regular 


Bodies. | 


Figures all equal and ſimilar, and whoſe Angles are all equal. 
In a Sphere, the whole is equal; but it is different in a Solid 


comprized under Planes. It has been proved that all the plane 


Angles, which form a ſolid Angle, are leſs than four right An- 


gles. Let us now ſee which are the Plane, Similar, Equal, regular 


Figures that can make a ſolid Angle. 1. Three equal and equi- 
lateral Triangles may make a ſolid —.— for the three An 

of the Triangles which contain a ſolid Angle, make only three 
times ſixty Degrees, each Angle of an — Triangle be- 
ing ſixty: Three of theſe Triangles joined together may there- 
fore make a ſolid Angle, ſuch as are thoſe of the Tetraedron. 
2. Four of theſe Triangles may alſo make a ſolid Angle; for 
the four Angles which they contain are only four times Sixty; 


which is leſs than four right ones, Four of theſe Triangles - 


make the Angle of the Octoedron. F Five of theſe Triangles may 
alſo compoſe a ſolid Angle, for the Angles of the Planes which th 
comprize, make only five times ſixty Degrees; which is | 
than four right Angles. The Angle of the Icoſaedron is made 
by five of theſe Triangles. | | 

Six equilateral Triangles cannot make a ſolid Angle ; for the 
ſix plane Angles which they contain, make four right les, 
6 times 60==360 the Sum of four right Angles; therefore theſo 
ſix Triangles make a plane Angle, and not a Solid one. 4: 
Three Angles of a Square may make a ſolid Angle; for their 
Sum is leis than four right Angles. The le of the Cube 


is compoſed of three Angles of the Square. No. other Solid 


can be conceived as com of Squares for four cannot 
make a ſolid Angle; much leſs, either five or fix. 5. Thr 


Pentagons form a ſolid Angle; for their Angles make only 324 -- 


Degrees, which. is leſs than four right Angles. Each angle of 
the Dodecaedron is contained under three Pentagons, more than 
three Pentagons cannot make a ſolid Angle; for four make 432 
Degrees, which is above the Sum of four right Angles. Three 
Hexagons cannot conſtitute a ſolid Angle; for each being 120 
Degrees, the three make 360, which is the Sum of four right 
Angles: Therefore they cannot make a ſolid Angle. + The more 


Sides a Polygon has the greater is the Angle t f; therefore 


if three Hexagon's cannot make a ſolid Angle, there is no poſi- 
bility that three Heptagon's ſhould do it ; hence there is only 
the Equilateral Triangle, Square and Pentagon that can do it: 
But a solid Angle may be made of three, four, and five equila- 
teral Triangles, there cannot therefore be any more than five 
diſfert ut regular Bodies. | 


+ Sup. 2. 3. 


gs, | 55 
Tuar 18 five different Solids comprized under plane regular 
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130 Uilienents of Geomatry. 
| Evident Propoſitions, 
ProrosiTION 1. 


55 A Figure is greater than that aboat which it is circumſcribed, 
A 2 that in which it is inſcribed. 3 
oP. 2. Two Priſm: having the ſame Height, that which 
bath the leaſt Baſe, ( and which may conſequently be contained in the 
other ). is the leaft. 
For it is evident that it is contained therein, Now that 
which contains, is greater than that which is contained. 
53 Proy. 3, Or two Priſms circumſcribed about a Cylinder, that 
which is moſt like the Cylinder, has the maſt Sides. Y 
Taz Baſe of the propoſed Cylinder is X ; let that of the Priſm 
which hath feweſt Sides, and which is circumſcribed about the 
Cylinder, be called V, and Z that of another Priſm having more 
Sides. and circumſcribed about the ſame Cylinder. The Poly- 
gon Z is leſſer than the Polygon V. The Priſms, whoſe Baies 
are Polygons are of the ſame Height, being Circumſcribed a- 
bout one and the ſame Cylinder, therefore that which is upon Z, 
and which hath therefore moſt Sides, is leſſer than that which 
hath fewer, and whoſe Baſe is V; + it therefore approaches near- 
eſt to the Cylinder; 2. E. D. 18 
59 Proy. 4 Turrerore 2 Priſm whoſe Sides are infinite, is ſo 
near like a Cylinder, that there is no perceivable difference between 
them, the Cylinder may therefore be ſuppoſed to be a Priſm having an 
infinite Number of Sides. 1 
60 Proy. 5. Or two Pri/ms inſcribed in a Cylinder, that which 
| hes nearefl to a Cylinder, hath moſt Sides. as 
Tux Baſe of the propoſed. Cylinder is X, the two inſcribed 
Polygons Z and Y are the Baſes of two Priſms inſcribed in the 
Cyli whoſe Baſe is X. The Polygon Y which hath moſt Sides 
is greateſt, and approaches nearer to a Circle than the Polygon 
Z. t The two Priſms, whoſe Baſes are Z and V, are of the 
ſame Height, being inſcribed in one and the ſame Cylinder ; 
therefore the Priſm which is upon Y is greater than that which 
is _—_ $ Ir therefore approaches neareſt to a Cylinder: 
«So Ds * 
IS 6. ' Two Pyramids having the ſame Height, that is 
the greateſt» which hath the longeſt Baje. 3 
For it is evident that if one be conceived as put upon the 
other, that which hath the greateſt Baſe will contain that which 
hath a leſſer. | 
62 ProP..7. Or two Pyramids circumſcribed about a Cane, that 
which hath moſt Sides moſt reſembles a Cone. > 
ob 


® B. 2. u. 149. + Sup. u. 57. 1 B. 2. . 151. 
5 Sup. u. 56. 
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Proy, 8. Or tas Pyr. inſcribed in 
nh hn <= 
Prop. A A Cone may therefore be ſuppaſed to be a Pyramid of g, 
infinite 8 . ' | | 


Proe. 10. Tus more a Palygon hath, the nearer the Sphe- 
reid which it forms — to its inſcribed Sphere. . 65 


For the more Sides a Polygon (which may be called the Gene- 
paws In op of hath, the nearer it approaches to a Circle ; 
th the Spheroid which it deſcribes by its revolution ap- 
proaches nearer its inſcribed Sphere. Q. I. D. 

Proy. 11, Tuzxzroaz @ Ophere may be taken for @ Spheroid 66 


formed by a Polygon of an infinite Number of Sides. 


— 
* — — 
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Or the Surfaces of Solids. 
THEOREM 1. 


HE Surface of a right-angled Priſm is to a Parallels. 6 
eddy Ye Eh, and be Bend Gs. 4 
cafes of the Pri 2 ri gled Priſm are Parallelogram 
HE a an are rams 
having all the ſame Height, whoſe Baſes taken make 


the Circumference of the Priſm: It is therefore equal to a Paral- 
lelogram having the ſame Height as the Priſm, and whoſe Baſe 


is equal to its Circumference; which i; evident, The Surfaces 25 


of the Baſes of the Priſm are excluded. 


Conellaar 1. Turxzrons fering that 'a right Cylinder ay $0 


be taken for a Priſm of infinite Sides, * its Surface is equal ts a 
Parallelogram of the ſame Height and its Baſe equal to the Circum- 
ference of the Circle, which is the Baſe of the Cylinder. 

Coxor. 2. TrzxzyorE all that has been demonſtrated com- 

ing the Ratio which Parallelograms have' one to another, agrees 89 
to Cylindrical Surfaces. | ; 

1, Taz Ratio which the Surfaces of two Cylinders bear one 
to another is compounded of their Heights, of the Circam- 
ference of their Baſes. 2. In two Cylinders, if it be as Height 
is to Height ſo is Baſe to Baſe, that in, if the Ratio"of their Sur. 
faces is compounded of two Ratio's, the Ratio is duple. þ 
3. If two Cylinders have either their Heights or their Baſes. 
equal, their Surfaces are one to another as their parts which 


are unequal, 1 | ,*1 * — 
Sup. u. 59. ＋ B. 4 n. 71. t B. 4 75. 
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Turok. 2. Ir a Priſm hath a. Polygon for its Baſe, aud the 


"2s Apotome thereof for its Height, its Surface is double that of the Po- 


lygon which is its Baſe. | | 5 
Ler Z be a Priſm, whoſe Baſe is the Polygon X. The Apo- 


tome of X is AG, that is, a Perpendicular drawn from its Cen- 


ter A upon one of its Sides. BC; It muſt be demonſtrated that if 
FG, the Height of Z is equal to AG the Apotome of X, the 
Surface of Z is double that of X. Having drawn Lines from 
each Angle of the Polygon X to the Center A, they make as 
many Triangles as Z hath Sides or Faces, which Faces are Pa- 
rallelograms. Now theſe Parallelograms as BCED, and the Tri- 


angles as ABC, have the ſame Height and Baſe. Therefore the 


* 
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Parallelograms are double the Triangles, „and conſequentl 
the Surface of Z compounded of the Parallelograms is doub 
that of X, equal to all the Triangles. *"* nh EO 

COROLLARY 1. THEREFORE if the Height of a Cylinder 
(which may be eftetmed as a Priſm) ts * to the Radius of the 
Circle which is its Baſe, its Surface is double that of the Circle. 

CoroL. 2. Thyerxerore if the Height of a Cylinder be twice 
the Radius, or once the Diameter of the Circle which js its Baſe, 
its Surface is Quadruple that of the Circle. . 

Tazor. 3. Tur Surface of the Circumference of a Cylinder is 
equal to that of a Circle, wheſe Radius is a mean Proportional be- 
tween the Height of the Cylinder and the Diameter of the Gircle 
aobich is its Baſe. Archimedes, t. Prop. 16. „ 

X is a Cylinder, whoſe Height is AB, the Circuit of its Baſe 
which is the Circle Z, is BD, whoſe Circumference is FG or 
BD, and BC, the Double of the Circuit. The Surface of X is 
equal to the Parallelogram ABD or to the Triangte ABC, as is 
that of the Circle Z to the Triangle EFG. + ſuppoſe KH, 
the Radius of the Circle Y, to be a mean Proportioual between 
the Height of X, and 2 EF the Diameter of Z. Let KL be the 
Circuit of Y, hence its Surface is equal to the Triangle HKL ; 
it is therefore required only to prove that the Triangle HKL. is 
equal to the Triangle ABC: For all Circles have ſame the Ratio 
detween the Radius and Circumferences. E 

By the Hypothefis == AB. HK. 2EF. Now HK. KL::2 EF. 
2FCG or BC; and Alternately HK. zEF::KL. BC; then ſeeing 
that AB, HK:: HK. 2EF::KL. BC. Hence AB. HK::KL, 
BC, t wherefore ABXBC=HKXKL. $ Now the Triangles 
ABC and HKL are the Halves of the Rectangles; therefore 
they are equal; which was to be proved. 

Tuxox. 4. Tur Surface of a Pyramid is equal to a Triangle, 
whoſe Height is equal to the Height of each of its Sides, and whe 
Baje ts equal to the Circuit of the Baſe of the Pyramid, or to a 

„. 2. . 3 
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1 I. and 1 1. 


Each Side of — is, a Triangle; theſe Sides = 
ri 


equal, 88 riangles are equal one to „and to a 

Angle e havio we 1 t, and its Baſe eq 

de Baſe theſe Triangles taken together. Now a Tri- 

— le is equal to a — having che ſame Height, and 
f the Baſe, + which was to be 

CoroLLaky 1. Tarnzrory ſeeing that Cones may be 

T varus « Jane Hg ph Seo 5 00 


its 


ee 
* 


Corout,” 2. Tusnzrors all that bas been. — of 26 
the Ratio and proportions between ſeveral ſimilar Ret angles, agrees 
to the Super ficies of Cones.  * 

1. Tus Surfaces of Cones are one to another in a Ratio com- 
pounded of their Height and Baſe. 2. If Height is to Heighe | 
as Baſe to Baſe, the Surfaces —. in duple Ratio. 3. If two 
Cones have equal Heights or « their Surfaces are 
one to another as their parts yok omar 4- Therefore 
ſeeing that the Circumferences of Circles are one to another as 
phi Diameters, the Surfaces of two Cones having the ſame 

eight, are one to another as the Diameters of their Baſes.. 5. 
ARectangle being given, there may be found one or more fimilar 
ones havin therewith, any Ratio you pleaſe ; alſo a Cone be- 
ing given there may be found one or my other finular Cones 

ring to 1 given one any Ratio req 

THEOR. Tus Surface © « Can 3 "Cafe is whe Clecke 47 
BCD, which is its Baſe, as AB the * Sur. 

Radius of the Circle. Archimedes 1. Prop. 1 

Tur Surface of the Circle is equal to the rhe angled Trian- 
| gle Z whoſe fide D is equal to e Radius BC, and the fide E 

to the Circumference of the Circle. 1 The Surface of the Cone 

X is equal to the rectangled Triangle V, whoſe fide F is Tbang to 
AB, and the ſide G to the Circuit of its Bafe. \4 G and 
each equal to the Circumference of the Circle, which is the 
of the Cone, they are equal one to another; wherefore the 
Surfaces of theſe two right ke angle Triangles Y and Z, which 
N ow Ie are one to another as F to 

; || but AB=F, and BC=D: therefore X the Surface of the 
Cone, i to that of the Cine wich is is Bu, u AB the 


height 
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height of its Surface is to BC the Radius of the Circle which 1 
its Baſe; which was to be proved. of OO 
Taxon. 6. Tux Sarfate of a Cirele whoſe Radius 'is "a mean 
78 Proportional between the Height of the Cone, and the Radius of its 
| Baſe, is equal to the Cond's Surflice. Archimedes 1. Prop. 1). 
Ley Mbe a Cone, the beight of whoſe Surface is AB, and 
the Circuit of its Baſe BD; bence its Surface is equal "to the 
right angled Trigagle ABD. The Line BC is the Radius of 
' Baſe. Sup ſe EF to be # mean Proportional betu ten A and 
- BC, and allo the Radius of a-Cirele whoſe circuit is FO bee 
the Surface of the Circle is equal to the Triangle EFG: Con- 
ſequently 'tis required only to prove that ABD EFG. By the 
- Hypotheſis AB. ER::EF. BC, and ſeeing that the Circamfy. 
rences of Circles are one to another as their Diameters, EF, BC 
: FG, BD. Hence AB. EF::EF. BC::FG. BD. chen AB. Efe 
FG. BD; therefore ABXBD=EFXFG. * Now ABD is the 
half of A BB D, + as alſo EEG is the half of E 
| — Thoſe Triangles are therefore equal; which was ts 
HEOR. 7. Iy the Height and Baſe of a Priſmt are rqual by 
19s Height and Baſt of a right angled Pyramid, * urface of the 
- Priſm is double that of the Pyramid. 18 
Purallelogram 


_  Eacn fide of the Priſm is a „ and each fide 
the Pyramid is a Triangle. In the Caſe propoſed theſe Paralle- 
lograms and Triangles are of the ſame Height, and the fame 
Baſe ; the Parallelograms' are therefore double the Triangles; t 
therefore the Surface of the Priſm is double that of the Pyrg- 
mid; which wat ts bt proved. 1 10 942 eng 
CoroLLary. THEREFORE /ering Cones may be-efteemed ar yd. 
$0 mids, and Cylinders as Priſms, the ae, of the Cylinter may 72545 
to be double that of the Cone having the Jame Height and 
Baſc. | i 
Taxx notice, that the real Height of a Pyramid, muſt hot be 
confounded with that of the plane Surfaces which form it; the 
Firſt is a Line drawn from the top of the Pyramid pe icu- 
larly u the Plane which is its Baſe; and the Second a diffe- 
rent Line drawn alſo icularly from the Vertex of the PY 
ramid, but upon one of the Sides of the Polygon whick is ith 
Baſe, which ſecond Line is longer than the Firſt. It is the ſame 
of Cones, whoſe! real Heights or Axes are different from*thote 
of; their ſides. gy 0 os 
' Lauma'l. Tas Surface of BCDE, the Fruftum of the" Cont 
81 4DE; i equal to that of the Trapezia GHLK. © WE 
Tus Surface of the Cone AED is equal to the right angled - 
Triangle FGH of which FG=AD, and GH equal to the Cir- 
eumference of the Circle DE, 5 and that of the Cone ABC 
to the right angled Triangle FEL of which FK Ag, and Kl. 
to 
2B. 3. ny 56. + B. 2. 8. 133. 1 B. 2. . 133 
: $ Sip. u. 74. 
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to the, Ci of the Circle CB; Then taking away |, 
FKL from FGH, the Remainder GHLK is jet yy Frot. 


tum BCDE, which is evident. _ + m_— | 
Lug 2. HC and KL are. the Radi of the two Circles of, 
the two Baſes of the Fruflum of a Cone, - KC is divided into two © 
equal parts at M, and MN ii parallel to KL and HC: 1 ſay that 
the Surface of the Fruſtum is equal to the Rectangle made of KC, * 
the Height 'of that Yur face, aud of the Circumference of a Cir- 
cle, whoſe: Radius is MN, 44 24-930 
For the Figure CELH=ZOCKP, becauſe of the equality of 
the two . HON and NPL, added or ſubtracted, hut 
the Figure CELH is to that which has been proved equal to 
the Fruſtum of the Cone, in a Ratio of the Radius of the Cir- 
cle to its Circumference . And OCKP is alſo in the fame Ra- 
tio to che Rectangle made of KC by the Circumference of the 


Circle whoſe Radius is MN ; therefore the Rectangle is equal to 
the Fruſtum; + 9, Z. D. ed e 
Lung 3. Ir the Angles of a Spheroid a are joined byg, - 
Planes perpendicular to its Axis, which - divide it int ſeveral 
parti, the Purts are either Cones as C, or Fruffam of à Cone as 
B, or Cylinders as A. ich is evident. 1 
Tuzen. 8. Eacn Surfate of the Portion! of a Spheroid is equal gy © 
to the Refangle made of its correſponding part. of the Axis, and, _ © 
Circumftretice of the Circle or Sphere inſcribed in the Spheroid, 
As to the Part A, it is very eaſy, ſeeing that tis a, Cylinder 
whoſe Surface is equal to the Rectangle of EF. by the Circum- 
ference of a Circle whoſe Diameter is EII, 1. which is equal 
ta the Diameter, of the Circle or Sphere inſcribed in the Spheroid 
X; which uu to be proved. _| ; 
Concerning the Part B, it muſt be demonſtrated that the Sur- 
face of the Part B (aubich is the Fruſtum of 8 Cope) is equal to a. 
Rectangle made of KL the Crs apr > of the Spheroid's 
Axis, and of the Circumference. of the Circle inſcribed in 
the ſaid Spheroid, whoſe. Diameter is CN. Divide the. 
Height KL into two equal Parts, by drawing CM mate 


lel to FK and to EL; Alſo 8 * k 
is equal thereto. The Triangles | are right An- 
% — G le, the Angle 


gleo ; therefore GFE and make a rigs Ang 
FE being therefore equal to FCD, 5. the Angle FCD ſab- 
tracted from the right Angle FCA, the Remamder DCA is e- 
qual to GEF, hence the two Triangles ACD and EFG are e- 
quiangular: Then GE or KL. E E:: OD. CA, | wherefore KL 
is to EF as the double of CD, which is GM, is to the dou- 
ble of AC, which is CN. Let CM be the Diameter of a 


Circle whoſe Circamference is Y; and CN that of a Circle = 
whole Circumference is Z. Then CM, CN::Y. Z. Then : | 


* 4. n. 75. + B. z. 1. 52. 1 Sup. u. 68. 
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KL. EF: :V. Z. Then KLXZ=EFXY. * Now the Surface © 
the Fruſtum of the Cone B, is equal to EFXY. + Therefore 
that Surface equal to EFXY, is equal to a Rectangle made of 


KL by Z, the Circumference of a Circle whoſe Diameter is 


8 
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CN ; which was to be proved. | b 
For the Part C. From O the Middle of BD the Side of the 
Cone C, draw to A, the Center of the Circle inſcribed in the 
Spheroid, the Line AO; and thro' D a parallel to AO; hence 
as BG is the half of BD, the half of DF is AO; therefore DF 
is the Diameter of the Circle whoſe Radius is AO. The Surface 
of the Cone C is equal to a rtght angled Triangle whoſe height 
is BD, and the Baſe a Circle whoſe Diameter is DG, f or to 
a right angled Parallelogram, having the ſame height BD, and 
whoſe Baſe is half that of a Circle whoſe Diameter is DG, 5 or 
which is the ſame, whoſe Baſe is equal to a Circle having for its 
Diameter DE. Let the Circumference of the Circle be called Y, 
and Z that of the Circle whoſe Diameter is DF: It muſt be 

roved that BDXY=BEXZ. The two Triangles DEF and 
EB are Similar: therefore BD. BE:: DF. DE. Now DF. 
DE:: Z. Y: Then BD. BE::Z. V: + therefore BDXY= 
BENZ; which was to be proved. BR 
THEOR. 9. Tur Surface of a Spheroid is equal to the Rectan- 
gie made of its Axis, by the Circumference of the Cirile of the in- 
ſcribed Sphere. | 5 2 
By the preceeding Theorem, ſeeing that the Surface of each 
part of the Spheroid is equal to the Rectangle, made of each * 
correſponding part of its Axis, and the Circumterence of the Cir- 
cle of the inſcribed Sphere, all the whole Surface is equal to the 
Rectangle of the whole Axis by the Circumference of the Cir- 
cle of the Sphere inſcribed, fince that the whole and its parti 
__ boy 2 by one and the ſame Quantity give equal! 
ucts. * . 
gan Tux Surface of a Sphere is equal to the Rec. 
angle of its Axis, and the Circumference of a Circle having the 


ſame Diameter as that Sphere. 


Tux Sphere may be eſteemed as a Spheroid formed by a re- 
gular Polygon having infinite Sides, F whoſe Diameter may 
conſequently be taken for the Axis of the Sphere. Hence its 
Surface is, (by the preceeding Theorem, ) equal to the Rectangle 
made of its Axis by the Circumference of the Circle or Poly- 
gon, by the Revolution of which it was formed, the Diame- 
ter whereof is conſequently the ſame as that of the Sphere; 
2 E.D. | 5 
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Tus Surface of the Sphere AMNC is equal to a Ref 
angle contained more its Axis, and the Circumference of a 
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Circle having the ſame diameter MN. * Now the Surface of the | 


circumſcribing „ ror} oy, Sides DP and E2 are equal to 
AC the Axis of ual to the ſame rectangle ; for it 
: nol pay flor roy 4 PD by the circumference of the 
Ci of its Baſe — for its diameter PQ equal to MN ; ſee- 
- that the Diameter of a Sphere inſcribed in a Cylinder ou t 
oy >; Gn ef ING FAT 
which tas been given of inſcribed Fi 


Txzor. 12. Ir a Sphere inſcribed in a 2 be divided | 98 


Planes perpendicular to it; Axis, the Surface of each Part of 


Sphere is equal to that of its correſponding Part of the Cylinder. 
AC the Axiv of the $ the Height 


JS 


ing Cyliader, therefore the Cylinder — the Sphere by its 


two Baſes. Divide the Axis AC by Planes, which 
will alſo divide the Cylinder. I fay that the Surface of the part 
MHIN is equal to that of the Part MGFN of the Cylinder, as 


is alſo the ſurface of HAI to that of EFGD. For this 8 ere? 


may be confidered as a Spheroid, 4 and the Parts MHIN and 


HAI as portions of $ Therefore the Surface of MHIN is 


ual to the Rectan e of BO by the Circumference of a Circle 
whoſe Diameter is MN $ which Rectangle is equal to the Sur- 
face FGMN ; | ſo likewiſe the Surface of 'HAI is equal to the 
Rectangle contained under AB and the Circumference of a Circle 
——— is GF, wich the Surface of the Part DEFG is 
equal to. 


. 1. To divide a Sphere by a Plane, þ that the ur- 


89 


faces of the Portions of that Section may be in a given Ratio. Ar- 


chimedes 2. . 4 and 5. 
Tus Sphere muſt be inſcribed in a Cylinder, then the Sides of 
the Cylinder being divided according to the Ratio, and Lines 


or Parallel Planes drawn thro" the Points of that Section they will 


vide the Sphere e given Ratio; ſor the Surfaces 
of the * of the contain u between the Parallels, are 


equal to thoſe of their ' comcponding Cylindrical ones as has 


7 
Taxon. 13. Tus Surface of a Sphete 4 equal to that of four 
times its greateſt Circle. Archimedes 1. Prop. 37 

LzT us conceive a Sphere as inſcribed in 2 Cylinder, — 
Baſe is conſequently equal to the greateſt Circle of the 
and its Height is the Diameter thereof ; conſequently the — 
drical Superficies "I ro four times db 8 ace of the Circle. 
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Now the Surface of the Sphere is equal to -this Superficies: 
br 6 it is equal to four times its greatelt Circle. V , 
; Turok. 14. The Surface of a Sphere is equal to that of a 
91 Circle, _— Radius is equal to the Diameter of the greateſt Circle 
. . of the Opbere. " ch . 
* be a Sphere and Z a Circle, whoſe Radius is equal ta 
the Diameter of the greateſt Circle of the Sphere X. It muſt be 
roved that the Surface of X ie equal to that of the Circle Z. 
Having ſuppoſed the Diameter of the greateſt Circle to be 1 ; 
then, according to the Hypothefis, the Diameter of Z is 2. Now 
the Surfaces of Circles being one to another as the Squares of 
their Diameters, || ſeeing that the ſquare of 1 is 1, and that that 
of 2 is 4, according to the Hypotheſes, the Surface of Z is qua- 
druple that of the Circle of the Sphere X. Now the Surface 
of that Sphere is quadruple that of its greateſt Circle by the pre. 
ceeding Theorem, it is therefore equal to that of Z; which why 
to be proved, _ © 2242 241 % FRY 
2 'Furzor. 15. Tag whole Surface of a Cylinder, that is, all 
its circumference from its txvo Baſes, is to that of its inſcribed 
Sphere, in a Seſquialter Ratio. Archimedes 1. Prop. 396 | 
1. Tus Circumference of the Cylinder only is equal to the 
Surface of the Sphere. Each of the Cylinder's Baſes is the 
| Circle of the Sphere, which is the fourth Part of its 
Surface; + hence the two Baſes4of the Cylinder are the half af 
the Sphere's Surface. Wherefore the whole Surface of the Cy- 
linder is equal, 1. to once the whole Surface of the Sphere. 2, 
To half that Surface; therefore the Ratio is Seguialter, that is, 
as 3 to 2. * | „ 
'THzor. 16. A Sphere being divided by a Plane, into twa Parti, 
the Surfaces thereof are one to anather as the Surfaces of theſe Circles 
evhoſe Radii are the Chords of half theſe Portions, which ſaid 
Pprtions are equal to thoſe Circles, * , | 
Ler X be a Sphere divided by the plane BC; it muſt be proved 
that the Surfaces of thoſe two Portiotis are one to another as the 
Surſaces of thoſe Circles, whoſe Radii are AB andBD the Chords of 
- half thoſe two Portions, and that they are equal thereto, 1. Hav- 
ing inſcribed the Sphere X in a Cylinder having the ſame Height, 
the Surface of the Portion ABC is equal to the circumference of 
its correſponding Part of the Cylinder, as is that of BCD to the 
other Part of the Cylinder, f the Circumferences of theſe two 
parts are one to another as'AE to ED. 5 Now the Squares of 
AB and BD are alſo as AE to ED: © Therefore the Surfaces of 
the Portions of this Sphere are one to another as thoſe two-Squares, 
or as the Circles whoſe Radii they are, | The Square of AD - 
12050 equ 
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two Circles, w aj aco A 
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the ſame Propo | 

Tuaok. 17 Fr Sur brface of is double that” 7 the 
—— of the inſeribed Cade, hen its Height equal 1094 
the Diameter of its Baſe. 

Tur Surface of the 8 here Z is le that of the Cir- 
cle, whoſe Diameter is A. The Surface Gf che Circle whoſe 
Diameter is to oy 29 of the Circles whoſe 
— ans © and Y, foot that theſe Surfaces ate as 
Squares of their Dh Sod that A EI : 
C=B : Therefore the Surface of the hole is 
A, is oqual to twice that of the Circle w 3 Dames ©: 
and co equently ſince that the Surface of A is the 7 


of the Surface of the Froere Z, that of the Circle whoſe 
meter is C is the eighth Part of that TNA 
the * 7 1 Ef F. whe Sor 8 ae 
fourth Part o in cribed 's Surface : er 

this Circumferenee is half the Jurte e of the 8 phere 2. 
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E VE ay Parallelepiptden may be conceived ee 1255 


Plane or Baſe, moving akways parallel ta' it) ; 

ROP. 2, It the Dirediien of the Flur 10 motion deſcribes g6 

the Parallelopipedon, be according to its dicular Heats it it” 
right and its Angles are right. 2 is Accbrui ng to an Ob. 
que Line, it is Oblique, und then its Angles "are" not right 


ones. © 
d ' K ; FEY 4 - p ; 'Phox. 
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Paor. 3. A Parallelopipedin may allo by conceived, az combo. 
* = able Planes all equal, and parallel to that which 


is its Baſe. 3 
8 CoroLLaty. IT is the ſame of Cylinders, and Prius. 
= PRor. 4. A Falleb ata yh oor pope 7 53g OM 
ing always Parallel to itſelf, and decreafing in proportion as it rijes. 
if the Motion be according to its perpendicular, Height, the Pyramid 
is 4 right Angled one; if it move Obliquely, it is an Dbligur 
one. 6 . 
Paor. 5. Ir may be conceived that a Pyramid is compoſed 
—_— innumerable parallel Planes, which diminiſh in Proportion ta 42 
Heigbt. 
101 Nai. 6. Two Solids having the ſame Height contain an 
_ equal number of Planes, that is, there may be conceived as many 
in one as in the other. | 
102 PRO. 7. Ir an Oblique Parallelopipedon, or Oblique Priſm, 
every Pyramid, every Cone, are conceived as compoſed of innumera- 
ble Planes, their Surfaces are even. | 
Cons1Der the Pyramid BAC. If the Planes O, O, O, O, 
O, O, which compoſe it are thick, it is evident that its Sur. 
face is not even, but by Degrees ſo much greater, as the Planes 
O are thicker; and they are ſo much leſſer, as there are more 
of them. If it is then ſuppoſed that they are infinite in Num- 
ber, they would have no thickneſs ; and then the Surface of 
BAC is without Degrees. Which is to be conceived of evety 
Parallelopipedon, Priſm, Pyramid and Cone. | 
Proy. 8. A Parallelopipedon may be conceived as deſcribed up- 
on a given Line, Similar, and in the ſame manner poſited as another 
given Parallelopipedon. Eucl. 11. Prop. 27. 
Ever tp propoſes the doing this Thing, ( which is eaſy, ) but 
it is ſufficient to conceive it as being done. 2 


103 


104 ProB. 9. Two Solids are equal, which are compoſed of an 


Number of Planes equally thick, fimilar and equal. 
Ir for 3 the two Solids X and Z were each compoſed 
of a Million of Planes equal and of an equal thickneſs, they 
are evidently equal. 1 the Word Hanke, to ſhew that in 
caſe the Planes which compoſe X aſcend and diminiſh as thoſe 
of Z arifing in like manner diminiſh, each being Similar to its 
correſponding one, that is, the hundredth Part of X being equal 
and ſimilar to the hundredth Part of Z, it muſt neceſſarily be 
that X and Z are equal. | 8 
105 Por. 10. Ir the Parallelopipeden X be divided according 
to its Diagonal AC or EG, it is divided into two equal Trian 
Prifms. Eucl. 11. Prop. 28. See P. B. Plate g. Fig. 36. 


and 37. 
Tas two Parts of X have equal Baſes, and the ſame Height : 
Therefore by the preceeding Propoſition, they are equal. Ac- 
cording 


* 


he Book V. Scr. 4s FR 
cont; the Definition "of Prifinay'®. they, ant Trizagdlar 

8 17. Ie fle hir of the oppoſite Þ Paralleleje- 
pedon are divided into two equal Parts, and that gr wy, be drawn 
thro" the Sefiens ; the Lyne 2 common Ca Hier of the Planes, and 
the Diameter .of the Para — 2 is ous 
Eucl. 33. Prop. 39. | 

Tuts is dvidea, forth Diameter is the. Raſe of a. 
cut Parallel to one of its Sides cho? the Maddie ofthe other 
which divides the Side and the Baſe equally. 

Prop. 12. Ir @ Solid: 3 prale! Plas, the: eien 
fre Planes 9 opts . Eucl. 11107 
rop. 24. (4 | 

1. Tas and BO are! Nerd as alſo AB 'and 
DC. It is the ſame of the Lines EF and HG, and of FGand 
EH. Therefore the Planes ABCD and) ESGH are . 

ams. 2. Theſe T I EIY. Similar 3 for 34 

FG is equal to ADC: t &c. 5. The Pace AB ud 
between the Parallels AE and BH are de comraare . 
Oblique or Perpendicular. Dee 
22 — 

Taz0r. 1. EVR I ae. of a Parallchpiteden, 
der, Pyramid, Cone, which is 5 is Similar 
to its Baſe, Euel. 11. Prop. 25. 

1. In the Parallelopipedon, Priſm, and C er, which re 
made by their Baſes moving always Parallel. is is evident. 2. 
Alſo in the Pyramid, Cone, which are'Solids made by the 
Motion of their Baſe, which dimiſhes Proportionably, therefore 
the parallel Planes of which either of them may be conceived 
to be made, ne 0 rr 
of theſe Planes ; con are Similar to the Baſle; 
which wwas to be n ſee P. B. 
Plate . Fig. . Which ſhews n real, Parallelopipedos, cut | 


Parallel to its 


Tugo. 2. ALL Solids of the fines! Naoki; (having the ſane 


Height, and e 2 Bajei,) are egual, whether they be right, ig 


Oblique. Euc reg. 29. 30. 31. 
Taar is, that Solid Parallclopipedous\beidg pen equal Ba- 
ſes, and of the ſame wp are E 75 one to another, 
have an equal Number 
de ax ingots | It is the ſame of 
Priſms, 22 Pyr and Cones; for each Plane of 
one is equal t % di d other a at; the 
{ame Height. 
CoRoOLLARY. Tuzarront in meaſering Solids regard i Fr - 
9 te their Height, and Baſe.. 


® Sup. n. 34» ＋ Sap. a. 34. 1 Sup. n. 2 „ 
F B. 2. 3. 110. | Sup... 101. pj 2 


Fot 


106 


11 


Pris, Gobi, 0 


fimilat and equal TY | 


— 
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Fon an Oblique Parallelop ipedon hath à greater Surface than 
a right one. Notwithſtanding if it be upon an equal Baſe, and 
of the ſame Height, it is not greater in its ſolid Content. 

111 Trror.: 3. SOL1D Parallelopipedons and Priſms having the 
Same Height, are one to another as their Ba aſes, ; and 7 they have 
the ſame Baſe, they are. as their Hei _ ucl. 11. Prop. 32," 

Let the two Solids be Z and V. 1. They have an equal 
number of Planes, Parallel and Similar to their Baſes. If their 
Baſes.are equal, then they are equal; if that of Z is double 
that of X, then all the Planes of being double thoſe of X, 2 

will be the double of X. 2. If the two Solids have equal Ba- 
ſes, they are as the Heights, for all their Planes being equal, if 
the Solid Z 1s twice as high as X, it ought to have twice as ma- 
ny Planes. If it is three times higher, it will have _ times 
as many. 

112 Txgor. 4. Two Cylinders of the; ſame Height are a. thais 
Baſes, or if they have one and the ſame Baſs, they are as their | 
Heights, Eucl. 12. Prop. 11 and 14. 

Tuts has been d rated of che Priſm, and conſequently 
of the Cylinder, which may be taken for a Priſm. | 

113 /TxzoR. Ir a Cylinder is divided by a Plant parallel to the 
Planes — te to it. Baſes, the Segments of the Cylinder are one to 
another as * Segments 4 its Axis. Eucl. 12. Prop. 13. 

Tux Planes of the Sections are equal. * therefore 211 the 
Sogments are as ſo many Cylinders whoſe Baſes are equal, and 
therefore, by the preceeding Theorem, they are one to another 
as their Heights, which are the Segmente of the Axis. 

Tuzox. 6. A Parallelopipeden is deuble a Triangular priſo of 

114% lame Hei ght, if the Baſe of the Parallelogram GREY that of | 
the triangular Priſm. Eucl. 11. Prop. 40. 

Tr1s is evident, ſeeing that the two Prims are as *. be. 
ſes. + See P. B. Plate 9. Fig. 38 and 39. 

115 Tuxok. 7. Every Pelygonal Priſm may be ert info eren. 
gular Priſins. 

Let K be a Polygonal Priſm whoſe Baſes are ABCDE 3 
GHILF: Reduce the Polygonal Baſes into Triangles. By the 
Definition of triangular Priſms, the Solids ABC G HI, ACDGIL, 
ADEGLE ore triangular Priſms : therefore the Priſm K may be 
divided into triangular Priſms. 

116 Turok. 8. A Priſm is equal to — Priſms having the 
ſame Height, if its Baſe is equal to 1175 of all the Prijms., ſt is 
the fame of Pyramids. 

Fon let there be conceived in theſe Solids Planes parallel to 
the Baſe, 1 there will be an equal number of Planes in each; 
5 the Planes in the greateſt Priſm are each equal to all the Planes 
which are in the other Pi iſms; for it is to them as its Bale is to 


„ =: oh. + 89.9. 101 1 Sup. n. 97. 
$ Sup. u. 11. | | 
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all che Baſes of thoſe Priſing.” No ou thts, cheer, 


&c. „ ramids. - 
 CoroLLaARyY 1 maler: is * triangular Priſm af - -* 
the fame Height, wv 2 — — that of the Cylinder. Y it 
A Cylinder is a Po al Priſm may 
be divided into — — . thele 5 o are equal to 
one only triangular Priſm of the ſame Height, Whoſe Baſe is e- 
qual to all thoſe of the Prifms: + Thereforz the Cylinder 
to the polygonal Priſm, is ſo likewiſe to the triangular Priſm” 
which hath the ſame Height, and whoſt Baſe is equal "thereto. . 
CoroL. 2. Tuexzronz @ Cylinder X is" equal'to Jeveral G- 18 
linders Ay B, C, Sc. tie ſame- ghr, —_ Baer ern LY 
gether are equal thereto. | 
For all theſe Cylinders are equal to ſo man tri: Pride, 
having the ſame Height e hae'to which X-io- 


pd þgeryh Ss brings a ano to ri 


Cylinders A, B, C, de; whoſe Baſ Baſes all to ry — to 
that of X wherefore X is equal to A, B. 7 

 Tnzor, 9. A triangular” Prim _— be viel jnto three. |. 
equal triangular Pyramids. Eucl. 12. 

Ler K be a iriangular Priſm — of” its thres Sided: 
draw Dia „which make fix- Triangles, * The Triangles 
BAD, BC val, f the Pyramids BADF and BDC which 
have. the fans enex, and therefore the ſame Height are e- 
qual. 5 theſe two Pyramids, being conceived as dedutted from 
the Priſm-X, there remains a third wiz. FCED, Which hath in 
— firſt Place che ſame Vertex D/ and there ſbre the ſame Height 

as the Pyramid FBC D; they have equal Baſes, viz the _ 
Triangles EHC and FCE : Therefore they are equal. 
the Pyramid F BCD is the ſame as MC, being formed by ho thn | 
Triangles : therefore the Pyramids FCED and BAD are equal, 
being ſo to a-Third ; therefore the-Priſm X may be divided into 
three equal Pyramids, which are _— BDCF, and CEDF.. 
see alſo P. B. Plate 10. Fig. 4 hes 


119 


Conor. 1. Tugxzronr oy 22 i * ad Part of the Ke 
awhole Priſm of the Jan yy: 2% ch is yy tor the ſame, or n 
qual Baſe, SS 1) 


Conor. 2. Tuns zront 70 = 4 Pyramid, the Baſe muſt 
be multiplied by one Third of its bei 
LeMMa. 4 Pripgenat Fi me be divided een 


Pyraruds. wah M! iy 
Tar: Baſe of a polygonal: Pyramid iva olygon," * 
ly it Me | be reduced into Trian Sa n which Planes 
to as _ fr T Pyrumid even 10 
* Sup. n. 115. 1 ”. bend. B. 2. 4. 
$ Sap. . 109- | 2.2. 4. 128. 
® Sup. u. 109. F 1c 
1 


in 
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its Vertex, there will be ſeyeral triangular Pyramids, which are 

the Parts of the Polygonal Pyramid. 1 
123 Taxon. 10. PxramDs eving triangular Baſes, end hich 


| 


are of the ſame He ght, are one to andthir as their Ba # i. 
LY the fame * * wy which have. fene lau. ; 12. 


Pro 

222 iple the Pyramids of the ſme Height oa Baſe. 
* But Priſms of ſame Height are one to another as their Ba- 
ſes, or thoſe of the ſame Baſe are as their Heights : + There- 
fore Pyramids which arg only the one Third thereof, are ſo lie- 


— 


vWwiſe, by the preceeding Lemma, ſeeing that polygonal — a 


wy be relaced: = es ones, BAD may ann 
other promiſcuouſiy. 


Tao. 11, Every P a Triangular Baſe may. 


"4 i; divided into two equal — agrr) Har one to another; — 


the whole Pyramid, and into tauo Prijms, which two Priſma 
r than the boY of tht bole Prramid, * wa 


en 

urox: 12: Two Pyramid of the ſome Height 

[ i 8 angular Baſes, may be divided into two other Pyramids equal one — 
g | another and Similar to the <vhole Pyramid, and inte aue 


Prim; and if the Pyramids proceeding from this Diviſion, are ton- : 


tinually divided in the ſame Manner: At the Baſe of one of the 


Prams i is te the Baſe of the other ; ſo all the Priſms which are in 
one of the Pyramids, are to all the Prijms of the ather bring equal 
in Number. Evel. 12. Prop. 4. 
| * — Demonſtrations of theſe two Propolitions are here omitt- 
ed, as being difficult to conceive by the bare 
thereof. upon a Plane; I therefote refer. the Reader 6 F. K 
Plate 10. Fig, 40. . — 
5 ed, according to the preceedin ere ee 
ther may be eaſily compre 
426 TuIdx. 13, Every 


L an equal Baſe. 

1 Fon beer 
a angles, the yramid wi into Pyra- 
| | ang N el of theſe triangular Pyramids, is the Part of 
| dach of the triangular Priſms ; 1 the whole polygonal is 
| therefore the third Part of the Tubole lygonal Priſm. 
| 4 PROBLEM. * To fh the Solidi Tus Fru fun of a. F 3 
| whoſe Baſes are 5 let that 2 Ba be for Example 
1 36, the tep One 9, the Nnber 18 5: meas Proprtional nee 
; ruſe Two Nambers. ' 

Rur z. Theſe two Numbers added into one Sum, and that 
Sum multiplied by 2, which I ſappoſe to be the one Third of 
the Fruſtam's Height, the Product 126 is the Frutum' * 

Q 

Sup. u. 120. + Sup. 1. 111. 1 Sap. n. 120. 1 


| | is the third Part of 
} | (he whole e if the fame gie ene 4s ee the jame of 


% 


aac from each part, ther : 

be Gogh RL is ſo. 5. — 4 multi o—b, and b 

9 . ab++bb::a-b. 3. therefore » ab+bb:: 

e, &: theo muiphying the Extrames and the Means, thers 
which remained to be proved. The 

— gram: ds Ig. tp foams Ts 

Pyramid, is exhibited in P. B. Plate 7. 

Tazot. 14. A Cone is the Third of @ « Exinds of the fas, 

Height their Baſes being equal, Eel. 12. 

Cone is a of infinite Sides : Now a Pyramid is the 
third Part of a Priſm of the fame Height, having an equal Baſe : 
alſo the third Part of a Cylinder of the 

bt, and upon the fame of an equal Baſe, ſeeing chat 
a Cylinder is a Priſm having an infinite number of Sides. 


1 
THE 
10 


CoRoLLarY 1. A Cone it to all thoſe Cones which have 129 
he ſame Height, and. whoſe Baſer all taken together are rqual to 
the Baſe thereof. E 


Conzs are Pyramids of an infinite number of Sides, which 
conſtitute the third Part of che . be, den pere berry this 
Pro is the ſame as that 4 

ono. 2. TWO Cones of the fame nl 
and if they have the alu Fab, they area: their Heights, whic which130 


is evident, 9 11 and 14. 

— Sen 7 and . are in a 
— is tri e. ad, 
Tui 


reuniet_ of that of tHe the bows, + Which being 
ſimilar, the Ratio is triple. 

Turok. 16. Stur hdr av one to another in Ratio 
9 r Eucl. 12.132 
Prop. 2 . : 


* naar HE 4s For 
. 3. 3. 51 1. 3. . 53. 1 „„ 56. 

J Sup mn. 120. | Sup. 8. 116. | 
r Sup. 8. 110, . 3. 8. 78. 14 n 
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Fox Cylinders being as Priſms having Baſes of an in6uite-” 
Number of Sides, they are one to another as theſe riſes, by 

9 eceeding Theorem. | 

HEOREM 17. SIMILAR. Prentice: are „ Ratio: compounded. 
To the Ratio's of their three Dimenſions, and that Ratiq is n - 
Eucl. 12. Prop. 8. 

Tx1s is evident, for they are the third Part of the Priſmt 
which are upon their Baſes, and which have the ſame Reer 
and therefore in the ſame Ratio. . 

Tuxox. 18. Sim1LAr Cones are one ie another in Ratio conr- 

10 4 paunded of the Ratio's of their Dimenſions, and that Ratio is triple. 
Eocl. 12. Prop. 12, | 

Tuis is a Conſequence which naturally, follows, from the Si- 
milarity which is between the Cone and a Pyramid, whoſe Rals,; 
5 an infinite Number of Sides. 

TuxokR. 1 SIMILAR Cylinders | are one to anther 4 ble. 
3 Cabe of the — of their Baſes. | 

Tux are in Ratio triple that of each of their Dimenſions, and. 
conſequently of the Ratio of the Diameter of their Baſes. 

Now the Cubes of their Diameters are in Ratio triple that of. 
the ſame Diameters. + therefore ſeeing that Ratio's compound - 
ed of equal Ratio's are equal, ſimilar Cylinders are one to ano- 
ther as the Cubes of the Diameters of their Baſes. It is the 
ſame of ſimilar Cones, which is demonſtrable in the lame: 
manner. 

136 Tuzox. 20. Eva Parallelopipeduns hawe their Heights and 
Baſes reciprocal ; and if they are reciprocal, the two. Solids wh 
equal. * Eucl. 11. Prop. 34. | 

LET. X and Z be two equal Parallelopipedans,-: A the 
Height of X, and B that of Z, let the Content of the Baſe of. 
pas and N that of the Baſe of Z. According te what is 

ſuppoſed, AXM=BXN : then A. B:: N. M; 1 wherefore 
a four Quantities A, B, N, M are reciprocal. $ Now Biff 
theſs four Quantities are- nome, that is, If A, M, B, N. 
BN. ſo ranged that A. B::N. M, then wall AXM= 

: DX 

Tuxox. 21. Two Cylinders being == (It is ; the ſame of 

27 Pyramids and Cones, ) their Heights and Baſes are reciprocal; and 
5 they are reciprocal, the two Cylinders are *. Eucl. 12. 

ro and 15 

. 2 of the preceeding Theorem will. ſerve. : 
fo; this; by only Nera. X and Z to be two Cylinders. 
„ Turok. 22. Ir . Lines A, B, C, are proportional, 
135% Solid Parallelopipedon 28 compoſed of theſe three Li nes, is 
gual to the Parallelopipedin BBB made of the mean Term B, pro- 
wided that theſe + Solids are E quiangular. Eucl. 11. Prop. 36. _ 


"—_— 120. +B. La BK 1 B. z. n. „ 
{ B. x. 3. 61. B. z. 1. 56. | 


* 


K — 
* 


Book V. Scr. 4. = 
A. B. C. then AC=BB.t'then' AC and BB multiplied by B, 
te Product ACB is alſo equal to the Product BBB. 5 Now ACB 
is the Parille lopipedon made of the three Lines A, B, C, equal 
therefore to BBB which is made of the mean Line 8. 


lar Solids conſtructed upon theſe Lines art proportional ; and if they 
are in Propertion, the four Lines are proportional. Eucl. 18. 
Propoihy.0t3 = nth ae 165 6 a 97 
Tx1s has been * — rohr 
Turo. 24. A Sphere is 'equal to a Cone, or you 
whoſe Axis is the Radius of that Sphere, and its Baſe a Circle, 
whoſe Radius is the Diameter of that ſame Sphere. | 


1. By conceiving infinite Cones or polygonal Pyramids, whoſe 


Verticez are in the Center of the Sphere, and the Baſes in the 
Surface of the ſame Sphere ; it is evident that it may be faid, 
that the Solidity of that Sphere is equal to all thoſe Cones or 


| polygonal Pyramids, ſeeing tis allowed, that the whole is equad- 


to all its Parts taken together. 2. All theſe Cones are «- to 
a Cone having the ſame Height, (wiz. the radius of that Sphere,) 
and for its Baſe the Surface of that Sphere, (which is equal 10 
the Baſes of theſe Cones.)* Now the Surface of that Sphere is 
equal to that of a Circle, whoſe radius is the diameter of that 


Sphere: + the Solidity is therefore equal to that of a Cone whoſe 
Baſe, c. Suppoſe the ratio of the diameter of a Circle to its 141 


Circumference be as 7 to 22, it may be ſaid that the Solidity of 
the Sphere is to the Cube of its diameter as 11 to 21: for. let »: 


Turo. 23. 4, B, C, D, abe four proportional Lines. The femi- 159 


\ 


Pyramid, 140 | 


be the Circumference of the Circle, and » the diameter. 1. n. 


unn. m. u. 1 Now mis to as 22 to 7, or 66 to 21. therefore 


the ſixth Part of mn, which is the Solidity of the Sphere, (as is 
eaſily perceived from what has been heretofore demonſtrated,) 


js to nnn the Cube of its Diameter, as the ſixth Part of 66, that 


is, as 11 is to 21 ; which was to be 


THEOREM 25. Tas ratio of the Cylinger * to its incribed Sphere {2 


£L, is ſeſquialter. to 1 4 2 

Ler 5 and C be two Cones whoſe Axis is the radius of the 
Sphere Z, and that the radius of the Baſe of B he that of the 
Sphere Z, and the radius of the Baſe of C be the Axis or dia. 
meter of the Sphere X, then theſe two Cones B and C are one 
to another as their Baſes. F Now that of C is quadruple that 
of B. therefore the Cone C is quadruple the Cone B; hence 
B. C-: 1. 4. the leſſer Cone B is the fixth Part of the Cylinder 
X, whoſe Baſe is the greateſt Circle of the Sphere Z, and its 
Axis the diameter thereof; for the Cone Þ is the third Part of a 
Cylinder, having the ſame Baſe and Axis ; || conſequently it is 
the ſixth Part of a Cylinder having twice that | 
lame Baſe ; hence X. B:: 6.1, The Cone C js equal to the 


|| 8 
1 1 B. 3. a. 37. $ B. 3.n. 54. CB. z. n, "aid 
Sup, n. 129. t Sup. n. 91, 1 B. 3.27. $4 


y Sup. a. 130. | Sup. u. 128. 


\ 


Axis, and the 
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Sphere Z, ¶ it has been that B. C:: 1. 43 hence B. Z:: 
1. 4: therefore ſeein the Cylinder X contains fix ſuch 
Parts, as the Sphere X contains four, X. Zz: 6. 4 ; which is a 
ſeſquialter Ratio, & & 75 2 
143 Turoazu 26, SpurrEs are one to another as the Cubes of their 
——_— er in Ratio triple that of their Diameters, 12. 
| rop. 18. : 6 b a | 
Seuzkxs are in a Ratio compounded of the Ratio's of their 
three Dimenſions ; all the Parts of Spheres are ſimilar ; therefore 
there three Dimenſions have the ſame Ratio; therefore the Ratio 
which they compoſe is triple that of each of the Ratio's of 
their Dimenſions; for example, of that of their Diameters. 
Now the Cubes of the Diameters are in triple Ratio of that of 
theſe Diameters : Spheres are then one to another as the Cubes 
of their Diameters, - 


—_— 


. SE CT v. . 
or the Method of inſeribing or circumſcribing a Sphere 
vVvith the five regular Bodies. 


ADVERTISEMENT. 


144” FT HE true Forms of thoſe. Bodies are ſhewn in P. B. 
| Plate I. Fig. 1, 3, 4» 5, 6. 33 
15. 1 Evzxx Sefion of a Sphere by a Plane, is 4 
rele. | 
X is the Section of a Sphere whoſe Center is A; it muſt 
be proved that this Section is a Circle: to do, which let us 
conceive, 1. That a Perpendicular. AB is let fall from A the 
Center of the Sphere upon the Plane of this Section, which 1 
call X. 2. That Lines, ſuch as AC, be drawn from the ſame 
Center A to all the extreme Parts of X: theſe Lines (which 
are all Radii of the” Sphere,) are equal, they are Oblique, * 
reaſon there can be drawn but one Perpendicular from A to 
Now oblique Lines which are equal have their Bottoms 2 
diſtant from the Perpendicular,“ therefore all the Lines drawn 
from the Extremities of X to the Point B are equal, and the 
Extremities are conſequently in the Circumference of a Cirele; 
therefore X is a Circle, according to the Definicion thereof.+ 
146 PROBLEM 1. Ta inſcribe a regular Polygon having even an Num- 
ber of Sides, in the greateſt of two unequal concentric Circles, fo 
that the Polygon may not touch the leſſer Circie, Eucl. 12. 


Prop. 16. 
8 | Proe, 


CT Sep. n. 140. 0 B. ho'®. 61. +. B. 1. 3. 20. 
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Pros. 2. To inſcribe in the great of tao 15 N Spberer 47 
Javing one and the ſame Center, a Polzedron wwhoje Planes taucb. 
not the Surface of the leſſer Sphere. Eucl. 12. Prop. 7. 
Tursz two Problems appear to me as unneceſſary, th 
"= them. Tf, . Ses FAG, i 151 1 by 
EMMA. I. Ir aa, the C 73 trip. „ thews 
Square of CD a mean proportional between 45 nd 4D, 1 * 
that DB is. the third Part of the diameter . . 
LeT AD be called c, 1. a cc, and becauſe that 
the Suppoſition 36b=aa : then 36b==bb-cc: taking away bb 
from each fide, it will be 2&þ==cc. 2. = AD. CD. BD. or 
r. b. BD by the Hypotheſis: then cc or 256. bbs AD. DB. 
therefore AD is double BD, and conſequently DB is the third 


N 


* 


AB; which wwas to be proved. 46 * 1 

THeor. 2. Tux Square of one of the Sides of a Tetraedron, er 149 
Eguilateral Pyramid, is equal to fix Times the Square of the third 
Part of the diameter of its circumſcribing Sphere. ls 
Tus Tetraedron or Equilateral Pyramid, is compoſed of four 
equal and Equilateral Triangles. Let us imagine a Tetraedron to 
be inſcribed 1n the Sphere X, one of whoſe Sides is AC, or a, 
and that CD is the Radius of the Circle in which one of the 


Equilateral Triangles which compoſe the Solid is inſcribed :: Ac 


— 2 | 

=3 CD, or ga=366 ; conſequenth) DB is the third Part of 

Ib the — of the Sphere X, by the preceding Lemma 

Then let BD=c, and conſequently AB=3c, Since that ++ ze. 

4. 2c: then 6cc=aa;| QE. DP. x 
CoroLt. Tue Square of the diameter of a Sphere, is in ſeſqui- 150 

alter ratio to the Square of one of the Sides of its inſcribed Tetrae- 

dron. Euel. 13. Prop* 13. 3 


Ir has been proved $a aa, the Square of the Tetraedron's 
Side, is equal to fix Times the Square, of c, the third, Part of 
the diameter of the Sphere. Now the Square of ze, the dia- 
meter of the Sphere is gcc ; therefore the ratio, of the fide of 
the Tetrac cron to that of the diameter of the Sphere is as Gcc to 
gcc, or 6 to 9, which is a ſeſquialteral Ratio. OY "OTE 

Tutor. 3. Tux fide of the Tetraedron is ingommenſirable in its 151 
ſelf, and commenſurable in Power, with the diameter of its circum- 
ſcribing Sphere, ; F 

Lr AC or 4, be the ſide of the Tetraedron 28 above, and AB 
or ze the diameter of the Sphere, by what has been demon- 
ſtrated in the preceeding Theorem, DB is equal to c, and AD 
2c ; hence == ac. a. 20. therefore gcc. aa:: 3c, 26.* Now 3 and 
2 are not ſquare Numbers; therefore ais incommenſurable in its- 
ſelf with ze, and W in Power. In the preceed- 

in 


153 


170 Elements of Geometry. 
ing Theorem, we proved that aa is to the Square of the Sphere's 
Diameter as 6 to 9. | | 

152 ProB. 3. To inſcribe a Tetraedron in a Sphere, or to find a 
Circle fuffcient to contain one of the Sides of the Tetraedron. 
Eucl. 13. 13. | 
Fa Dr Ab the diameter of the Sphere into three equal 
. Parts, ſo that DB be double AD, and upon D erect the Perpen- 

dicular DC, which is the Radius of a Circle, in which an Baal. 

lateral Triangle being made whoſe fide is BC, you will have one 
of the Sides of a Tetraedron, as is evident.“ 


Tutor. 4. Tu Square of the diameter of a Sphere is triple the 
Square of each fide of its be Cube, or Hexaedron. Eucl. 13. 
Prop. 15. K 


i — 
us Cube or Hexaedron X is inſcribed in a Sphere. Let the 
diagonal ABM, which is the diameter of the Sphere, let the 
diagonal of one of the Sides of the Cube be BD. I call . all 


the Sides of the Cube, which are all equal. AB=ZBD+AD, 


: c—_ "ey o$ : { 

or mm -L. ſo likewiſe BD=BC+CD, or z»++25:. then 
CI in the room of n it equal 257, it will be u.. 
154 PRroOB. Tur diameter of a Sphere being gi ven, to find the file 
of the Cube or Hexaedron which may be inſcribed therein, or to 
find a Circle which may contain one of the Sides of the Cube. 
Eucl. 13. Prop. 15. . 

Lear AB be the diameter of a Sphere in which muſt be in- 
ſcribed a Cube, divide it into three ſuch Parts, that BD be double 
of AD: upon D raiſe the Perpendicular CD, and from C draw 
a Line to A, which is the ſide of the Cube required. For let 
BA=3c, and CA=4: then = ze. d. c. J then 3:c=a2. || the 
Square of AB or ze is gee ; therefore the Square of AB is triple 
that of 4, which is only gcc. Wherefore AC is the ſide of the 
Cube required, by the preceeding Theorem. Then if you would 
have a Circle capable of containing one of the Sides of the 
Cube, there muſt be a Square deſcribed one of whoſe Sides is AC, 
and > circumſcribing Circle will be that which was re- 
quired, _. | | 
ee Tugox. 5. THe fide Fa Cube is incommenſurable in itſelf, 
IT . commenſurable in Power, with the diameter of a Sphere, — 
Figure, | oy 

| A0 . the ſide of the Cube, $1 a mean proportional between 
the whole diameter AB or ze, and its third Part c; hence ſince 
that = 3c. d. c; then 3c. c:: 3. 1. the two Numbers 3 and 1 
are not ſquare Numbers, therefore AC is in itſelf incommenſura- 
ble with AB; but commenſurable in Power, by reaſon its ſquare 
is the third Part of AB. N "IR 
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Turok. 6. Tus fquare of each fide of an Octoedron ir half that 156 
ef the diameter of its circumſcribing Sphere. Eucl, 13. Prop. 14. 

An OXcedron is compoſed of eight equal Equilateral Tri- 
angles, whoſe Sides are Chords of a Quadrant of a Circle or 
ninety No it is evident, that the Square of the 
Chord of ninety Degrees is half that of the Diameter: for two . 
Chords of ninety Degrees make a right Angle, whoſe Baſe is the 
diameter of the Circle ; therefore the Square of theſe two Chords 
is equal to that of the Diameter, which'is conſequently double 
that of each of the two Chords. ; 

Tuzoxk. 7. Tus ſame Circle will contain the Square which is one 157 
of the Sides of a Cube, and the Triangle which is one of the Sides of - 
an Octoedron, they being both inſcribed in the ſame Sphere. E 


14. Prop. 8. | | | 
Fa the Square BCDE be the ſide of a Cube, inſcribed in a =, | 
the ſide of an OZcedron inſcribed in a Ciccle is the Triangle FGH. 
It muſt be demonſtrated that if theſe ewo Solids are inſcribed in one 
and the ſame Sphere, theſe two Circles are equal, Let @ be the 
diameter of the Sphere, ö the ſide of the Square which is one 
of the Sides of the Cube, and c the fide of the Triangle which 
is one of the Sides of the OZoedron, Let the Radius of that 
Circle which comprehends the fide of the Cube be called , and 
that of the Circle which contains the fide of the Ofoedron be &. 
It muſt be proved that y=x. 1. If 55 is conceived to be the 
Square of the Cube inſcribed in the Circle whoſe Radius is , it 
is evident that 2zyy=66.* and fince that 36 π＋ꝰœM : + then aa 
(yy. 2. 3xx=cc.} Now 2cc=aa : || then 6xx=aa. hence ſince 
— pa then 6yz=6xx ; therefore y=x ; which qu 10 
oed. * N 
HEOR. 8. Tus fide of an Octoedron is incommenſurable in it- 158 
ſelf, and commenſurable in Power with the diameter of its circum- 
ſcribing Sphere. 
Tus Square of each fide of the O&ced-on is to that of the 
jameter of the Sphere, as 1 to 2. Now 1 and 2 are not ſquare 
ambers ; therefore the fide is incommenſurable in itſelf, with 
the diameter of the Sphere,“ and commenſurable in Power, by 
reaſon its Square is half that of the Sphere. + 
Pror. 5. To find the fide of an Octoedron, and @ Circle cap- 59 
able of containing one of the Sides thereof. n 
Find by the fourth Problem a Circle that will comprehend 
one of the Sides of a Cube, that Circle by the ſeventh Theorem, 
is ſufficient to contain one of the Sides of the OXocedron, there is 
then nothing required to be done, but to inſcribe an Equilateral 
Triangle in that Circle : the fide of that Triangle is the fide of 
the Ovoedron required. 3 
Turok. 9. Diaconals or Chord: being drawn upon the tauelve 160 
Pentagens which compoſe the W thoſe Diagonals which 
2 | 


Join 
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ein together form fix Squares which are t Sides of a Cube e 
e e 15 the ſame Sphere 4 the Dodecaedron. 
Lær there be four — of a Dodecaedron, K, X. 
Z, V, (in reading this keep in hand a Dodecaedron) upon each of 
theſe Sides conceive Diagonals, one from A to B, from B ta C, 
from C to D, and from D to A, ſo upon all the other Sides; it 
muſt be proved, 1. That theſe four Diagonals make a+ Square, 
viz. ABCD. 2. That the other Diagonals with theſe, form ſix 
Squares equal to ABCD, which compeſe a Cube inſcribed in the 
ſame Sphere as the Dodecaedron; therefore each fide of the Cale 
is equal to gach diagonal of the Pentagons. 1. All theſe Diago- 

nals ſubtending equal Angles, are equal. 2. Let us conceive . 
Lines to be drawn from the four Points A. B. C. D. which are 
upon the Sphere in which the Dodecaedron is inſcribed to the Center 
of the Sphere, they wili make a quadrilateral Pyramid, whoſe 
Baſe is the plane Which divides the Sphere and paſſeth thro! theſe 
four Points. 3. The Section of the Sphere by the Plane ABCD 
is a Circle.* Now there caa, be no Figure of four equal Sides 
inſcribed in a Circle, except the Square; for the four —— are 
equal to four right ones: f and by reaſon that they ſtand upon 
equal Arcs, they are equal: therefore the Figure ABCD, which 
hath equal Sides, and which is inſcribed in a Circle, is a Square. 
4. Every Pentagon may be reduced into three Triangles ; where- 
fore the Surface of a Dedecaedren, conſiſting of twelve Pentagons, 
is reducib'e into thirty - ſix T'riangles. Now every Square equal to 
ABCD ſubtends fix, as appears in the Figure; — the thirty- 
fix Triangles are ſubtended by ouly ſix equal Squares, which com- 
poſe & Cube inſcribed ia the tame Sphere; and therefore it may 
be truly ſaid that the diagonal of a Pentagon, i is one of the 
Sides of a Dodecaedron i»/cribed in a Sphere, is equal to a fide of 
a Cube inſcribed in the ſame Sphere. 

(61 PrOB. 6. To find the fide of a Dodecaedron, aud a Circle ſiſ- 
ficient ts contain ane of the Sides therecf. Eucl. 13. Prop. 17. 

Ix the firſt Place find the fide of a Cube inſcribed in the pro- 
poſed Sphere: this ſide is equal to the diagonal of each pentago- 
nal Face of the Dadecaedron: 4 divide this Fae into mean and ex- 
treme Ratio: its greater Part is the ſide of the Dodecaedran pro- 
poſed || Jo find the Circle ſufficient to contain one of the Sides 
of the Dedecaedron, deſcribe a Pentagon as has been taught, (| 
then circumſcribe it with a Circle, and it will be that which was 
required, | : 

1G, * Taos. 10. Tur fd: if a Dodecaedron is incommenfurable 
" ewith the diameter of the Sphere, both in itſelf and in the ſecond 
Power. Eucl. 13. Prop. 17. | 
1. Lr the diameter of the Sphere be 6, that of the ſide of 
the Cube inſcribed in the Sphere be c+4, divided into mean and 
extreme Ratio, whoſe greater Part c is the fide of the wu, 
| catdron. 
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* *- 2, 4 is incommenſurable, with c+&@ both in itſelf 


and in Power. + 1228 is commenſurable with 6 in the ſe⸗ 


cond Power, is, ccd. is commenſurable with 


bb. cc is wed incommenſurable with 33; for if it, were com- 


menſurable with 55, it would be ſo with the Square of c-þ&, 4 


which bb is commenſurable to, ſeeing it is the Triple of the - 


Square, ¶ conſequently cc mncommeaſ! 
is alſo incommenſurable in jtſelf with 


e in power with 66, 


Lemma 2. MN is the Diameter of a Cirdlt, in which the two 163 
Chords AB and CE aubich interſe MN at right Angles, are Pa- 


rallel one to another, and the Diſtance of FG equal to the hal, 
each: Iſay that MF is the Side of a Decagon inſcribed in a Gl, 
whoſe Radius is FA. 

SurPos1hnG MF or GN =x, and AF=z+s: if 
MF or x is the Side of a Decagon whoſe Radius is A F 
or z+x; then having divided AF into mean and extreme Ratio, 
x is the mean Part, I and conſequently + Tx. x, x; there- 
fore if we demonſtrate that ++ ,x. x, z we ſhall do what is pro- 
poo 2 AF=z-þx ; then AB=2z+2x, and BC= 

he Square of AB, which i is 4zz+82zx-+4xx, with that of C, 
which is zz-+22zz-xx are equal to that of AC or MN. + 
Now by the Hypotheſis MN==3x+z; for MF and GN are 
each «8 to x, and FG g EA: The Square, I fay of 3x+: 
is gæxTLGα x: then Err the Squares of AB and BC both 
into one Sum, gxx+0xz 2 * qa taking a- 
way 5gxx+6xz 2 from each par remain 4xx= 
4zz+4xx, divi both by 4, it N wil be * ;; then 
reſolving this — oe into a Proportion 4 it will be 4+ Kr. 
x. , ſeeing that the Product of the Extremes x-Tr and =, 
which is 5 is equal to xx'the Square of the mean 
Term x3 

LemMa. Sn Tur Line AM 5s the Side 4 a Pentagon inſcrib- 


el in a Circle, aubeſe Radius is AF. ( ſame fig.) 164 


MF is the Side of a Decagon inſcribed in a Circle, whoſe 
Radius is AF, 5 the Square of AF together with that of MF 
is equal to that of AM ; therefore AM is. the Side of a Pen- 
tagon. 

2 4. Tur Square of AF, or BF, or GE, or cc. which 
arb equal Lines, is the fifth Part of that of the Diameter AC, or * 
MN. { ſame fig. ) 

Ler AP then ABgzb, and BCB, the Square of AB 


is 466, and that of BC is 36. Now both the $ Squares which . 


make 546, are equal to that of AC or of MN: *therefore it 
is equal to five times that of AF. „ - 222d 
Lemma 
. 4,n. 153. FB. 4. . 140. t Sup. n. 155. 
FB. 4. . 113. || Sup. . 153. 
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Lana 5. To find a Line whoſe Squate is the fifth Part of 
that of MN, the Diameter of the given Cirile X. 47% tis. HG 
AM is the fifth Part of the Square of MN, the Square of 


PaoBLEM 7. MN the Diameter 3 gow being given, to 

rop. 10. th 

1. -Havinc found the Length of Ab. ( fee the Figure Lem 
ma the zd. Number 163, ) and having divided it equally in two: 
From the Center make DF and DG equal to the Halt thereof, 

ſo that FG=AF; then draw AB. and CE, interſecting MN at 
right Angles. 2. Taking AB and CE for Diameters, deſcribe 
two Circles which I call Z and V, which are Parallel, ( /ee the 


following Figure, being upon Planes ſuppoſed to be Parallel. 


3. In each of theſe two Circles inſcribe a Pentagon, and from 
each of its Angles draw right Lines to'M and to N the Ends of the 
Diameter of the Sphere; which make five Triangles, whole 
Sides are each equal to the Side of the Pentagon inſcribed in - 
theſe two Circles, by Lemma the Third; hence all the Sides of 
theſe Triangles being equal to the Sides of Pentagons, they form 
two ſolid Angles upon the Circles Z and X, each conſiſting of 
five Equilateral Triangles, whoſe Vertices are at the Extremes 
of M and N of the Diameter of the Sphere, and therefore here is 
found ten Sides of the Iceſacaron. Neither the Sides, nor ſolid Angle 
whoſe Vertex is N. are marked with Letters for fear of render- 
ing the Figure confuſed, they muſt therefore be conceived by 
the Imagination. 4. Alſo in the ſame Circles Z and X, inſcribe 
a Decagon, whoſe coreſponding Angles in X and Z join by the 
Lines BE, PK, IH, DG, FL, &c. which by the Hypotheſis 
are all equal to the Radii of Z and Xx. 5. Draw the Dia- 
gonals BK, KI, IG, GF, &c. The Square BP, the Side of 


the Decagon, and that of PK, which is equal to the Radius of 


Z and X, are together equal to that of BK; 5 therefore 
BK. is the Side of a Pentagon inſcribed in X and Z. I The 
ſame Thing is demonſtrable of Kl, of IG, of Gy, &c. The 
Triangles BKI, KIG, ICF, &e. have for their Baſes the Sides 
of the {aid Pentagon; they are therefore Equilateral one to a- 
nother, and to the Ten which compoſe the two ſolid Angles, 
(which we treated of above.) conſequently there are between Z 
and X ten of thele Triangles, five of which have their Baſes - 
upon Z, and the other Five upon X, Which with the Ten al. 
ready found make the Iwenty equal and equilateral Triangles 
which ought to conſtitute the Jco/aedron; arbich awas to be 
done. | | : 
| Corollary 
+ B. 4. . 63. x Sup. 1. 165. B. 4. n. 28. 
B. 4. 2. 164. | ; 


ConroLLaxy 1. Tus Square of the Diameter of the Sphers 5: 108 
e eee 
the Baſe of a ſolid Angle 8 Lateral ones : A. has 


re, ® 


been demonſtrated in the Theorem, 
Conor. 2. Tus Diameter MN is n | 

the Hexagon, or Radii of the Circles E and X, and of baue Sides of 

the Decagan inſcribed in theſe Circles. Ar has been demonſfirated 

both in ths Thewem ani! beftre. + ** | 
Conor. 3. Tus Sides of the Triangles of the Icoſacdron 

equal to the Sides of the Pentagons inſtribed in Z or A. jou 
Tutor. 11. Tux Sides of the Icoſaedron are i 


le, beek is themſelves and in Power, <with the Diameter of its cive 1? 
uvare of the Radius of the Circles which are deſcribed 


cumſcribing Sphere. Eucl. 13. Prop. 16. 
Fin Ses. 3 p 


in order to make the Jco/aedron, is the fifth part of that of the 
Diameter of the Sphere. 1 Let the Square be 55, therefore 
that of the Diameter of the 8 is 566. Theſe two Squares 
are then commenſurable, they being as 1 to 5. Let x be the Side 
of the Triangles which conſtitute the /co/acaron, which x is one of 
the Sides of the Pentagon inſcribed in a Circle whoſe Radius is 
b, F wherefore bb and xx the Squares of the Side of the Penta + 
gon whoſe Radius is 5, are incommenſurable, as well as their 
roots x and 6. || and ſince that 54 the Square of the Radius is 
commenſurable with the Square of the Diameter of the Sphere, 
then xx is incommenſurable with the Square of the Diameter ; 


for if it were commenſurable thereto, it would be ſo with that 


of b; and if xx and the Square of the Diameter are incommen- 
ſurable, x and the Diameter are ſo likewiſe, ſeeing the Ratios of 
Squares are duple that of their Roots, and that therefore if the 
Duples are Surds, then the compounding Parts are ſo likewiſe : 
For the Product of two numbers is a Number. a 
Tazor. 12. Tur ſame Circle comprehend: the Pentagon which 
is one of the Sides of the Dodecaedron, and the equilateral Tri- 
angle which is one of the Sides of the Icoſaedron. Eucl, 14. 


Prop. 3. | | 
* Ks Z are two Circles, in which ſuppoſe the Pentagon 
of X to be one of the Sides of a Dodecaedron, and the equilate- 
ral Triangle of Z one of the Faces of an Aaſacdron, * theſe 
two Bodies inſcribed in one and the ſame Sphere whoſe Diame- 
ter is a. It mult be proved that , the Radius of X, is equal 
to n the Radius of Z. Deſcribe the Pentagon Y having each 
Side equal to the Side of the Equilateral Triangle of the Jcoſae- 
dun. The Pentagon is therefore the Baſe of five of the Tnan- 
les of the Leſacchon. + Divide DF the Radius of V, at = 
Paint G into mean and extreme Ratio, The greater Part 

rs the Side of the Decagon. 1 Let BC be likewiſe divided igto 
| | mean 
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mean extreme Ratio at the Point K, the greater Part BK Is e- 
qual to the Side of the N — Therefore BC. Pp: BK. 


oy + hence BC. DF::BK. DG. 1 And . 5DF::3BK. 


DG. d Now BC is equal to the Side of the. Hexardres,: | three 
— of which are equal to aa, (the Square of the Diameter of 
iti e d Sphere. * And 5 is alſo equal: to a 


Then C Db. Hence there e having been an Equality in 
a the above Proportion, beraoen 3B and r. There is ; Mp 
— 9 between 3BK a _ -5DG: Then ſecing — FE= 
DF4DG ; q then FE= --DF4-5DG : 2 = 5FR=3BC 
Lx For it has been ſhewn that 3DC=5DF, and 3BK= 


SFF For 
FE is ſuppoſed equal to the Side of the 17 — 


— Radius is u, and conſequently ſince 1 gmm=3ÞC+ R= : 


gFE=1 cov. Therefore 1 5mm=15mm, or mm=an, and con e- 
quently n; which was to be proved. 

PrxoB. 8. Tux Diameter of a Sphere being given, to fond the 

173 Sides £ the ſeve regular Bodies which are inferibed therein. 
Eucl. Prop. 18. 

Nerger as been taught, concerning the Finding of the Pro- 
portion of each Side of theſe regular Bodies to the Diameter of 
their = mrs Sphere. 

Turok. 1 HE Ouperficies of 4 Dodecaedron is equal ts 

22 times t the Rectangle comprebended under one of the Sides of the 
Pentagon, which is one of its Faces, and the Apotome of” that Pen- 
tagen; and that of the Icoſaedron, is equal to thirty times the 
row. comprehended under one of the Sides of the equilateral 
7. mg which is one of its Faces, and the Apotome of that Tri- 
an Eucl. 14. Prop. 

e drawn Lines from the Center of the Pentagon and 
from that of the equilateral Triangle to their angular Points, X 
will be thereby divided into five Triangles, and Z into three; 
hence the twelve Faces of the Doaecaedron into ſixty Trian pa 
as likewiſe the twenty Faces of the Jco/aedron into ſixty. 
each of theſe T1iangles, as ABC. is equal to the Rectangle of 
AD its Apotome, and of BD the Half of BC, as 2 all 


®B.4 2.153. a n, 7 t B. z. 2. $4. 


e Ot 5. 4 7 
H: 


GEII to th thy ReBangls, Gp te Half of 
Therefore, t. K 


CorOLLlany. Tassen 728 the Denen 4 $ 
to that of the Icoſacdrag, as 5 
Lama 6. Tar potome N the Half 176 


of a Line epral to the Side of the: 2 He 


feribed in the ſame: Ges 'Euch;;4 p. 1. 
BC is the Side-gf 10 1 „the Side of 
. ef de e t AC the Ra- 


—— e het. of 4 2 

te 1 2e A 

— —.— ak is po TIT Ae 74 
qual to EF ; and therefore 


tome of the Pentagon. It m 

e ICAL 15 ar“ of the. Circle, the An- 
1. FC oo en the 

gle FAC is 36 Degrees; and fince the Arc CD contains four 


times 36 2 the Angle CFD. is: ,of 22 Degrees, che 
\ Tn, — 80 Hees ; 


therefore to GA — » AG=GC=FC: ROY 
fore AGSFC, Hence AG+GE=FC+þFE,;-or lll 
Therefore © AE+BF4-EC: is the Double of AE: Then AE is 
Half of AE+EF, „ -the Radius A F+FC; and conle- 
quently half the side of the Hoxagen, | : and FC the -Sule 
of the Decagon. 

Lemma, 7 FBC it un eg Triangle 41 4 Perhmli- 17 
cular aubich Tikes BC; 1 240 DE ETF. 

BF is the Side of an , therefore equal to che Radlus 


BD; therefdre DE EF. | 
THzos. 14. Tux Su A of a Dolecicdrih'ss to that . 


Icoſaedron, es. the Lid / ue Cube it de rhe Side, of the Icoſae - 178 


_ beth Peing inſcribed in one and lle Jens Sphere. . uel. 14. 
rop. 5. 
AD 7 the Side of the Triangle which is one of the Sides or 
Faces of the Ice nedrim, and BD is the Side of one of the _— 
of a Dodecaadr inſcribed: in the ſame Circle, * EF N 
2 AD. as EC doth BD; 77 1 kt 4 = 
therefore C is the Chord of t Peel in the Side 
a Cube inſcribible i in the ſame Sphere. 1 C4CD 
+ Now EG is the Half of Be D. -and EF the Half of 
EC, || as is alſo EG=EF the of CD: For 2EG=EC 


4 a +C 

„. 2.0.1 | +8. 1. v. 88. A . 1B. 2. 1. 59. 
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178 Elements of Godirry. | 
cb, and 2EF=PC : 4, thin EO ZRT HCD. Taking 
away 2EF from each ſide, # hecomey'2EG—2EF=CD; then 
EG—EF is the half of "has" been'ſhewn that = EC 
CD. EC. CD: Then their alves are in the ſame Ratio; 
therefore FS. EF. EG—EF. But the Line H being the 
Side of a Cube, if it be divided into mean and extreme Ratio, 
its greateſt Segment will be BD. 1 Hence == H. BD. H-—BD. 
Then H. BD::EG: EF: 5 HxEFZBDXEG. Nov 
H. AD::HXEF. ADE. I Then H. AD::BDXEG. A5 
XEF ; bat Ii, as H, the Side of the Cube, is to AD, the Side 
of the  Troſatdbon, ſo BDXEG is- to ADXEF ; but theſe two 
Products are to each other in the ſame Proportion as the Sur- 
faces A the Dodecaedron, and elan » Tee &e. 
9 2 
179 . ts, Tux Radius AB being divided" into We 


extreme Ratio at C, and the greater Segment AC, . the Square * = 
the — | tha the Cube, is to 44 che Side of HT 


as ABb- AC is to £480 3 Eucl. 14. Prop. 45 a 
Tp BFGHT be a and one of the Faces of the De- 

decaedron, and BKL a trian argen Face of the Iceſacdron, (which 

they may be.) + BG is the 3 8 — 


the . Sphere: A Then. Dan bs Now AB+CB= 

| zAC: * Then (is BK m. "AB, as AB+CB is triple AC. 
1 BK. AB: :AB4+CB. AC AC Permutatively, BK, AB+C8:: 
AB. AC. Now BF is the greater Segment of BG, ( 
2 * Cube divided into mean and extreme Ratio; ) LA — AB. 
AC: 0 I.: 55 ABXCB. $ Permutativeh BG. NEF. 
AB-+CB. Now BP=AB+ AC, | and AB and AC _deing 
Sides of the Hexagon — of che Decagon; 81 e be be- 
ing put in the Place of BF, we ſhall have BG. BK: :2AB+AC. 7 


|  ABXCB; wvhich avas to be f. 


. 12 HEOR. 
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Book V. Szer, 7 


Icoſaedron, /o is the Dod n te the Icolaedron 
inſcribed in the ſame Sphere,” Enel. 14. 


Prop. 7. | 
Concs1vs right Lines to be drawn — the Angles of 


the Daodecaedron, and likewiſe of the/co/aegron, to the Center of the 
Sphere; which will make in one, twelve Pyramids, and in the 


other twenty, which are of the ſame Height, ſeeing that the 
ſame Circle of the contains one of the Faces both of the 


179 
Tu sds. 16. As the Side. | ang Cube, i, to the 2 rn 180 


po 
4 z 
F , 
z;4 


Dodecaedron and of the Ireſacdrom; * therefore theſe Pyramids 


are as their Baſes, + hat is, as the Surfaces of theſe two Polye- 
drons. Now theſe Surfaces are one to another 1 as the Side 
of the Cube is to the Side of the Zcoſardron. 


ADVERTISEMENT. 


War follows will be eaſily perecived, if what is here 
mentioned, be actually done upon the Sides or Faces of thoſe So- 
lids ; whoſe true Forms are exhibited in Paſte-board, Plate 1. 


ProB, 7. To inſcribe a Tetraedron in a Cube, Eucl. 15. 


Prop. 1. | 

Frome A one of the Angles of the Cube X, imagine the Dia- 
gonals AB, AC, AD, and BD, BC, CD to be drawn, and you 
will r: a Tetraedron ABCD or Pyramid compoſed of four 
equilateral Triangles, for the Diagonal> are equal; therefore the 
Triangle ABC=BAD, &c. | : 

Pros. 8, To inſcribe an Octoedron is a Pyramid or Tetrac- 
dron. Eucl. 15. Prop. 2. 

Div1ve all the ſix Sides of the Pyramid or 7 pg equal, 
ly in two; join the Points of Section by twelve Lines which 
ar all equal, and make eight equilateral Triangles. 


Prop. 


them by drawing as many Lines as are requiſite, wiz. twelye 

which being equal, they make eight equal Triangles, and conſe- 

quently an Ooedron. 1 
Pros. 10. To inſcribe a Cube in an Ofloedron. Eucl. 15 


Prop. 4. 

4 Ress all the Sides of the Ooedron into two equal 
Parts. 2. Draw Lines thro' all thoſe Sections upon the Sides 
of the Body, theſe Lines ate all equal, and make two oppo- 
hre Squares, which being joined by four other Lines, which 
are equal to the firſt Lines, and the oppoſite ones being Parallel, 
they make a Cube; =cbich is evident. -w | | 
| | "i = 11 PRos. 


* Sup. n. 172. + Sup. v. 123. 1 Sus. u. 198, 


Pros. 9. To inſcribe an Oftoedrog in 4 Cube, Eucl, 15. 


. | 183 
2 found the Center of each Side of the Cube, join 


184 


| | 


„oe Eber of Gaby 


185 Pros. 1 res Dodecaedton in an 1 
Eucl. 15 

oe, of the Teofandron's which make aus Aeg 
or Pyramid, have for their baſes eatigon. 9 Divide therefore 
all the Sides of this Pyramid equally in two,; the Plane of this 
Section will be a Pentagon and one of the Faces of the Dodscas- 
dron; for by doing the ſame to all the ſolid Angles - or tes <0 
mids of the = which are 12 ld number, there 

twelve equal Pentagons, which conſtitute the twelve rr * 
the Dodecaedron. I 


ADVERTISEMENT. 


Tur Diameter of the Sphere being ſuppoſed 1 000, the Sides 
ot the regular Bodies infcribed — are nearly as N ogy 
ing Numbers. 


The ene 0 ·‚˙»˙ (Selb 
The Ofoedron — — — — 707 

The Hexaedron or Cube — 577 
The Tcoſaedron — 527 "th 


| — 
The Dodecaedron — — 357 


- 


'. Recreative - Problems. 


186 TYRoBLEM. 1. To. r 4 Line uch is too . 
| Geometrically. 

Alrno' in Euclid, this be taken for a Princip! et in 
tice when the given Line is very Short, it will be 2440 per-/ 
form it exactly, by the bare Application of a Ruler. 77 75 
given Line be AB, w+h the Extent thereof and 2 foot in A, 51 
deſcribe thro B the Arc CBD, from which take equal Ares, as; 
BC, BD, from C and D with an equal Extent derbe e two Arcs, 
and the Point where they interſect will be in a right Line n 
Az, thus may the Line given be prolonged ; as is evident. 

13 Wurx there is a Wall as CD, or any other Inpediment at A 
End of the TY Line, froceed thus. 

CD. is a Wall at the End of the given Line AB, required ip hf ug 

prolonged from its End B. From B let fall a Perpendicular BE, 
at rigat Angles with AB, and of any length you pleaſe, draw. 
Lines from the End theredf to any two Points in AB; as EF an 
EA, then make the Angle BEG equal to BEF. and the Line EG. 
equal to the Line EF; alto make the Angle BEH equal to the An- 
e le BEA, and the Line EH equal to EA: then will a Line drawn 


cho ® 
Sap. 1. 167. 1 


Recreative Problem. 1381 
tho? G arne 


Prod. 2. — 's gives Trienghs, into anothey 
2 2 r n 4 each N. 2 


D e is Baſe AB oa ork 
BC; . por hg 2a, hg Fe Line equal Wo 
fourth Proportional between NSC 
Triangle, and CH the Height thereof, ſuch is EG or DF. and 2 
campleat the Parallelogram DEGF, then draw Lines from F 
and G, to any point of the Line DR which is between A and 
B, and they will form the Triangle required. 
the Line DB, but jein at fome Po FEE — 
to at 10me Foint 
and under the LAs will form a ad of is Sts 
Content is leſſer than that of e given. one, and 
onger 
Frog. 3. To divide the Circumference of a given gan- Cel 18 
into two fuch wnequal parts, that — or Nadine, i 
2 a mean Propertional Bec the Gherds of un, tees 
Cl. 1 
Ler the given Semi-circle be ABC, its Center D. From B 
the End of the Diameter AB, deſcribe thro' D the Arc DE, and 
n Are BE into 9 draw the 


AC BC, between which che Semi- AD or CD 
i a mean P - be different Jocales Triangles, baving 
ROB 0 de two 
D = 


Draw AB, equal to 24 on a Scale o 1 and DE=g DR Ao, 
upon the Middle of each draw the ndiculars CG=35, and 
FH=21, draw CA. CB and FD, then will the Area and 
Circumference of the Triangle ACB ch to thoſe of 
the Triangle DFE. 


Pros. 5. To deſeribe three different right angled Triengle, 


having equal Areas. * 


Draw for the Baſe of the Firſt the Line AB==4.2, * the Per- 
pendicular AC==40: And draw the Hy ſe BC which is 
equal to 58 on the ſame Scale. Then draw DE yo, ſor the 

Baſe of the Second, and the Perpendicular DF AA then will 
the Hypotbenuſe FE=74. Laſtly draw FG= 12, and the Per- 
pendicular EH=15. Then is ths Hypothenuſe GH=143. - 
Then proceeding with thoſe numbers according to-Book . 1. 135. 


Te will appear chat the Areas of the Co wane? =DE ond F "FR 


If are equal one to another. 


34 


ww * 


* 


— 


192 Recreative Problems. 


192 ProB. 6. To deſcribe three equal Triangles, the Firſt of quhich 
— right Angled, the Second an Oxygonium, and the Third an An- 
.. bliponium. „* | V 
aw AB=24, for the Baſe of the right angled Tries 2 
and AC=7, then is the Hypothenuſe BC 2g. a> „For 
the Baſe of the Second draw DE and take therefrom the Seg- 
ment K D- zg, and KEZ, and from the Point K raiſe the Per 
dicular KF==12; and compleat the Triangle by drawi N 
ines FD and FE. Thirdly, Draw GH for the Baſe of the 
Obtuſe angled Triangle, and make the Segment LG==6. and 
LH- =I 5, Erect the Perpendicular LI at the Point L equal to 8 
and draw the Lines IG and IH which form the Triangle re- 
quired: then are thoſe three different Triangles equal to each 
other; as was propoſed. | 7 
193 Pros. 7. To deſcribe a right angled Triangle, having its three 
Sides in Geometrical Proportion. 

Wirn any Extent deſcribe a Semi-circle as ABC, whoſe 
Center is D, take the Diameter AC for the Hypothenuſe of 
the Triangle required: From C, the Extremity of AC, draw 
the Perpendicular CE, equal and Perpendicular to. the Diameter 
AC, and draw DE, which cuts the Circumference at F. Take 
the Diſtance of FE and and ſet it off upon the Circumference 
from A to B, and draw the Lines AB, BC, then is ABC right 
angled at B, and its Sides are in the required Ratio. 

194 , PROB. 8. To deſcribe à right angled Triangle, having. its three 
Sides in Arithmetical Proportion. 2 20 
Daaw an indefinite Line and mark thereupon five equal 
parts, as here from A to B; and account AB the Hypothe- 
nuſe of the Triangle required. From A, with the Extent of 
three of thoſe equal parts, draw an Arc, and from B, with 
the Extent of four parts, draw another Arc, which will interſe& 
8 the Firſt at C, draw the Lines AC and BC; and they will 
' form the Triangle required, | | 
i 195 ProB. 9. Two Lines being given Perpendicular to a Line 
drawn thra' their Extremities, to find upon that Line a Paint 
| equally diflant from each of the two other Extremities. Or, 
| the Breadth of a Street being given, to find in what part there- 
| of a Ladder of a determinate Length muſt be placed, ſo that its 
| of may reach from thence to two Windows of different Heights, 
| on the oppoſite Sides 4 that ſame Street. 
| Ler. AB: be: the Breadth of the Street, BC the Height of 
| one Window, and AD the Height of the other, join D and 
| | C by. the right Line DEC, from E the Middle thereof let 
N fall the Perpendicular EF upon the Line AB, then is che 
f Point F the Place required, the Line FC being equal to FD. 


the 
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Reevedlive Prebiems. 113 
Suppoſe AB==49, BO:=56, AD=63; chen AF=16; FBxZZ3z, 
and FC and F each equal to 53. { +:0i-'] hp 1 N 


TV 6 IL 
Prog. 10. To deſeribe. in a given Circle ' four equal} Citles 196 


tutually touching dach other, and. (likewiſe the | Circumfaretce® of 
tht given Circle. MAI ae 

Lar the given Circle. be ABCD, its Center E, draw the D 
ameters AC, BD Perpendicular to each other; tab DH equal 
to CD, the Chord of Ninety, then ſet E from A to KM, From 
B to G, from C to H, and from D to I; and then will 
„ K, G, H, I, be the Centers of the Circles re- 
quired. | 

Pros. 11. To deſcribe four Circles which mutually touch 
a and Mi G the ircumſerence of a given 
Circle. 

Tux given Circle is ABCD, in which draw at right Angles 
the Diameters AC, BD, which interſe& at the Center E; 
long the Diamer AC and take AF equal to AB, the Chord 
or 5 then is EF the Radius of each of the Circles re- 


5 Pros: 12. To deſeribe fix equal Circles which mutually touch | 


one another, and alſo the three Sides, and three Angles. of an 
equilateral Triangle given. | 

Ler ABC be an equilateral Triangle given, whoſe Center 
is D, Biſect each Angle equally in two and draw the Lines 
AF, CE,.BG, of a.convenient Length. - Upon the Side AB 
take EH equal to half the ay rc DE; draw DH; 2nd 
prolong it making HI==HE, then is the whole Line DI the 
Radius of each Circle, which N. ſet off upon the produ- 
ced Lines from E to K, B to L, F to M. &c. will give the 
Centers requited. : | 

Pros. 13. To deſcribe within an equilateral Triangle three 


equal Circles which touch one another, and alſo the three Sides of 99 


the equilateral Triangle. 

Ler ABC be an equilaterah Triangle, divide each of its 
Sides into two equal parts at the Points D, E, F, and thro? 
theſe Points draw Lines to the "Oppoſite Angles, then take 
rhe Extent of AD or Pg, dhe Half of the Side of the given 
Triangle, and ſet it upon the Line AE from E to H, and 
aud upon the Line BF from F to I, and upon the Line CD 
from D to G, then are the Points G, H, I, the Centers of 
the Circles required : theſe Points being joined by right 
Lines, will form another equilateral Triangle having its Sides 
parallel to the Sides of the Triangle given. 


ProB. 14. To inſcribe in a given Square, four equal Cir- , 


cles which touch one another, and likewiſe the Sides of the 
Squge e.. | o 


Diride 


* 
15 


184 © Retreative Problems. 


Die tvs: each Side of the Square ABCD, ind 
Parts lin nods =o 
* - which cut ene an at right es in two equal para 
the. Center of the Square, join the Paint H, n 
cherefrom the Part IK=IE=EG, the Remainder ke ALY 
Radius of euch Cirele, which ſet off upun 
I ter Points L. 
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„ e lems of 2 
the Mind: —— muſt therefore be — 1 W. l 
required to be conſidered. alcho' ſame - 


of thoſe things are, Knoch tops, Nut 
otherwiſe it 1 im 


be given 
poſſible. Now from are We 


565 
4 Lues at facthet of, * 


we diſcover thoſe which are '® 
© that ought" to de done, is to 


* Th2roldho MP 
ſoch a perfect I f the 
ene d be dib eg ede 
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188 Fenn of Grenier 13 722 
things which are to be found, and to free 2 88 - 


fluity which ferves only to render it obſcure. The 
Examples ſhew that difficult Queſtions are often ſolved by the 
bare Expreſſion thereof. I here mean figural TER 
as Verbal ones. 


Q s 10% 1. 


To-Damaſirate that the Surface of 6 Triengle is t 
* the Sum of its three Sides, multiplied by the Tala of Te 
Curcie. 

Tus bare Sight | of this Figure demonſtrates that this is true. 
Having drawn Lines from the Angles of the Triangle BCD, 
to A the, Center of the inſerided Circle, 27 make three {Ya 
gles BAC, CAD, DAB, * „ to the N N 

and whofe heigftt is the Radius of the Circle ; they 
= equal to the three Sides of BED, and whoſe oe i 5 the 
Radius of the inſcribed Circle: “ the Surface of the Triangle 
is thereſore equal to the Product of half its Baſe by i its Height; 
aubich was to be proved. 

Also ſee here by another Example, how the Manner of ex- 
reſſing a 2 by a ſuitable Figure, f facilitates Gn * 
lation. 

Quesr. 2. To dmorfivate that in e Trias 
Pergeudicties 4. drawn from the Yngle CAB upon 6 es 128 of 
" the tries Sides; AB and AC is th BE; (the Baſe of the An 
thoſe two Sides contain, ) as the Difference between CD and BD 
is ts that between AC and AB. 

From A as a Center, and with the Extent of AB, the ſhort- 
eſt Side deſerſde ⁊ Circle, and Nnite"AB is equal to AF, the Line 
CE is the Sum of the Sides AC and AB. The Lines AF and 
AB are equals therdfore. CE is their difference. Alſo ſeeing 
En the Line GC is the Difference between CD and DB. 

2 bere is an.. expreſſion, or Figure which, Ader . 

ught. Therefore the Queſtion * now s lved 
þ £ N =BCXCG : + Therefore CR 
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4 ve 
wa e Bau- 
Lr wes of the Fi- 

which is in Queſtion ; and in this Perſuit, we conſider. 
Quantities onl _ to be added, — — Multi plied, or 
divided. i may be done upon every thing that is 
capable of being nope ented or diminiſhed, whether Lines or 
7 == —＋ . — 
ready y the 
read, we cannot then be j —_— that by a4, may be under- 
ſtood two Lines'a and 6 together ; by a—b, that þ is ſub- 
trated from @: by ab that 2 5 deen Nulanled by ö, or 3 
by a: rr ab is Redangle, whoſe Sides are a ou 


| — is a Square, one of whole dle ue that — i a 


Rectangle, or Plane divided by b, after which Diviſion there 
zemains only the Side a, that. is, n Line only.. According to 
what was taught at the inning of the third Book, the Let- 
ter which is both above 2 the Sign of Diviſion may be 


cancelled ; and that weben = Powers may likewiſe. 


be expreſſed by Letters as well pa Lines; the Proportions of 
Figure may therefore be AN Letters; for if a Trian- 
gle * 1 and its r be e 
dides c, according to what has taught, 

and aa—bb2=ce, and . 

The Proportions of ſimilar T claigles ma v likewiſe be all 44 
preſſed by Letters; for if ABC and DEF are ſimilar, that AB 
Da, and BC, and DHA And BFS=s; then! e: Bm. u. 
and ſeeing that according to what has been ſaid, 4 5 multiplied 
by Ty the Product bm divided by the irt 2 a, the No- 


cent — will be de fourth Terms Then 172 — 15. * by the 


bm 
fame Reaſoving — = AB. Wik Bens how * 4b oe 


Proportion of Links, as well. as thoſe of Numbers. This PR 
al Method of expreſſing Quantity, and performing Arithme- 
— Operations thereupon, is called A/gebra, which, tho' it 
difficult to thoſe who have not been accuſtomed thereto, it 13 
not be ſo to ſuch as moke uſe of theſe Elements. Obſerve that 
the Product of a Multiplication may be reduced to a = 
tion; for Example. Product of @ by 6, to a P ap 
es firlt Tem: is oult, the Second and 4 42 are 
uantities @ and 6, av hich multiply toge er; and the Fourth 
Term will be 4, which is the Produc of the Multipbcation, 
which 
- B. 4. *. 142. + B, 3. J. 60. ; 
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which js evident, For ter TEA 
1. Art. x. | Now =, _ "Boe l 1 nor 


I MM O06 


ab 
pai e 1 , ee bee . Unt 


10 


quently the Root © 


may thereſore be ape tho? he nat FROM" 8 the 
Fodudl of three Letters, as abe, may denate theſe two Propor- 

tions . 1. c::ab. abe; and 1. abzrc. abc, This ſhaws . that the 
Product of four Lines abcd, may denote tree. roportions, che 
Product of five Lines abcde, denates four, Proparniogs ; and in 
theſe Proportions the whole Product is only à Line, which pro- 
ceeds from all theſe Proportions, when the firſt Term is Unity; 


for ſeeing that 1. 4::b. ab; then 1. &3;:a- ab. likewiſe, 78G 


1. abꝛ;c. abc; ; then 4. e: ab. e The Quotient * Dauben 
en,: for Example, —: For it may be w to 


a c = 


is Proportion at: f. x. "GE 7 e 


2 Tus Operations of Arithmetis are a afl pl habe by the 


Ruler and Compaſſes, one Lige © WAY by. to another, or 
a Leſſer be ſubtracted from a Greater. tiply; one Line 
by another, has Fs to find a Line og the Product of two 
Lines ; He. us. Let the Lines given to he Multiplied be 
AD an e take outing AY o ww Vols and 
draw a Line making any Avgle with ab aw Line 
thro' B and D, and thro © . Parallel thereto, which be- 
ing done, AE i is the Line required: For AB. AD::AC.AE; then 
ABXAEZADXAC. A Quantity bein multiphed by only 

Unit continues the ſamę; | therefore AE multi by AB, 
— 2 Units 1 equal to the ſame ad. 8 = 
ore +. Which is a roportional, is to the Pro- 
duct of AD by AC; which was ſought. If jt be required to di- 


9 vide AE by AC, . * . AB equal to Unit, and drawn 
to 


thro' B, a Paralle the Line AD is the Quotienit of AE 
divided by AC; for AB. AD::AC. AE, an Tm is to the 
Quotient of a Diviſion, a 4s 3577 N is to. Dividend. If 
it were required to extract uare Root 61 0 „add 

a right Line FG, equal to a 9 Ua and divide FH ipto two e: 
qual parts at the Point E : From the Center E deſcribe the Cir- 
cle FIH. Erect a Perpeneicular ſtom the Dent G, and the Line 
Gl, is the Root requited ; for ==, G1. G Gt died quate 


of Gl, is equal to the Product of GH. Nor nit, 


if GH be multiplied there it will yet unde 1 5 ſame, 
therefore GH is ual to' * quare of GI, Rich is pi 
f GH , the 5 Way may be found 2 


equa 
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equal to the ſquars-Root of a ſurd Number ; . rag 
qual to the (lard Robe: of 18: for taking GH 19, 
and adding thereto equal to unit; and from E 85 Middle 
n deſeribe à Circle, then is the Line 


1 ; ai þ ' % 


* 
” + of o& iba 9 2 | Th» + . 0 
11 4 & 


CHAP Wk 


4 * 


Frrx having expreſid a Deller or Problem ; amd defſeribed 


= 


the Figure proper therete, It it muſt be confidered whet the? 


Problem be terminate or indeterminate ; and that which i is beau 
muſt be diftin d —— Tohat is unknown. 


THe Prob g exattly conceived, a the Figure de- 
ſcribed which 2. * conditions, there muſt be diſtinguiſh- 
ed theſe three thin „The known Lines. 2. The un- 


known ones. 3. A the Proportions which the known and un 
ha os bear one a een — 2 _ Lines which 
are n to Expreſs aP are n, are ſuppo- 
ſed, that it, tis ſuppoſed that they ought to have ſuch and ſuch 
Proportions with the known Lines. We ſhall here repreſent 
the known Lines by the firſt Letters of the Alphabet, calling 
them a, or 5, or c, &c. and the unknown ones by the Laſt, 


2, 5, K. KR may ſometimes be to uſe the firſt Letter of 


r Names of the known and own Quantities, for Example, 
repreſent a number by », a Sum by /½ time by r, velocity by 
Next conſider whether the Problem be ſo Propoſed, as that 


the drawing certain Lines, depends upon the Choice of certain 


Quantities at pleaſure, or whether all thoſe which, the Queſtion 
contains, are determined, ſo that all which can be done, be on- 
to give them. ſuitable names. It maſt then be immedi 
ammed whether the Queſtion be determined, pr indetermin 
In an indetermined Queſtion, there appears no rtion. which 
gives-room-to''expreſs the unknown Quantities two ways, for 
if I tan call, the ſame Quantity either,x, or Y. dis becauſe 
I know that x is equal to, after a is, N 
Ta, this is a determined P n. But When, out de- 
termining any, it is for Ex 4 1 divide 08 Diame- 
ter AB, o that the Rectangle of the two Pars may be equal 
to a Square, the ;Problem is nduermined : and I cannot find a 
double Expreſſion, but by. ſoppoſin reain Proportion. as 
this for Examole, that AB. is divi Aden u C in 8 After which, ba- 
ving deſcribed à Circle With the Extent af half AR, and upon 


C raiſed the Perpendicular CD, I ſhall have hat h 


99 
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; 1 1h on fe tr EG 
<= AC. CD. CB: * Then ACXCB=CD, + An indetermi- 
nate Problem admits of ſeveral Solutions; for what part ſoever 
of the Diameter C is in, the Square of CD will be equal to the 
Rectangle of the Parts of the Diameter if divided as ſuppoſed 
to be. AB may be divided in many places beſides C. 
13. A Problem is ſaid to be determinate, when it cannot be Solved 

but by obſerving certain things which limit it, and which de- 
pend not upon he Will of the rl ns that is, the Quantities 
contained therein, have a certain Dre peculiar to them- 
ſelves. For Example, AB being divided in C; it is propoſed to 
produce AB even to D, (an unknown point ; ) ſo that the Square 
of CD may be equal to the Rectangle of AD and BD; then 
as the prolonged part BD is determinate, that is, that it hath a 
certain exact Length; the Problem is determinate : And ſup- 
poſe that AC2=a, and CB=5, and BD=a, thefe will be this 
double expreſſion, viz. For the Rectangle, a- xx, and 
for the Square bb-+2xb4<xx ; which two Quantities ought ( ac- 
cording to the Suppoſition ) to be equal; therefore ax4-bxxx3 
bb26bx+xx, hence may the value of x be diſcovered, | 


, 
* 
$4 


C'H A f. w, 


14 H E Proportions auhieh are between the Lines of the Figiire 
auhich a Problem is expreſſed, being known, thence ariſes 

the Method of equalizing them, or making double Mon, theres 
which is called an Equation. g 7 1 
Ir it be knoun that three given Lines a, &, c are in Propor- 
tion, and that the unknown x is the fourth Term of that Pro 


57 
portion; that therefore a. 5::c. x, f then ſeeing that — =% | 
, ; } 4 a a 


| 1 
there is this double expreſſion of the ſame Quantity, — and x, 
and this is what is called an Eguation. To find Equations, is to 
find double Expreſſions of an unknown Quantity; which may 
be done, when ſome of its Proportions with the givgn Quantities 
are known. If it is known that the Sum of à and þ is equal to 
the unknown Quantity x, this Expreſſion a+b=x is an 6 


tion. It is evident that the Half of two unequal Lines, leſs hal 
their Difference, is equal to the leaſt Line; and that ſame 4 

more half their difference, is equal to the greateſt Line. 
Let the Line AC=x-þz, AD=x, and DC=x, let their 
difference be DE, whoſe half is BD. Let ADY, and * . 
hence 


* B. 4. n. 29. + J. 3. . 57. t B. 3. n. 60. 
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hence DB or BE, it is plain that AD- D;, or AD or 
x, and that BC BD, or DC or a. Hence when the 
Difference. betwoen two unknown Qpantities is known, they, 

may be expreſſed. two different ways. 

HB Proportions which are between the Lines of a Geome- 6 
trical Problem, are often diſcovered by means of the Figure it. \ 
ſelf, which the Problem is expreſſed by; for if for Example, 
I know the unknown Ling x, to be the H enuſe of a right 
+ angled Triangle, whoſe two other Sides are 4 and 4, I 

know that .-; * hence here is, « double Expreſſon of | 
x. A Plane is produced rer 
if it be therefore divided by one of the Quotient of the 
Diviſion is the other. Thus if. 5. c::4, x, ſince that ca, 


cd 
dividing cd by b, the Quetient . =x. N 


& Sit 7 cx0es> 
portional between c and d, then ward. That which was deli- , , 
vered jn the third Bookfconcerning Powers, is alſo a Fund of dif- 
ferent- Equations For if I know that Cx, then aa+24b 
— FR e of à Triangle, and that 
Sides arg 4 and 6, thet aa+-bb=x# : wherefore xx— 
— — The ſame may be diffe- g 
rently! e by denoting either the Parts for the Whole, or 
the W for the Purts, the Powers for the Roots, or the Roots 


for the Powers, ſor if -L, che RS or 
an+ 2ab=xx«+»-bd; or f — evident chat an 


nine vamber of Equations may be found this way: if ab=xx 
then r 


x 1 4 Pat v. 
Iss 35% „ ve 


1 
4 


oy Tpke ar thers' 


n * i 


ty 


Tus mains Beopy or Debyn 3b 8 , or Noble ah 


brin 2 the to 20 
e os Kr Bete < 


thence is difepvered what muſt be added or ſubtracted, in Wa 
to render them'equal ; which' may alſo be done when theit Ra- 
ran For if ie che third Part of 4, then a 


=— H IF "mhich-i ben uf a. then zar. Thu: 


may K uati ; doubl Expreſſiqns be for all the 21 
133 ee 


» 'Qv - .Ar8 
* 
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> unknown 'Qga ntities. *There' is always in a Probi dne 
principal unknown Line, which the Sol ving of the Problem de- 
pends upon: and 'tis to that Equation, that all the reſt muſt de 
reduced, ſo that there may be only one unknown Letter; for if 
it is known that & LN, 6r' that w—b=x, 8 where 
thoſe two unknown Quantities are, I may aſwayy ſabKituts 5 
in the Room of z, or 2 in the Place of v, and e 
reduce the Queſtion to other Terms havir v one u . 
e . There are different Methods for When che 
nown Quantity is known to be the nt en Fourth Term of 
a Proportion, it may be expreſſed ! the Letteis « of the e khownt 
© in 
Quantities ;- for” == @. ., then. I iS 1 4 leib i 


* 


a 
e 1 3: 91h & d 7 "3 4441 
den . The Terms ob-a Progreſon may 


2 99144 clit 


as to "make uſe only of the ſame Petter. If. lis. 

of four Terms be expreſſed by ſour different Later 2 d. 
. It may be reduced ſo that there remain but ene unknown 
Letter 3 for ſuppoſe I I may chen lay: chat ++ 1. Er: I 
1. 6 or i is to æ, us the Square of h or 1 is f0 chat af 4, I Blat 
Is, b, x::bb. x, or 1. 4x3: 1. K hence ſince rr, may 
ſubſtitute zx in the Place af &. So likewiſe S 1 i to , as 666 
or 1 is to , | — inſtead: of, I put 2223: thus 
1 reduce the four Quantities 4; x, K, 7 to\thele 1 N , 


xx, there are many othat guch like methods. of .exterminating 
unknown Quantities. | 35355. | Jam? 


2 HAP. VI. 


T HE. e eee be Meads ta wii 
q Expreſſion paſeblas aud ia ſuch Sgrt that the. undnoaun 
tity be found only in one of the Members of the Equation. - 
_ Wugw you have reduced; the Equation ſoodkatithe unknown 
Quantity is found only;.in.ongiof the Memberv\ Herrn, thard:, 
on one fide; of the Sign of- Equality, and thebe ave onyHο]n 
- Quantities. on the other Sides the unknown- tity Athen 
found exactly _ tw, known Wantities, an Queſtion is 
entirely apſwered If e we can't but_know.the value 
F of x. Nowin * to do thi is, you muſt tranſpoſe that which 
is knawn-on one Side, andiftee1t ſtom that c hieh & — 


The firſt thing ſhould be to. Joduce the Equations to the n 
65 ÞY Þy Fae, Si Süd- 


5 ; m . Which Which den ei 
. e 4a a 12 FE. 
| | SY 
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traction, Multiplication, Diviſion, or in Ae 
of Roots. The, l rr 2 1 
2 ar * or 32 
% Equation, the ſame Equality ul continue, as it will alſo S : 
both Members are mu ed, or divided by the ſame Quantity, 
as was proved. Seeing that two equal power have, 
tio's, it is plain that in taking the Roots of both Mem * 
ſame Equality will ſubſiſt. 

Ir x=5==15, add 5 to each Side; and there will ariſe this 


ſimpler Equation x=20. If an the contrary nf macs Þ by ſub. 3 
oye Ts -, add- 
a to each part, it becomes ==. if 


| ng « from each part becomes l In this Equa- 
ton —=, each Member multiplied by 3, it is x = 36, as 


on the 2 if it had been bx=36, ur an 
by 6, it be x==3. If xx==25, ner gory Dade, 
Root, it becomes x=5. onde her hand, if it been Vz 
p, that is, if the ſquare Root of x is equal to 5, by involving 
both members to one. and the ſams Power, or by taking thes 
Square, there is this Equation x25. If it had been a , it 
ag be pu = * VI. 2 FIT 
HAT # Square of Hypothenu N ger 2 
hh the ether Sides 7 4 Theorem which them how to red vee an + 
uation to a fimpler Expreſſion : For having — e, 
Epen as eee . | 
b, take the Half of a, and from the Middle or with the Extent 
ofthat half, as Radius, deſcribe a Circle ; or having taken a Chord | 
ual to b, a Line being drawn from its End to. the other End . - 
2, which is the Diameter of the Circle, it will form a right 
angled Triangle whoſe Hypothenuſe is 2, and one of its Sides 
6: The third Side which is known I call c 3" then ae=ce#bf> 
Taking away from each Part bb, it becomes a-: hen 
cc may be pt ON gy and conſequently we have 
here a fimpler E So if I had cc4+bb, Join c and & to- 
gether ſo as to 63 dght Angles; and and compleat the- Triangle, 
the third Side is the contained uſe : this H 
1 1 then a th u, 
which is a fimpler Expredlion, may de Subſliruted 1 - 3 


To find a Square equal to 4 "given Plane. - Suppbſe the two, 


Sides or Roots of the Plane are 5 and 4. Let c a 
— . Ke the Plane 54 


EY E20 
1 54 & 55. * 


Tz 
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* the Square ce, ber in, one may be put for 
e other. Pa 
A Square being given, another may be ff bear - 

26 ing any required Proportion thereto, either the Half, Third, 
Fourth, or Fifth, &c. Let the Square be as, to find another e- 
ual to the fourth Part thereof, Take a Line at v upon 
which mark five equal Parts with the ſame Extent of the Com · 
es. Let this Line be BC, whoſe fifth Part is BD ; hence 
C is equal to four of theſe Parts. From A the Middle of BC 
and with the Extent of AB or AC, draw a Circle; and upon N 
ere the Perpendicular DE, which terminates at the Circum- 
ference of the Circle. Then r BD. DE. DC. ® If BDi 
called 4, then DC=45._ And if DE x, then ++ 6, . 46 
therefore xx=46bb. Upon C raiſe a Perpendicular CF equal to 
a the Root or Side 2 Square aa, the Square of whoſ 

5 fourth Part is required. Draw FG parallel to ; and thro 
the Point G, where it interſects the Radius produced ad. inf. let 

fall a Perpendicular upon BC ced inne on each Side. 

The Perpendicular GH is equal to CF, and conſequently to a. + 

Draw a Circle with the Extent of AG, whoſe Diameter is IL, 

It is evident that IH is the ſame Part of IL as BD is of BC; con- 
ſequently a fifth Part. Hence if IH be called m, the Remain- 

der of the Diameter HL is 42. Now <= IH. HG. HL, or. 

wm. a. 4m: 1 Then aa=qmm. { The Line I H is conſe- 

| quently the Side or Root of a Square, equal to the fourth 

Part of the Square @a. This Example ſhews. how to find a 

27 Square that ſhall be ſuch a Part of a given Square af 1 re- 

uired, which is of great uſe for reducing an Equation to a 

imple Expreſſion. There are innumerable Ways of reduci 

28 compound Expreſſions to others more Simple and Elegant: At- 

4 ter which there is nothing more to do but to free the Equa- 
tion from certain ſuperfluous Quantities, which may be done by 
adding that Equation to another, which contains the ſame Quan- 
tities with a contrary Sign, according to this principle, that more 
and leſi the ſame Quantity, is equal ta nothing. ' Thus, if & A= 

and z=d-+6; in order to cancel 5, add the two Equations into 
one x2==z4, in which 6 is ed. It is eaſy to tranſpoſe a 
Quantity from one of the Members of an Equation to the other; 
for in this x—=6=4d; adding 6 to each Side, it will be x==4+4, in 
which & ig moved to the ſecond Member. Altho" the Roots of an 
29 Equation be unknown, that ir, the Quantities of whoſe _ 
duct the Equation is compoled, yet it may be encreaſed or leſſen- 
ed as is deemed neceſſary. Thus if xx==:4466 whoſe Roots 

N are », a+:4, 6, and that it be required to encreaſe x by 3. Take 

/ | the Quantity y and ſuppoſe it equal to a+ 3. Then y—3=-; then in 

; - 2 e v 


4 3. 4. n. 29. FB. 4. 3. 64 1B. 4. . 29. 
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where x is, ; inftead of the Square or Cube 
DDr 
the Equation = , is tramformed into this, NC- 
34=344-bb, which is the e fame. 
an Equation, it muſt be ſo man 


ast 


that the Quantities may ther © be cancelled which the Equa- | 
tion wants to be freed of en | ; 
— . r 


CHAP, vn. 


+ Degrees it is that Problems are 
r unknown Quantities are involved, or of by 
ng to the Nature of the Problem. When the unknown 
Ende och al the reſt are reduced to, is not multiplied, as 
in this Equation x=d-+c, the Equation is ſaid to be G6mple or of 
one Dimenfion. We have ſhewn that when there are ſeveral 
unknown Quantities, they are to be all reduced to only one. If 
for Exam gf was x and x, , A | 
to be bz e leſſer, then zu; hence x5 m 
2 Conſec _—_— sf he 
Gelten un now tar the Rectangle of x and z; or of * 
x-+6, is equal to the Square of c, there will be this Equation 
Xx whe=ce, which by taking away xb from each ſide, is reduced 
to this xx=ce—xb, in which x is raiſed to the ſecond Degree. 
If the Queſtion had contained three unknown Quantities, and 


that they had multiplied one by the other; x, which all 
the reſt would reduced to, would be raiſed a the third De- 


Ex: Ire. are of one or are Dine w Pepe: andy : 


gree. Hencz it that Equations are bf obe or more Di- 

menſrons, or of ſeveral Degrees. I ſhall Bo th: $ye 1th rnd oh 

Equations which are of above two 

be ſolved with the Ruler and Com that i , by making aſe 

of only the Circle and right Line. : 4 irs 
EquaTionz'of two Dimentions are reduced to theſe three 

forms, 1. #>2=aq=xd. 2. x: =aahord, 3. xx==xdman. For 5 

if xx==ab- e are Bun 

r cc vd. If xx= I can find a to 


the Quantity c, ſo that ! Find a mean Propo 

between Unit, and c, which being called 6, rh 2 or 46 
=c. Carefully endeavout to compare the unknown Quantities , ; 
ſo as may moſt tend to the Formation of the ſimpleſt Equations. 

By finding and reducing Equations we obtain the Solutions of 
Problems ; now according as theſe Equations. arg reJuced, 
Problems are diſtinguiſhed. - When the Equation ke ſo _ 


* Sup. a. 28. 
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&s that it bath ouly ene:dimention, an if u the Be 


quation is of the firſt Degree, and the Problem is 4 fimple one. 
When the unknown Quantity which the Equation is reduced to, 
hath two Dimenſions as * aa Tb, which is an uatian of 
33 the ſecond Degree, the Problem is called a Plane. n the 
Equation contains the unknown Quantity raiſed to tlie third, or 
fourth Degree, as x3=aad, or a ch, which are Equations of 
the third, and fourth Degree, it is called a Solid Problem. When 
the unknown Quantity is raiſed higher than the fourth Power, 
the Problem was by the Ancients led Lineal ; but it is more 


natural to call it by — the unknown Quantity 
is raiſed to. | 


— — a —{ i: — 


0" A P. . 


F the Geometrical contraction or Effedtion of . Equation 
34 that is, of the Method of expreſſing by Lines the — 
concerned therein. 


Tus Method of 2 Lines the Quantities belongi 
to an Equation, is mp eometrical Conſtruction — 
fection of an Equation. The Conſtruction of Equations of one 
Degree is very eaſy, there being nothing required but to make 
a Line equal to a og age ogy uantiry. Thus if x=a, and that @ be 
nal to a foot, it is 2 A Ruler and compaſs to draw 
a Line equal 8 n the known Member of an Equa- 
tion hath Jeveral Quantities as x= 5 it is alſo eaſy, for the 
Equation may be reduced to a ſimpler eflion, by taking a 
Quantity equal to both the Quantities. Two different Lines 
may be taken and joined together. Sometimes inſtead of the va- 
lue of a Quantity we ſeek its — when divided by other 


Quantities ; for Example x== ——: To expreſs this Geometrical- 


Ivy, that is, to conſtruct or 2 a Figure which expreſſes this 
4 Obſerve that theſe Letters denote Quantities - 
onal one to another; for if c. 4::b. x, the ſecond Term à being 
multiplied by the Third 6, and their Ne ab, divided by the 


Firſt c, the Quotient of the Diviſion — i x the Fourth pro- 


„ 
5 
. hence = = . es te 
having taken AP * 10 c, and AE equal to 3, upon B, raiſe 


BC=a, and from A draw a Line thro' C; then from E, draw 
a Parallel to BC or to 4, which I call x, Theſe four _ 
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x. 80 likewiſe e 


AB. BC. Ak. x. are proportional; hence 


| D Di *-> Bs 
theſe known Quantities may be reduced to this Proportion f-. 


4 a d * 
n x; the ſame figure expreſſes this Equation : 
. * c | * , 1 


three lines being given a fourth proportional may be found, 
which is the value of &. * | | 
When the known Quantities of an Equation have a radical 36 
Sign, they may be likewiſe expreſſed. trically, If for 
example, x==V 2b, by drawing a line AB equal to «, and 
ducing it even to C, ſo that BC=5, and from the middle of 
AC, as a center, deſcribe a circle, then is the perpendicular 
BE the Value of x ; for = AB. BE. BC, or == &. x. 5 hence 
ab=xx : Therefore Va Sr. This Equation ===, may be al- 37 
fo conſtructed and expreſsed thus. AD being taken equal to. 4, 
and AB to a—b, hence BD being equal to 4, I raiſe upon B a Per- 
pendicular equal to BD or 5, draw a right line from A to E; and 
upon AE at the point E draw a perpendicular, viz. EC, which 
cuts the produced Part of AD: then is the Angle CEA a right | 
one; having therefore deſcribed a circle thro' the three Points 
A, E, C, it is evident that = AB. BE. BC, or that = -. B. x. 
put x for * of BC, then 6, divided by a=b is equal to 


Nen of two Degrees are alſo cally , | 


conſtructed; and are, as we have ſhewn, 'reducible to one of 
theſe three Forms xx=ax-+bb, or xx=ax—b6b, or xx;=bb-ex. 
1. For the Conſtruction of xx=ax466, or xx==bb-ax ; upon 
a right line CD, which I ſuppoſe equal to 6, Tere a perpen- 
dicular CE which I 4 equal to the half of a, and with the 
extent of that half, as Radius, I deſcribe a Circle, and thro! its 
Center E, draw the Line DE. Since that CE is the half of a, - 
then AB==a. BD=y, and AD=r. then a+j==r ; there- ' 
fore || ax xx. No ſeeing that CD or J is 4 Tan 

then + => ». 6. y; therefore f xy==b6b. Hence ſubſtitu in 
this Equation xx==ax-++y in the Room of , which is the ſame, 
there will ariſe this Equation xx==ax-+6b, which is the con- 
ſtruction required, 2. The conſtruction of this Equation xa== 39 
ra, is the ſame. CD (ſame Figure) is ſuppoſe equal to 6, 
and CE equal to the Half of @ ; but tis ppofed that BD is 
equal to x. Then ++ AD(or a+x.)CD (or 5.) BD (or x: ) then 

{1 @x 


. 
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ax-xx=bb. By taking away ax from each part, there will ra. 
——— which is the Equation required to be con- 
0 ſtructed. 3. This Equation xx=ax—bb, is conſtracted thus. 
4 Let BA be equal to a, with the extent of BC, the half of AR, | 
deſcribe a Circle ; upon B, erect the Perpendicular BD. equal to 
53 thro' D draw the Line DG Parallel to AB. If this, parallel 
don't croſs the Circle, which will be the Caſe if 4 is equal or 
greater than the Radius of the Circle, which is equal to the Half 
of a, tis a Proof that xx is not equal to ax—bb, ſince that 5; is too 
t with reſpect to x. Let then æ be leſſer than BC, hence DG 
interſects the Circle in E, conſequently EF which I ſuppoſe 1 
pendicular, is equal to BD. 5 Suppoſe AF r, and FB. It is 
evident that > AF. (or a.) FE. (or 5.) FB. (or 9.) hence ++ 
x. B. y: therefore xy==b5b. Now AF (or x) more FB (or y,) hath 
been ſuppoſed equal to a; therefore r mul - 
tipliod by x, produces xx+xy=ax Subſtituting 66, in * room 
of its Equal, xy, it is xx-+66==ax ; and ſubtracting 55 from 
each Side, it will be xx==ax—66, thus is this Equation con- 
41 ſtructed. By means of this Conſtruction the Value of the un- 
known Quantity is found by a Line ; which is found yet more 
readily by reducing the three preceeding Forms, into a Pro- 
eſſion of three Terms. 1. This 3 xx==ax+bb may 
| reduced to this eſſion -a. . x; for xx—ax==bb 19 
42 adding ax to . art, it is xz=ax+66, 2. This Equation 
 #x=ax=—bb, is reducible to this progreſſion ==> x. b. a—y, for 
ax—xx=bb, + adding xx to each fide, it is ax==bb4-rx ;. tak- 
43 ing away bb from each Side, it is ax—bb=xx. 3. This Equa- 
tion xx =bb—ax, is reducible to this progreſſion = &a. b. x; 
for xx-Fax==bb: 4 taking away ax from each fide, it» 
i xx=bb-ax. The mean Term 5 is known in each of theſe 
three Progreſſions, and in the firſt and third, the Dif- 
ference of the Extremes is known, which in the firſt is 
-a, and in the third-+@. In the ſecond, the Sum of the Ex- 
tremes is known. With theſe all the other terms of the pro- 
ons may be found, as will appear by the three following 
roblems. | | 
44 PROBLEM 1. Lr there be a Progreſſion of three Lines => 
g. b.'x. the mean Term is b, and a is equal to the Sum of the Ex- 
tremes x and x. required to find the Extremes. | 
Take AR equal to a, the Sum of the Extremes. From C, 
the Middle of AB as a Center, and with the Extent of AC or 
CB, deſcribe a Circle. Upon B raiſe perpendicularly BD equal 
do the mean 6 and thro* the Top'D draw DG Parallel. to 
and from E where DG cuts the Circle, let fall a Perpendicular 
FE, upon AB, which is equal to BD, hence EF==6 ; then ſee- 
ing that ++ AF. EF. FB. the Extremes are AF and I 


— 
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bell x be the greater Extreme, FB which i the leſler E. 


* Fron. 2. L here be this P Men of thr Lines == 
ROB. 2 ET # this three Lines => 
E *45 
Difference of the Ixtremes xd and x. To find the Take 
of Xx. 

Dzaw AB equal to d; and 

Daw AB equal to 4; and upon Ti, Perpendicular. BD 
of CD, deſcribe a* Circle. Prolong AB at each end even to 
the Circumference of the Circle, after which AB, or BF==z. 
For + xd. 6, 2. If the Progreſſion were => xd. 6. x. 
the ſame thing muſt be done. But in the Caſe where EB. 
the Leſſer Term is BF equal to EB--AB, or to -. It is evi- 
dent that the difference een - and x, is 4. When the 
Sign is ＋, the 1 x, is EA, to which is —_— 
rence d, which e Extreme. When the 
=, d is (brat from B jor FA which ihe Value of 24 

Pros. 3, Lr: this Progreſſion of t neg == | 
b. d, the mean Term b, being 3 —— 
7 ern equal to & raiſe Perpendicu= 

PON 0 to e 
larly BC, equal to b; thi A and C draw = right Line, upon 
which at the Point C draw a Perpendicular which is CD; there- 
fore the Angle ACD is a right one. Produce AB even till it 
cut CD; the Line BD-AB is equal to x; for having divided, 
AD into two equal parts at the Point K, A ent of 
AS or KD 74 a Circle, it will pa thro' C; hence <=. 

AB. (or 4.) BC . (or b.) BD: Wherefore BD=4+x, which is 

the third Term: | having then ſubtrated from BD the Line DE 
2 
req . EB 


F the geometrical ConflraStion in : le rg I 
A geometrical Place is the Line by which a Problem is #7 
| there are various Sorrs of Lines, ſo there 


are alſo of Place. Let us by a Place which is a Line. 
The Line Line L is one, 1 2 
points the nes LN. LN, meeting a right Line AN; 
and havin the Line AN a Point A at ure, each 
ind brig aen apon th L n Part AN, 
which they contain. For Example, if LL is a right ns 
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5+ meets the right Line AN in A, it is evident that every right 


Line LN hath the ſama Proportion eee 
be expreſſed by this Equation y . If the Proportion be 


= . 4 
20 _— to be as that of @ to b, and that the Indeterminate 

are LL=x, and NN==y. For ſince that @. 6::x./y'; then 
the Product of 5 by x, which is 6x divided by a, is the Va- 


1 bx | 
Foe of „r hence f, This Equation ſhews that the Place 


is a Line; for 'tis only a Line that can have this Property, 
wiz. That all Lines drawn from AL upon AN, are to AN as a is 
0 6. Hence it appears that the Problem which required to find 
LL is a Place; and the Problem — of different Soluti · 
ons, is therefore indeterminate, and the Place can be only a 
right Line; for there is only that which place LL poſſeſſes, 
which hath the Properties of the right Line, | TEE 
49. A Problem is a place of a Circle, and indeterminate, when it 
is propoſed to find a Line having its Square = to a Plane; 
for then known Quantities muſt neceſſarily be ſuppoſed, as for 
Example, that the Sides of the Plane are @ and 6 ; that AB=a, 
and BD==5. ADL, and Ac CD. Upon Cas a Cen- 
ter deſcribe a Circle, and upon B draw the Perpendicular BE, 


then +> AB. BE. BD; then ab=BE ; hence if BE=s, then 
ab=xy, or — = x. The Problem is indeterminate :* For 
whatever Ratio I ſuppoſe to be between the parts of AD, the 


Square of the Line which will fall Perpendicularly between the 
two Points A and D, will always have its ſquare guy to the 
a 


Plane of the parts of AD, that is, that ab==xx, or — = x. 


X 
The Problem may therefore have innumerable Solutions. You 
ſee that to find an Equation we were obliged to ſuppoſe the 
known Lines AB and BD, otherwiſe it could not be done. 
There is only the Circle which hath always this Equation; inan 
its parts. 11 


* 


— - a —— * — — — 
CHAP. X. 


OOLID Problems are not ſolvable by the Knowledge of ig 
50 Elements, for there are only fimple Equations, or thoſe of two . 
— which can be expreſſed Grometrically, wwith the Rule and 

„ | 1 g 4 . . 


Ir 


— 


1 * 
0 


1 7 85 = 


wy SEL 

D | | that in by drawing 

Lines — deſcribing Circles, But "this will bong when the 
have more See here an Example, in iſection 
of an Angle which is a noted Problem. An Are of a Cirele 
being given, it is d to divide it into three equal parts, 
and conſequently to find. a third Fart of the Ange, 
whoſe meaſure is the third Part of Mat Arc. | 


2 
1 
5 


of the Arc BCDE is known, it is propoſed to divi 


into three equal parts, ſuppoſe the thing as done, that BC 
CD=DE * CF lel to DH; hence CF DFH: and 


- 1 1 


ſince that CG=DH, ore CF—=CG; hence the Tri 
FCG is Iſoceles. The [Angles BCG | 
Meaſure of BCG is half the Arc BK, 
half of KE, more the half of 
Now BK. is equal to KD; then 


* 


les. It hath one ow common with FCG ; theſe two Ifoce- 
les are therefore Similar. BACSs: alſo Iſoceles, and has an An- 
gle common with CBG, vis. BCG; theſe three Triangles are 


therefore Similar. + Theſe three Triangles BAC, CBG, FG 


being Similar, then <> AB. BC. CG. GF, ft chen if AB=1, 
and BO=s, according to what was faid above, $ == 1. . zz. 
zzz ; then FG=zzx. e known LineEB I call . Now CD 
=FH=BC=BG=—HE ; then FG4+GH+HE is triple of 
BC; therefore there is wanting the Value of FG to make BE or 5 
the triple of BC. Now FG=zzz, therefore T E x, or 
222==3%e—b, This is as far as we are able to proceed in this 
Problem. But we cannot find the unknown — by help on- 
ly of theſe Elements, it being only known that its Cube xxx is 
equal to three times itſelf, that is, to 38, the known Quantity 3 
being deducted. This Problem is eaſily ſolved Mechanicatty. 
Let the Arc BC, be the Meaſure of the Angle BAC, which is 
ꝛo be divided into three equal Parts. Produce the Diameter 
CF towards E, apply a Ruler upon B, and = roo ery 
Part of CF, find in the Circle ſuch a Point D, that the Line AD 
may be equal to DE; which done, I ſay that the Arc DF is the 
third Part of BC, or that DAF is the Third of BAC z which I 
demonſtrate thus, ADE and DAB are Iſoceles; then DBA= - 
BDA, and DAE=DEA : the exterior Angle BDA, is equal to- 
the two Interior ones DEA and DAE ; therefore DBA is equal 
to them both, and conſequently is double either of them. @ 
exterior Angle BAC is alſo equal to the two Interior ones DEA 
(or its equal DAF) to DBA, therefore it is triple of DAP, 
the half of DBA; 2, E. 1 * : | act 


Several 
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. Several other things concerning Equation; . 125 444; but 
4 More, re- 

RES. JI. 

A 


To hire is ſufficient, for to make. uſe of vuhat could be 
755 J Keule is the p of Gyros . 


9 - * 2; #14 - , 34% 
— . 6 "OTE h As Ki = A 7, CE tow 
= : TS & 8 1 . F * 
s 4 . 
* 1 . , * 
* 0 


$5"'CHAPF. x 

2 TR Solution of a Problem may be attempted two de- 
52 rent ways. The Fit is: only an Application of the for- 
mer Part of theſe Elements, which diſcovers ſome courſe Particu- 
lar to the Problem in hand, and which cannot he uſed in an 

other. The Second, is the Order preſcribed by the Meth 

which we have juſt taught, according to which the Thing ſought 
is found in a much more excellent Method, as it extends uni. 
verſally to every Problem. Here follows an Example) of ach, 
a rs PaoBurM 1, | | 

3 BAC is Heels. It is required to divide the Sides AB, AG, by 

a Line Parallel to the Baſe, fo that the Parallel muy be equal 10 

22 of the Sides, that is, ſappeſing the Thing done, that 


MzTrod r. | | 

Soros the Thing done, wiz. That BD=DE, then the 
Triangle BDE is Ifoceles ; hence the Angles DBE, and DEB 
are equal, Now the Angles CBE and EBD are alſo equat: * 
Wherefore EBC and EBD are equal ; therefore the Line BE di- 
vides the Angle DBC __ two. From whence I know 
that in an Iſoceles Triangle, ſuch as BAC, if the Angle ABC be 
divided into two equal Parts by a right Line BE, and there be 
drawn thro' E a Parallel to BC, it will be equal to DB; there- 
fore by this property of the Iſoceles Triangle, I find the Way 
to ſolve the propoſed Problem; but this Method is, you ſee, par · 
ticular and proper to this Problem only. arne 


MzTmroD 2. 92 


54 SVUrros ie the Thing done, the known Line 
AB I call a, and 4 the Baſe BC which is known alfo, 
and the unknown Quantity AE which is ſought I call x; 
hence as EC=a-x, allo DE=a-x, it is evident that a. d::x. 
ax, then aa—ax=dx, Add to each Side ax, and it becomes 
aa=dx+ax ; ſuppoſe c=d-þa, hence ex dx ax; and conſe- 
quently putting” cæ inſtead of 4x+ax, I have aa cx; then 


1 


2 B, 2. 8. 25. 
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a. x: Therefore the Buſineſs is only to find a third Proper 
ronl 1 the two known Lines c and a, which Has been abt. 
4. 1. 2 N ſecond Anal — wet Baa 
partic 

1150 2. L Sum e, wich "7 a Tri BC 
ing known, to find each Side 4 * 7 9 155 

Ler AB=x" and AB LBC and hd AB4AC Ft. and . 
—_ n and AC=b—x ow AC+BC=c; 

ones 2x=7, N 2 & to each 
oY it c zx. "Taking away n each, it is 
Th ON Tees 
Lines a u c, then is 
ch j- FORE of Aly tat enk 

ProB. z. * 4 ri 1 4, 
and the Other is 5 wk 2 direc a te Hyporbenaſe 556. 755 
Je frd the Value of b. 

Tur Hypothenuſe is x+67 chen ers 3 The: Ta- 
king away xx from each Side; aqzzzbxþb6 ; ſubtracting 
bb, it wil be a- bx 'ccD=ag-bb, * it will be cen 
2be. Then <= 2þ. c. x. The Buſineſs is therefore caly bs 
find a third Proportional to the two known 


eee ee 


Ler the lefſer Side be called x3 then the Gy E Lb; 
hence a#= 2xx+2xb+bb. Subtract 33 fom each 
Side and ad—bb==2xx+2x6, or half aa— jr road In 
the Place of half aa—half 56, I put the Square ce, which I. 
find to be equaMhereto. Then Js c NA x, or "eembyi=xx ; 3 
— #-F9.."6./ # F und the Value 


of x. —_— 7 


P T eng ff a | 
and the Sit of 2 Sides b. fk my 5 


Ler one A the Sides | be called * then — 1 ob 
Hence aa=bb-—2bx+2xx. I add 2bx+eambb ext. fo 
ſubtract bb, and 1 have ba ar. Put di in the 
Place of its equal aa—bb, then 2bx+dd=2xx, Divide tha 
whole by 2, in order to which. find- cc, equal to the Half of 
dd; + hence Acc =: Then ＋ . c. X — 554 Va- 
lue of x may be eaſily found. 

Pros. 6, Tus Area or Superficies of enn 9 
logram is aa, its Ae S a. d Kl the ge 4 77 | 
„ut Reed of by I r | 

He Product of x 4s. $ 
then ** bg: hence . 4: = This Problem is c. . 
ſequently Solved like the preceeding one. 


Pros, 7. Tas longeft Side ff. a right. angled Triangle in 0 3 


1 difference «with the age” t is 4, which is thirefore'x+a, 
2 d „ Die .©.442 © 
„ ||. 
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We Difference of the Hypothenuſe with the other Side abi, is 
leer than that, is b, hence the Side is a -b. Required to find 
the three Sides. | „ I 
Tur Squares of tlie two Sides x and - TLa- ate equal to 
that of the Hypothenuſe,. which is x+e, hence 2 & -e b 
' —2ba+aa+b =xx--2at--aa. Add 2zba to each Si , and it 
is 2xx+:2ax—-2bx+aa+bb=xx+2ar+ea+26a. Subtract 'sx 
+2ax+aa from each part, and it is xx—2bx4+bb=2ba,. ſub- 
tract +66, and it is xx—2bx=26ba—bb: Taking d equal to 26, 
nd cc. equal to 2ba—bb, it will be xx—dx=cc ; hence <> x. c. 
4-4. Which is eafily Solved, * . > 
61 Pros. 8. The Perpendicular drawn from the right Angle of 
a right angled Triangle upon the Hypothenuſe is b ; the Difference 
2 two Parts or Segments of the Hypothennſe is a. To 
. find the Segments. G IRE 5 
"= the leder Segment be x; then the Greater is & a. 
Now Y xa. b. x, +. Then the Problem is ſolved as has 
been taught. b. 1 F 
62 Pron. 9. Tur Line AB is divided in one of its Points, as 
C; it is required to produce it to D, ſo that the Rectangles compre- 
hended under AD and BD may be equal to the & 445 
Svrross the Thing done. Let AC ga, and Cb and Dr. 
It is required to find the Value of BD, or x. Multiply AD, 
or a-+b+x by BD, that is, by. x, which makes ax+bx+xr, 
which Product according to the Queſtion is equal to the Product 
of CD, or of I= multiplied by itſelf ; zhat is, ar+b.;+xx 
=bb+2bx+xx. From both. Members of this Equation, ſub- 
tract bx+xx and there remains ax bx; tranſpoſe by to the 
other Side, in order that the unknown Quantity 6 may remam 
alone, and then ar- b. To — this Equation to ſim- 


bier Terms, divide it by o-, then = —, which Equation i 


reſolved into this Progreſſion => a—b. 3. x, the two firſt Terms 
of which being known, the Third x, which is ſought, is alſo 
known; therefore to conſtruct the Problem produce the Line 
AB equal to x. 2 6, ae 
Tut Solution of each Problem affords a new Theorem: For ac- 
cording to what has been proved, the Square of BD, the produced 
Part of a Line, more CB part of that Line, is equal to the Rect- 
angle made of AD and BD; and the produced Part is the third 
' Term of a Progreſſion, whoſe firſt Term is AC—BC, and the Se- 
cond BC. The moſt part of Theorems are deduced from Algebra, 
which is a fruitfhd Source of truth. 2 e 
62 ProB. 10. Tus Line AB is divided in C. It is propoſed to 
divide it again in D; fo that the Reftangle of AC+DC by CD, 
may be equal to the Square of DB, 


© Sup. n. 38 & 4r. + B: 4. n. 28. 
7 Sup. A. 38. 2 43. 
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. AS $ * i 
hock VI. Cnar. 11. bb 20 
Svrrosz the Thing done. Then to find the Valde'of CB; 
let ACZa, and CB=56,-and CD==x; hence DB=t—x....The 
Rectangle of AD by CD is a- Nux, and the Square of DB is 
bb—2bx+%x ; then according to the Queſtion-ax+xx=bb-2bx 
+xx. Subtract xx from both Sides, and a -x. Trans- 
poſe zbæ to the other Side, in ordet that the known © 
may be alone, © raya; divide. this Equation by a 


then is e turn this be 6 Pypentan4y, 


a+2hb. b. x. the two firſt Terms are known, therefore & is 
known alſo; hence by taking upon CB the Line CD equal to x, 
there will be done what was required. 

Prog. 11. Tat right Line AB is divided at C, the infinite 
Line BD is Perpendicular upon AB ; r By repuied to draw fron 4, a*4 , 
Line AD upon BD, fo that 2 

Svypost the Thing done, cor that AB=a, and BC=5, and 
BD=z, the Line required. According to the Queſtion AD 
BC-+BD, wherefore AD=b-+x. Now ſince that ABD is a 
right Angle, the Square of AD or of IT, which is 654+-2bx 
+xx, is equal to thoſe of AB, and of BD, which are aa and xx. 

Hence bb++ 2br+xx=aa+xx; taking away xx from both Sides, 
it is 6bþ4-2bx=aa. In order that the unknown Quantities may be 
all on one fide, tranſpoſe * _—_ will be 2bx==aa—db, which / 


divided by 26, gives x — which Equation is there- 1} 


fore reducible into this Proportion, 26. abbra-b.. .x, whoſe 
three firſt Terms being known, the Fourth x; which was ſought, — 
r — - >. vt Ph * 3 
ProB. 12 wo Lines AB and are given 
Pifition with CF, as alſo the Points Fand E. I is 4 6 
draw FD e AB and CD, and Der 4 nag, ho that 
AB be to ED, as AF is to AG. 476 
Ler AFZ Za, CF=6, CES, AG=4. and AB. If = 
poſe the Thing done. Therefore according to the =; {Fe \ 
a. ix. ED. eee. nnn - | 


is ds divided by l. the Quotient — = Kb. | The two Trian- | | 

gles AFB and FCD are Similar; a, x: 26. CD. Now eb 

CE+ED, and therefore CD=c4 —. The Product of the 
7.4 Tay 2 


— P 
- 


5 | 


le ' | 
Extremes a and + —, which is ar. Lan, is equal to that of 1 
the Means: Then ac+d-==b#. Tranſpoſe dr, and it js ac | 


1 


1 Ll 


— — 


—— ——— — —— — — — 
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2 2 AY 8 | 72 { of 
which Equation is - reducible to this Proportion b=#. cia. x 
yon — Height 4B rs 4 

an inaccefible s 

tance AC, by the Help of tuo Sticks CD and EF. \ 3-40 
Sveeost AC=sx, AB=y, CE=b, GD=a, and FH=c; then 
ſeeing that the Triangles BAF and-GDP are Similar, AB. GD 


:FA. FG; but FA. FG::FI. FK, upon account of the Pa- 


hence AC. AE:;GD. FH, or x. x+6::a. c, therefore xc 


y Which is required, is known. | 


67 


rallels GD, and BA; then AB. GD::FI. FK, or their equals 
$ and CE, hence . at . 6, conſequently by==ax+ab. 

he two Triangles BHF and BGD are Similar; then as BD is 
to BF, or IK to IE, or AC, to AE, fo likewiſe GD is to HF; 


+ ab; taking ax from both Sides, there r- 7 ape. F 
dividing each Member by e-, it will be * ; hence 


c 
arb. x. The three firſt Terms of this * are known; 
therefore the Fourth which is required is kndwn. See 

it appeared above that by==ax+ab ; and xczzax ub, it fol- 
lows. that Hex, it being equal to one and the ſame Quan- 
10 ar rab, wherefore 6b. c::x. y, Now x is known already: 
Therefore the three firſt Terms being known, the fourth Term 


Pros. 14. Two Merchants put into 1200 Pounds, 
and they gained 3400 Pounds ; the Firſt took 700 Pounds, for both ” 
his Gain and Sum put in far two Months ; the Second took 3900 
Pounds, for his Gain and Sum put in for frve Months. It is de 
mand — Gained, aud alſo the particular Sum puPig by 
each? | en 

Tun Sum put in by both is i 200. Let the Sum put in 
by the Firſt be called x ; hence that of the Second is @—x. 

Stock and Gain of the Firſt is 500=5: Then bx is the Gain 
of the Firſt. The Stock and Gain of the Second is 3900 ; 


therefore c=a+x is the Gain of the Second. Now as the 


Stock of the Firſt multiplied by its time, is to its Gain; ſo the 
Stock of the Second multiplied by its time, is to its Gain ; 
that is, 2x. b-x::5a—5x, -a. The Product of the Ex- 
tremes is equal to that of the Means; then 2xc—-2ax+2xx= 
2 ax—5bx--5xx; and 2ex being added, and zxæ at the 

e Time ſubtracted from both Sides of the Equation, it will 
be — e add za g to both Sides, 
and it gives 2cx+3ax+56x=;ab+3xx. Suppoſe Arz 
+56; hence dx=5ab+3xx ; alſo take ab, which ſubtract 
from each Side, and then & gx. Then to reduce this 
Equation to a form which gives the Solution of the Queſtion, 
ſuppoſe 4=3g, and f z; hence gx---b=xx, find a _ 

* ' eq 


BOOR VI. Cnar. it: | 2 


ee which B- 
— reducible to this . . , for 


quation is 
= 006 EY uently gx==//+-xx, tn 

OE ere are e and dee t 

Their difterence if upon AB=g be deſcribed 


Circle AGB, and there be raiſed a Perpendicular BD=/, and 
DG be drawn Parallel to AB, and from the Point E, be drawn 
the Perpendicular EF, it will cut AB at the Points required. 
N Quantity which is fought is = Now as we in 
this Problem ſeek'the Value of x in numbers, there muſt from 
the Square of CE (or CB, the half of AB, the Sum of the known 
Extremes, ) be ſubtrafted the Square FE}, which is alſo known, 
and there will remain the Square of CF, the Half of the Difference 
of the Extremes, whoſe Root added to CB will give the greater 
Term, and being ſubtrafted it gives the Leſſer x==300, the Stock 
of the Firſt; after which all the Reſt is caſy. 


ADVERTISEMENT. 


Tun 0s Problems fhew that on extenſboe 
be made of this Metbod of fokving 2 \which tb bg 
as not appertai to „ yet 7 Solution depend) hen ur 
Rebels been 


Pros, 15, LzT ABCD be a Billiard Table. Required togy 


firike the Ball I after two Rebounds, wwith the Ball K. 

Tun ANI Incidence and Reflexion are equal. Accord- 
ing to this it is ſuppoſed that if K is to the 
Point I it ought to reflect to L, and from L to The Point 
I is than quired. Having drawn _—— paral- 


Parallel to BD. Let KBs, — Ef tad iy ng 10 


=x: Then M-. The n KFI L being 
Similar, x. an. BL. Then 1. and. by con- 


ab 
vafing this Exproiqn BL . New GB- Rl 
a 
GL: Then t - e 4 i wil ca. 


ab \ 19.0. oh 
_ eee 


a. æ7 74 a- 2. 7 Therefore af=drt-ax—ah: Then adding 


tai ar 
ab to each Side „ 


4 
we” 
„ - 
* 


. 
—_— 
o 


-__ Elements of Gemüt y 
into a Proportion, it will be & 
} ai e is a fourth Proportional to theſe t Wo — | 
| | BG4KF, GH+FB, and KF; which are known Line: 
Þ Wherefore EI is the -Line-ſought,' chereſore the | Point u © 
3 Thereſore if che Ball K is to touch the Ball H after two Re- 
bounds, K muſt be ſtruck ſo that it go to I, '% the Thing | 


will rebound to L and from L. to H; ; which is the 
ROB. 16. Two Points or two Places being giving with 2 
69 Plane at a Difiance from thoſe” two Points, required to find h 
this Plane, a Point which' muſl be paſſed thro" in order to go the 
Jhorteft Way from one Place to the — oF Or a luminous Objed# *. 
& being given with a Mirrour, and the Eye Nau out of the | 
1 Mirrour. To find the Point „ ae * 4 
Ler the given Points be A and E; and let alſo the Plats þ | 
be BF. Required. to find upon that Plane the Paint D, ſuck } ; 
that the Line AD more DE, may be ſhorter than any; other of 74 
the Lines drawn from that Point to the Plane, for Example, 
ſhorter = AG+GE, 4 i og Fo 
70 FIRST. Let there rawn erpendicular I 
duced even to C, ſo that AB=BC. And from the Point . 
let there be drawn the Line CE; I ſay that the Peint Sought” i 
is D: For the two Triangles ABD and DCB are e ual, aa; 
are ABG and CBG: Then AD+DE==CD+DE,- an AG 
|  GE=CG+GE. But CD DE is a right Line: It is them 
| 4 fore ſhorter than CG+GE.. If the Point G were B 
1 and D, the Demonſtration would be the ſame. Obſerve 
the two Triangles ABD and CBD — 4 equal. they are Simi 1 
lar: Therefore the Angles ADB BDC are equal; J 
EDF is equal to BDC: Then EDF is D o ADB; hence i 
as the Angle of reflection is equal to that of ade ii. 
the Objekt is at E, and the Mirrour be BF, the Point of Reflecs., 
tion is D, and the Light willbe reflected at A. It is than 
71 fore conveyed by the Way. 
SECONDLY. The. Angle of Incidence EDF i is fa 
ſed equal to that of Reflexion ADB. The Buſineſs is to 
again the Point D, where the Light will fall reflected n 
the Object E to the Eye A, proceeding by the ſhorteſt Way. L 
The knqwn 8 are AB=a, EF Bn and BFA. Ther 
unknown is Seeing that the Angles of Incidence and 
Reflection — is ppoſed equal, then the two right angled 
Triangles — and EFD are Similar; then pb 4 ad. 4. 1 


Therefore 2K. ; Hence the Value of BD is known. 


- — 


Tur End of the Elements of Gromerry, . 
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1 1. 7 opt 


F the care Line} erb 
Cone. © Their Names, aud th 2 2 22 


1 P fer. 
2 Elements 1 bare tes r 
ag Line and the Circle ; but a than try perch Lines called. 
rve Lines, which are * „* chiefly the Ohject of the 
moſt ſublime Geometry, u oant of the wondetfal and- 
ſingular Pr which they diſeover, A Sir whe 
ſhew their Geneſis, and ſome of their principal — 1 
ſhall treat only of the Firſt and moſt known, which are 
obſerved in by. Cone different ways, from thence, c | 
r, OP I AY ARS 


25 45 


lar thre be conceive «right a Cane, 1. rege 
a Plane paſſim its Axis, it is at that the Section wil ts 
a Triangle, r ind its Baſe the. 


Diameter of the Circle which is the B. of the Cope. In aubar 
fillows T n the Plane which d, ' the. Cong, ta be Per- 
pendicular the Plane of the 7. ied. 2. If the Section be. 
Parallel to the Baſe. of the erte the” Section is ® 
Circle. 3. if ir be not Pele ts the Baſe, but intetſects the 
Cone's Axis, and both its Sides, er the tave Sides of the 


Triangle, which is the Sefton of the Cone by a Plane paſſing tbr 


itz Axis ) this Section, or the Circuit of this Section will repce- 

ſent a curve Line called an CIA 228 or Oval. Such is the Fi- 
gure x, formed in the Cone A by cutting it in the Direction 
of the Line M. See this Section PB, Plate 8. fig. 30 4. If 
the cutting Plane divides only one of the Sides of the d 
Triangle, and that the Section be Parallel to the other Side, 


E e wis 


* 


210 Av Inttodutim oo 
this Section or the Circuit thereof is a different Curve, called a 
Parabala. Such is the curve Figure V, formed in the Cone 
by the Plane which cuts it, according to the Line N. See P. B. 
F. 8. c. 32. If the Section be ſuch that if prolonged it croſs 
the other Side of the ſaid Cone or Triangle being prolon 
above its Vertex, this Section or the Circuit thereof 1s 
Hyperbola, ſuch is the Figure Z, formed in the Cone C, by 
Plane dividing it according to the Line O. See alſo P. B. P. 8. 
Fig. 33. | 

5 are certain Terms which wwe neceſſarily uſe in treating 
of Conic Sections, which I thus explain. the Section of a 

one chro its Axis be the Triangle BAC. Let AP r, PM==y, 
AD- a, BDB. Then . ia. 5. Then ay x, which is 
the Equation, — * the Nature of the Triangle. Let 
AMB be a Semi- ci whoſe Center is N, and AN NB, or 
AB is the Diameter. Let AP=x, PM=y, APF==a; hence PB 
Sax. Wherefore => x. y. a—x; therefore ax—xx=yy, is the 
Equation which expreſſes the Nature of the Circle. A Perpen- 
dicular ſuch as MP drawn from any Point whatſoever as M of 
the Circumference upon the Diameter AB, is called an Ordinate, 
and the Part of the Diameter taken between its Extremity.and 
the meeting of the Ordinate, is called the Ab/cifſa. Let DEE 
be a given right Line, with F a Point out of that Line, I call 
this Line DEE the Dire&rix. Let AMN be ſuch a Curve, 
that every Line Perpendicular upon DE falling upon M, one of 
the Points of the Curve, may Live always one and the ſame 
Proportion with a ſecond Line drawn from the Point M to the 
given Point F. This Curve is re and may be deſcribed 
that is, all the Points thro' which it ought- to paſs may be 
found. To theſe Points, and theſe Lines, there are names 


ven. 
T Point A is the Vertex of the Curve. The Point F is 
called the Focus. The Line AF produced is the Ax:s. The 
Lines which croſs the Axis Perpendicularly, and which are com- 
rehended between the Curve and its Axis, are called Ordinate:.. 
M is an Ordinate. The Part of the Axis taken from the 
Vertex A, to the Meeting of an Ordinate, is called Abſciſa. 
The peculiar Ratio which 1s between the Line AD, to AF, is 
that which makes the eſſential Difference between theſe three 
Conic-Seftions. The Parabola, Ellipſis and Hyperbola. In 
theſe three Sections I ſhall call the Proportion that of p. to 
5 In the Parabola, tis always a Ratio of Equality; in the 
_y is always greater than ?; and in the Hyperbola p is 
always leſs than . . 


CHAP, 


8 C H A P. I. 


F he Parabila, 6+ Carve-Line which repreſents the Seftion 
of a right Cone, by a Plane parallel to onz of its Sides, 


Darintrion 1. 


Tus right Line DE is given, twith the Point F out of that 
Line. DE is the direftrix of the Parabola. The Line FD is Fer- 
pendicular uyon the Dire&rix DE. If this Perpendicular be divid- 
ed at the Point A, fo that FA AD, and that having drawn from 
each Point of the Curve as M. a Perpendicular upon DE, and ano- 
ther Line at the Point F. if theſe two Lines are equal, MF=ME, 
this Curve is called a Parabela. 

eie, Pede. I Dull expeſs the Proportion of Equa- 
on a the Proportion ua- 
lity of EM to MF, by the two Letters p and g. - 

Pros. 1. To find each Point of the Parabolic Curve. ' 

DE is the direQrix Line which is given, and F the Focus. 
Divide DF into two equal Parts, hence A is the Vertex of the 
Curye. To find the other Points. 1. Thro' A draw a Paral- 
lel to DE, From which take AX=FA; and draw thro' D and 
X an indefinite Line. 2. Having afterwards drawn a ſufficient 
number of Lines to which cut the Axis DF, it 
being prolonged, Points of theſe Parallels thro' which the 
Curve paſſes will be eaſily found; the Point M, for Examp/e, 
in the Line PO. With the Extent of PO and from the Focus 
F as a Center, deſcribe a Circle which will cut PO in M; then 
AD. AX::p. g. and AD. AX::DP. PO. Now DP==ME, and 
by conſtruction POSFM: Then“ ME. FM::p. . Hence M 
is one of the Points of the Parabola, accor. ang to the pre- 
5 — that "= —_— * — 
with DF an Angle of 4  ; for is a right e, 
and ADA: Therefore the Triangle is Iſoceles; hence the 
Angle ADX is equal to AXD; conſequently each is 45 De- 
grees, or the Half of a right Angle. 

Dee. 2. A Line FD, or quadruple FA, or D, 
is called the Parameter of the Parabola. 

Lr the Parameter be called az the Ordinate PM be called 
y, and the Abſciſſa PA be called x. There is no occaſion to be 
at the Trouble of explaining the Parameter any farther, than 
what is done by the Definition, which calls it thus, a Line qua- 
druple of FA or of AD. 1 

e 2 


. 3. u. 53. Tutox. 


312 AY An Introduction 189 
Taxon. 1. Tur Refangle made of the Parameter and Ab- 
ſeiſſa, ts equa? to the Square of the Ordinate. Or that Ordinate is 
a mean Proporttenal between NN 4 
Ler FA or AD (fg. preceed) be called b. The Abſciſla AP 
hath been called x. Thea'PDvr , and FP==x=b, or 
-x, according as the Point P is found above or below the Fo- 
cus F. The-Parameter à is Quadruple AD or AF, and there- 
fore of 6 ; hence =. It muſt be demonſtrated that ++ a. y. 
x; or that ax=yy. According to the firſt Definition MF=EM ; 


but EM=PA+AD=64-4. Then” MF=334-2bx+xx. And 
ſince that FP g-: Then FP==bb—2bx4-xx. Now FM-BP 


EC TIT g 
=PM=yy. * Then bb-2bx+xx—bb4-2bx—xx=yy, But 
452602, and '-þxx=xx==0 ; then the — 24 * 
2bx, or 4bx=yy. Now 46. is equal to che Pafameter a; 
« therefore ax=yy or a. 85. x; ⁊ubich avas to be proved. © 
Collax Y. Tu Squares of the Ordinates of a Parabe/a are 
one to another, at the Parts of the Axis taken betqveen its Vertex 
and the Meeting of theſe ſame Ornat. 
Tux Parameter @ is always the ſame; but x which is the Ab- 
ſciſſa is leſſer or greater, according as the Ordinate is nearer or far- 
ther from the Vertex A. Now ſeeing that it is always yy==ax, in 
whatever place the Ordinate is taken; then yy or the Squares of 
the Ordinates are one to another as x, or Abſciſſa s. + 
Trtor. 2. Tux Curve or conic Section aubyrb bas been defined 
and deſcribed, is a Parabola, | 146... 
» SVT is a Cone cut by a plane parallel to its fide TV, accord- 
ing to the line AF: it muſt be proved that the Section QAR, 

both is, and hath the Properties'of the Parabola. * 
Tus Lines PM and QF are perpendicular upon AF, which I 
call the Axis of this Curve. PM and QF are therefore Or- 
dinates : Conſequently to prove that this Parabola QAR is that 
Curve which has been treated uf, requires no more than to prove 

. , 7 2 — 7 « + 

that the ſquares MP and QF and of all the other Ordinates, are 
one to another as the Parts AP, AF, of the Axis which they 

interſe& ; for this being ſo, then according to the preceedin 
Corollary, the Curve QAR is the line required. Let us — 
the right Cone 8 VT to be cut at the Point M by a plane Parallel 
to its Baſe. This Section PME is then a Circle. Let S be 
another Circle Parallel to DME. The Line MP is che Ordinate 
of the Parabola QAR, and of the Circle DME, it being perpen- 
dicular as well upon ED as upon AF, foraſmuch as it is the 
common Section of the Plane of the Circle and of that of the 
Parabola, which by Conſtruction, divides that of the Triangle 
| at 


. 4. 3. 78. ＋ J. 3. 3. 54. 


| Conix Sessions. cba 
at right es > he 
dinate, to the Circle as well as to 
MP. FE; and fo Ref 4+ SF. 
———— 


but PE=FT : Therefore PM. 3D. SF. Now becauſe of 
the Similar Triangles DPA and 8FA, AP. Ar- Df. SF : then 


— — | 
PM. AP. AF: Therefore by the preceeding Coro 
QAR id? the fume Natars as the Line nated of — 
ter, which is alſo a Parabola. 


-— _ 3 apr mtr. or aber any Paint required, of 


ray © 


ik 


DP. 
Parts, 
Tan- 
EMP is 
a Line 
EDS the Caſe here; 
for every other Point that can be in the Line TS, is not 
in the Parabola, but out of it; as for — N aka 
TS above or below M, is out of the Parabola. For let there 


378 1 


drawn the Lines NF, NP, and NE, Parallel to the Axis, 
will be always greater than NE. Now fince that TN fs by Con- 
ſtruction perpendicular upon FP, the Lines NF and NP : 
qual. N — than NE, conſequently N is 
of the Points of the Parabola: for if it were, FN 
equal to NE, according to the Definition of the P 
FN being greater, the oint N, is not in the Curve. 
CotoLLary. Ir # evident that if the Curve AMB 
A! — men”; eo yming = — 
c to t A, ne MF will repre 
refleted F * ay 
of Refleftion FMT : For the Angle CMS is equal to the oppoſite 
Angle TMP. Now by Conflruftion, 4 MP is equal to TMF ; there- 
fore TMF is equal to CMS. Wherefore all the Reps <obich fall 
upon the Concave Surface of the Mirrour parallel to the. Axis, 
reunite at the Point F. and this occaſions it's being called the F 
or burnin — — Hence the Concave parabolical Concid, is the 
ft Form for a good burning Mirrour. 
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CHA P. IN: 


Ar the lief, or Line which repreſents the Setion of @ Cone, 
by a Plane cutting its two Sides, and wwhich is not parallel to 


Dee. 1. Lew there be given the right Line DE for the D. 
rectrix of the Curve that is to be drfined, with the Point F; out of 


- DE. FD is perpendicular upon DE. If this Perpendicular is di- 


wided at the Point A, according to the Ratio of p to 9, 1 7 
greater than g; and that having drawn a Ae, 2 | 
7 of the Curve, as M, upon DE, and another Line at the Point 
F, if the Line EM be always to FM as ptog; this Live ought to 
be called an Elipfit, becauſe it will be proved to be the ſame as the 
Seckton of the Cone which is called by that Name. 

Pros. 1. Tur Directrix DE being given with F, which is 4 
Paint out of it, to find all the Points of the Ellis. | 

1. FD muſt be divided in A; ſo that AD. FA :: p. 9. 
2. Thro' A draw a Parallel to the Directrix DE. and take 
equal to AF. Hence AD, AX :: p. 2. 3- Thro' D and X draw 
an indefinite Linz; after which dividing the Axis by as many 
Parallels as you pleaſe, it will be eaſy to find in thoſe Parallels, 
the Point thro* which the Curve s. From F as a Center, 
and with the Extent of PO, defcribe a Circle which will cut PO 
in M. By reaſon of the fimilar Triangles DAX and DPO, the Line 
PD, or its equal EM is to PO or FM, as AD ig.to AX; therefore 


EM. FM::AD. AX::p. g. The Point M is therefore a Point 


of the elliptical Curve. 

Prom. 2. To find the Ait of this Curve. | 

Ler the Line DX be prolonged ad inf. and upon the pro- 
duced Part of AD at the Point F let there be drawn a Line ma- 
king an Angle of 45 Degrees, and continued even till it meets 
the indefinite Line DX. From the Point of Interſection x, let 
there be drawn the Perpendicular „ upon Fa. Then in the 
Triangle F ar, the Angle Fa is alſo of 45 * there - 
fore the Triangle F ax, is Iſoceles. Now AD. ::Da. ar; 
and ſeeing that Far is Iſoceles, ax=Fa:. Then AD. AX::Da. 
Fa. But AD. AX::p. g. Then Da. Fa::p. 9. Wherefore 4 


is one of the Points of the Curve, as is evident. 


Dee. 2. Tue tranſverſe or longeſt Axis of an Ellipfis is Aa. 
The Point C which divides Aa into two equal Parts, is the Center. 
The Line BG which cuts Aa at right Angles, is the conjugate or 
leſer Axis. Having taken fa equal to FA, the Points Fand f are 
the Fociti. 2. The Perpendiculars drawn from any Point what- 
feever of the Curve to one of the Axes, are called — 

ence 


 Hunce PM 
is an Abſciſſa. 3. 
called the Parameter 2 80 123 — 


Tutor. 1. Tux Diffance Ff of the Fecii Fand ff is to the 


greater Axis Aa, as q is to p. . preceed. ) 


IT has been d —_ r 422 — Da: Then 
Fa—AX. 33 ” 4 Now 82 fa==FAAX : Then 
1 F f. =Aa: Therefore Ff. Aaitg. pz 

Trzor. 2. AC the Hel o the greater Axis Aa, it a mea 
P . Half of the Diflance of the aa, | 
and the Line CD. 

Tus Half is to the Half, ( A e en. 
the Whole ; wherefore AC. FC:: Aa. Ff. But by t 
ing Theorem, Aa. EH: AD. AX. Thin AC. 1. FOrA 


or FC. AC:: AX. AD, and FC. FC+AX::AC, A 7 
Now conſtruction FA AX; hence FC TAX FC TFA 
AC, AC+AD=CD Putting then AC in the Room of 
FC+AX and CD in the Place of AC -C, it will be FC. 
AC:: Ac. CD. Wherefore = FC. AC. CD; 2. E. D. 


| PaLPARAT 10N. 


Fon the Demonſtrations of the fullewing Theorems. (fie 
igure. 

. d and e rr —4.— 
or ax=d4-g. Now AC or 4 is 4 mean Proportional 

CF or and CD, by the preceeding Theorem. - 
CD. hen K malttplied by 4 and, the Product df divided by 


dd 
& the Quotient — is equal to CD. Let CP==x, and PM=y: 
2 * 


Then PF = -g, or g-, and DP, „ when the 
Point P is above the Center C. A the Generation of the Bl 
bpfis. of hb MF=4-—, * the fourth Term of this 
Proportion is MF, When the PoineP, is below the Center c. 


then PF=x-+g, and DP, or Miles her} Then, as above, 
3 | : 


I =—. 


Tuxox. = Tur Square of any Ordinate whatſoever as PM 


at the greater Ari; Aa, is to the Rectangle A Pa, the Part: of 
that Axis, as the Rectangle AFXFa, Parts alſo of that * 


J. 3. 2. 60. 


. 
a ———— —— od — — 22 —— — —— 2 


. 


* d 
* 
* * 


E 


(Ne PC=x: Then AP>=d-x, and Pad. Lx. 
e enons — — 5 — a 
Then AFX Fa 
It is hw * 5 — . ad. 
Now as the of the Ran is equal to an 


the Means, that is, na-. 
Triangle FM being ah right angled mr. Now 
| &* 

SI n 


. Then PM, u 
 88+:2gx—xx. Now cancelling the Terms which a one 


A 
another by + and —, it will be p err, and 


all the Terms on both Sides multiplied b Zi be diy= 
- RN - gg -d xx; then &c 1 yu 

Tuzox. 4. LET BC, oo REO APXFa, or pos 
wo - bb the Cquare of BC, half the 2 Axis BG 


os a be proved that 3b=d4-gg, BC=5 is an Ordinate 
which is at the r e 
hence yy==5b. Now by n Theorem yy. -v: 44 
Ag. 4. Then fl inſtead of yy, and cancelling - a, 
it will be. 36. Adi: c 
dd gg; — was to 

Tuxox. 5. Tus 8 Sede 2 is. 
BG is to — Rect angle, BKX s of that Axis, 
of th great Aris da is to 'the Square of the Leer BG. (fame 


Fi 
, on greater an As is equal to AC4-Ca, or to zAC; 
therefore to 24. The Half of the Leſſer Axis BG is called 5; 
hence ab BG. The Line CP has been already called x. Now 
the Ordinate MK is equal thereto, which is therefore x. The 
Line PM the Ordinate of the greater Axis hath been called y. 
Hence CK which is equal thereto, is alſo y; — 22 
BK, and 345. =EKG, and bb—yx=BEXKG. The the 
greater Axis Aa or 24, is 44d. That of the leſſer is BG or 
26, is 46b. Therefore this is what is to be demonſtrated. xx. 
Boy: * 466. According to the third Theorem, yy. dd v:: 
By the Fourth SGA. gg. Then Subſtituting bb 

ae diy, it becomes yy, dd-xx::bb, dd. Then yy. dd 
; and the Extremes and Means 3 it will 


x::4bb. 4d 
be 4ddy= elbe, or D ee Sr 


* 'Conic Sections; Chap. 8. 1 4 
a, quation into a Proportion, it will at laſt be xx: aa 


Taxon. 6. Tun P — to the Diameter as the 
of its Ordinate is to the Reftan _— under the 
Arno vr * from t Section of that Ordinate. (ame 
re 
AC the Half of the longeſt Diameter As has been called 7 


and 6 that of the ſhorteſt Diameter BC. Hence BG=25b. Let 


the Parameter be called 4; 1 DIG 24, 
1 


26: * then Dor and both Members of this | 


Equation * 4. it will be 2bb==ad, and divided 5 
its Serhalf a. Bas third T1 


appeared that y 1 2669. dd. EN N 
of bb, ie will bo 5». dd-xx :: half ad. dd. Each Term of the 


Ratio of half ad to dd divided by 4; gives half a, and 4; and 
multiplying them by 2, it becomes 3, 24; therefore yy. AN 
224. 2d, or a. adp. dd; which was to be proved. | 

THzor. 7, Tus Squares of the Ordinates are one to another, 


as the Rectangles of the Parts of the Aris made by the Meeting of | 


the ſame Ordinates. 

fi —— SC 

rom the rem, a. X&: mm. 
— dun; —2 to be 

THEOR. 8. Tn Conic Section or Carve which 1 d- 
fed and deſcribed, is an Ellipſis. 

Ler the Cone men be cut by a Plane making 
Angle with its Axis, and which interſects bath its Fides 
Section DMAD, which is an Ellipſis, is the ſame Line yo. 
whoſe Properties we treated of. Let there be conceived two 
parallel Circles EMF and GRH, whoſe Diameters interſect that 
of the Curve DMA, in I and in g. If from the Points M and 
R, where thoſe Circles croſs that Curve, there be drawn right 
Lines to the Points I and 2 it is evident that theſe Lines are 
Ordinates common to both the Circles and to the Curve DM 
AD, foraſmuch as Ry is Perpendicular- as well upon HG as 


_=_ AD, being the — of the Plare of the Cir- | 


th mo of the — — Ne ry. 
e Trian t An t is 
angles 4 ll and Ip an Saar; then 
Trian les DEI and 'DGg, are alſo 
Term of the firſt — multiplied by its core 
— Term in the Second, che Products being compound» 
ed of e wal 3 are Proportional. Hg. FI:: Ag. Al, Gg. 
Elſ::Dg. ND FIXEl: AND. I „DI, be- 
caſe i the Circles E — according to jheſe Els: 


ments NHR, and IM=PICE: Then FA IM, ih 


gently ly interſects that of 
e of MI. The Tri- 
„EI Ag. AI. The 


then Gg. EI: :D. 
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M--ME ; con, longer than FM : For by con- 
Arche — — the Point D cannot he the 
Ellipfis, which bath by the preceeding Theorem this property, 
that if D be one of its Points, FD+DF=/M+MEF, Th Line 
DT cannot therefore touch the Ellipſis, but at the Point M. 

 CoroLLary. Ir i evident that if AMB repreſent the Section 
of an Elliptical Mirrour, and f M be an incident 15. it will l 
reſtected at F. | 

For the Angle of Incidence Ms is equal to the Angle of 
Reflexion FMT ; fince that the Angle SM 1 is equal to EMT, 
which is equal to TMF. Hence all the Rays which diverge 
from , which fall upon the concave Surface of the Mir- 
rour, will reunite at the Point F, and reciprocally if they diverge 
from the Point F, they will reunite at the Point J: For this 
reaſon it is that theſe Points are called the Focii. 


c H A pP. V. 


Cone cut by a Plane parallel to its A is, or fo that cutting 
only one Side of the ſaid Cone, it might alſo cut the other if prolong- 
ed above its Vertex. 

Dee. 1. LIZ DE be a Line taken for the Directrix, and F a 
Point out of that Line. The Line FD Perpendicular p DE. 
If FD is divided at the Point A, according to the Ratio of p to g, 
(it is here ſuppoſed that 5 is leſſer than ) ard that à Curve is 
traced, from which having drawn Perpeudiculars to DE as EM, 
and other Lines to F as FM, fuch that EM may be to MF as þ to 9, 
this Line is called an Hyperbola ; becauſe as is demonſirab 
it hath the ſame Properties as the Conic Section of that name. 

Pros. 1. To all the Points thro' which this Curve 


es, | GY 
Draw AX Parallel to DE, and equal to FA, and draw an 
indefinite Line on each Side thereof thro' the Points D and X. 
After which drawing freely as many Parallels! to DE as you 
pleaſe, as PO: to find the Point of this Line PO thro' which 
the Curve paſſes, deſcribe a Circle from F as a Center, 
with the Extent FO. The Point M, where the Circle cuts PO, 
is the Point required; for the Triangles DAX and DPO being 
ſimilar, PO. PD:: AX. AD::g. 5 ow PO FM by conſtruc- 
tion. And PDE M: Then b . E NI: g. p. The Point Mis 
therefore in the Hyperbola, by the preceeding Definition, 
Pros. 2. To find the Vertex of a Similar, ofpofite Curve. 
In conſidering the P ies of this Curve, it may be com- 
with an op ſimilar Curve whoſe Vertex is found 
. Upon FD make the Angle DF of 45 Dons, ens 
| rom 


07 the H „ or Line which repreſents the Section of a 
n 


£ 
— i 4 
— 
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from the Point x where Fx cuts the indefinite Line XD, draw 

« Perpendicular upon Ff. The Point à upon which this Per- 
ndicular falls, is one of the Points of the Curve: For Fax 
ing Iſoceles, ax=aF. The Triangles x Da and ADX are 

Similar, by conſtruction; then à D. ax or a F:: DA. AX or AF. 
Hence a D. a F:: DA. AF::p. 9: Then aD. 3 Hence 
the Point a is one of the Points of an oppoſite and ſimilar Curve. 
Having taken fa=FA, it gives the Focus 7, according to the 
following Definition. 

Dr. 2. Tus Line Aa is called ihe Tranverſe or prolonged 
Axis. The Point C which divides the tranſverſe Axis in two, is 
called the Center. If thro' C be drawn a P cular BB, whoſe 
length is bounded by a Circle dſcribed from the Point A, and with 
the Extent CF, that Line BB is called the conjugate Axis. The 
Points F and Fare the Focii, The Perpendiculars draw from ont 
of the Points of the Curve upon one of the, Axes, are Ordinates. 
Tube Abſciſſa's are the Parts of the Axes taken from their beginning 
to the meeting of the Ordinates. Sometimes their Origin is at the 
Center, and ſometimes at the Vertex of the Hyperbola's. The 
third Proportional to the two Axis is called the Parameter of the 
firft Term of the Proportion. ws 

Theor. 1. Tus tranfoerſe Axis Aa is to Ff, the Diſtance 
of the Focit, as p to g. 

Dax and DAX ate two ſimilar Triangles : (fg. preceed.) then 

AX. ax::AD. Da. Now AX=AF, and ac === F: Then AF. 
F:: AD. Da, then compounaedly ADT Da. AD:: AF Fa. AF. 
But APF+Fa=Ff: For AF=af, and AD+Da=Az. Then 
Aa. AD:: E. AF, and Aa. EH: AD. AF. Now AD. AF, or 
AX::þ. ; therefore Aa. why q ; which war to be proved. 

Tune: 2. CD is a third Proportional to CA and CE. (pre- 
ceed fig. | X 

oe Kd that the Wholes are to the Wholes, as the Halves 
are to the Halves, as CF is the Half of FF; and CA the half 
of Az: Then FF. Aa::CF, CA:: AX. AD: Then CF. CA:: 

CF-AX, or AF. Ca-AD. Now CF-AF=CA, and CA-AD 
CD. Therefore CF. CA:: CA. CD; which was to be proved. 

Tuxox. 3. Tus Square of any Ordinate whatſoever as PM 
of the trenfoerſe Axis Aa, is to the Rectangle of APXpa the Parts 
of _ Axis, as the Rectangle AM Fu is to the — of CA 

or Ca. 74 

Lzr CA the Ordinate PM=y, CP=r, and CF=g; (Ig. 
$*ecred.) when P is above or below the Point F, PF x-, of 


dd : 
. Then it will be DP==x— — ; for by the preceeding Theo- 
3 
| 44 EO 
mm CD=—, But by conſtruction and by the firſt Theorem, 
| mY 5 


— . w — 


* 
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5 4 Y 0 T' 
2 =, MF; then kr =. IF the Point P were 
£ 45 FER, 
* gx. 6 
above the Point a, dana Hung It muſt then be proved 


that yy or PM. xx--4, or APXPa:1gg—dd, or APXFa. 44 ot 
CA, or Cz; which is eaſy : For upon account of the right an- 
gled Triangle MPF, PM=FM--PF, rhat in in Analytical Terms, 
= —xx---gg+d4; or by multiplying both Sides by it 


dd 
will hay" er ggxx---ddxx---ggdd4-d+, and reducing the Terms 
compoſing this Equation into a Proportion, it is yy. xx A:: 
Ad. dd *. . d. ww on 
THEOR. 4. Tux Square of any Ordinate whatſoever as PM 
of the Axis Aa is to the Rectangle of the Parts of that A is ( viz. 
to APXPa,) as the Square of the conjugate Axis BB is to the 
Square of the other Axis Aa. ( ſame Figure. ) . 
Ler us conceive a right angled Triangle ABC; according to 
the Definition of the conjugate Axis, ABFC, it has been ſup- 
poſed FC=g, and AC=4; let us ſuppoſe BCS. Then ABC 
being right angled, and AB=g ; then 5b—gg--d4d. Now by the 


ing Theorem, yy. xx—d#d::gg—dd, or bb. dd. Multiply-" 


ing bb and dd by 4, they remain in the ſame Ratio. Then y. 
xx—dd::4bb. 44d. Now APP a=xx—d4d. Therefore the 
Square of yy is to the Rectangle APXPa, as 466, the Square of 
the conjugate Axis BB or 26, is to the Square 4d of the other 
Axis Aa equal to 24. bas fond , 
Tukox. 5. Tur Parameter is to the Diameter as the 


ef any Ordinate whatſoever, is ta the Rectangle of the Parts of 


that Axis made by the meeting of that Ordinate. 

LzT the ſame Denominatzeon : of the Parts be preſerved and 
the ſame Figure as before, and let m be the parameter of the 
Axis Aa, which is by its definition a third Proportional to the 
fa'd Axes; hence m. 26. 2d. But by pup of this Proportion 
it will be u. 24:: 466. 44d. Now by the ing Theorem, 
4656 is to 444 as yy the Square of. the Ordinate is to »x—a the 
Rectangle of the Parts of the Axis; therefore m. 24:37. xx—dd, 


Q. 2 D. : Q's | 
Tazor. 6. Tur Square F the Ordinates are. one to another 


as the ReAangles of the Parts of the Axis, made by the meeting 7 


the ſame Ordinates. 3 | . 
Wr::cn is ev.dent, ſince that in what place ſoever the Point 


P is tound, the Parameter x is to the Diameter 2d, as the Square 
Hof the given Ordinate is to the Rectangle xx—4, (or AX Fa 


made of the Parts of the Axis limitted by the Ordinate. 
| Theorem 


1 
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Trzor. 7. Tus Hyperbola is the ſame Curve or Conic Section 
as that which has been deſcribed. 

Lzr Os be a Cone cut by a Plane, which alſo meets the 
other Side 2 O, of the Cone in B, if prolonged above the Ver- 
tex O. This Section 9 AR is the Curve that has been treated 
of, or this Curve is nally that Section of the Cone which is call- 
ed Hyperbola. Let a Circle DME be conceived Parallel to n, 
that of the Baſe. Their Diameters cut the Axis of the Hyper- 
bola at the Points P and F. The Lines MP and F? are Perpen- 
dicular upon thoſe Diameters as well as upon the 1 AF, for- 
aſmuch as they are the common Sections of two Planes perpen- 
dicular to that of the Triangle; conſequently they are as much 


a , — . 
Ordinates of the Circle, as of the Curve DME. Now MP. 
— 
Dyxrk, and F q=mFX»F. It is to be demonſtrated that MP, 


— ' 
or DPXPE is to Fg, or its equal Fx, as APXPB is to AF 
FB. The two Triangles DAP and „ AF are Similar. The 
two Triangles FB x, and PBE are Similar. Therefore m F. DP 
2: FA. PA. Alſo F. PE::FB. PB. Each Term of the firſt Propor- 
tion multiplied by its correſponding Term in the Second, the Pro- 
duds are in Proportion, they being Rectangles whoſe Ratio's 
are compounded of ſimilar Sides. DPXPE. mEFXnF::APXPB. 


—2 —2 

AFX FB. Then ſeeing that MP=DPXPE, and Fq—mFXzF. 

MP. Fq::APXPB. AFXEFB which was to be proved. 
SCHOLIUM, 


Ir the Side of the Cone be prolonged, ſo that there be ſuppoſed ano- 
ther oppoſite Cone tbro the Vertex thereof, it is plain, that if the 
interſecting Plane be produced, it will form in the other Cone a fimi- 
lar Section, which is an oppoſite Hyperbela. | 

Pros. 3. To deſcribe an Hyperbola by a continued motion. 

Ler AMX be an Hyperbola, its Vertex is A, and its Focus 
F. The Vertex of its oppoſite Hyperbola is B, whoſe Focus is 

F. This Hyperbola may be conceived as already deſcribed, or 
it may be deſcribed thus. The Line CF cuts the Hyperbola 
AMxX at the Point M. Let us conſider this Line C/, as a Ru- 
ler at the End of which is faſtened a Cord whoſe other Extremi- 
ty is fixed to the Focus F. This Ruler is faſtened by its other 
End to the Focus of the oppoſite Hyperbola, and may be turned 
about its Point 7. Let us conceive this Ruler at firſt, as laid up- 
on AB, and the Cord of ſuch a length that M may then coin- 
cide with A. Put a Finger at the Point A or M, and permit it 
to go towards X, by _— the Ruler ; but always k 
ing the Chord extended and as fixed againſt the Ruler. 9 


Conic Sections. Guy 4 2323 
the Ruler turns about, the Finger red as a Point, will de- 


ſcribe the Hyperbola AMX. | 

CoroL. 1. From: this Conſtruction it follows, that bavi 
drawn from each Point of the Hyperbola, two right Lines to the 
two Focii F and f, the Difference between thoſe tao Lines will le 
always the 42 

In its firſt Poſition where M is 7. — A, the Ruler upon AB 
or upon F/ it is evident that the Difference between M and 
MF, that is, Mf —MF, is AB, fince that FA=fFB; this diffe- 
rence is always the ſame in the other Poſitions. For while the 
Ruler turns about, and as the Finger moves, the Cord MF and 
the Part MF of the Ruler encreaſe their length equally. There- 
fore theſe two Quantities preſerve the ſame Difference, 

Corol. 2. AN Hyperbola may be extended or continued, ad inf. 

For if the Ruler C/ be — ad inf. and at the ſame 


P 
Time the Cord MC, making the Ruler turn, and continuing. to 


preſs the Cord as above, it will prolong the Hyperbola without 
end. It is evident that the Point M will diverge more and more 
from the Focus F, whilſt the Ruler FC is turning about. 


SCHOLIUM. 
Tus Hyperbola being prolonged and continued ad inf. as aforeſaid, 


it awill incline more and more to a certain right Line, without ever 


meeting it, "which right Line is called the Aſſymptote of the Hy- 


perbola; which is a Greek Word, ſignifying that property. 

PrOB. 4. To draw the Tangent MT, from any Point what- 
frrver of an Hyperbola. 

Ler there be two oppoſite H a's A and B. From the 
given Point M draw the Lines MF, M/, to the Focii F and f, 
and divide the Angle FM into two equal — by the Line MT; 
I ſay that it is a tangent Line. Let ME be taken equal to MF. 
Alſo from any Point whatſoever as D in the Tangent MT, let 
there be drawn the Lines DF, DVM DE. The Triangles MFN 
and MEN are equal; as alſo NDF and NDE. It is required 
to prove that the Point D which is in the Tangent MT, is not 
in the Hyperbola ; and that therefore this Tangent does neither 
touch, nor meet in D. If D were in the Hyperbola, D /-DF 


M /—-MF 1 Carollary. Now tis no: ſo; for 
ual to MF, 


ME being taken eq then MMF EV Aud ſince 
that DE is equal to DF, then DEV DF. But in the Tri- 
angle DEV, the Sides DE and E F taken. together, are longer 
than the Side D/; therefore DE exceeds DF ; then the Point O 
is not one of thoſe of the Hyperbola ; which may be ſaid of 
every other Point of the Line MT, taken either above or below 
M; therefore this Line MT can meet the Hyperbola whoſe 
Tangent it is, only in one Point M. 

CoroLLarRY. Ir the Curve AM repreſent the Section of an 
Hvperbelical Mirrour, and that CM be an incident Ray which falls 


a % 


11. — 


rn AM 
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thy concave Surface of the Mirror at che Point M, it will 
efore _ to F, and go nay f the Focus of the. 


| is 
25 12 ge DMC ivequal tothe Angle B Wee, 


; | on equal to NMEF hence E. to NMF. The An 
of — CM being then to the Angle of reflexion | 
ö FMT, the Ray CM will be ref in F to the Focus of 2 


bs > Hyperbola. Which 9 be underſtood of 
| incident Ry: r it is that te Pons F, 


2 
uy 


U are called * 
= | | Tunes Curves bave 6 other Properties, which may. Is 

Eh be ſeem in an excellent Treatiſe f Conic Sections, of the late 29 

| Marguis de L'Hoſpital. q 
| Tur Engli reader may have — the Tranution 

| ef this Work, by * STONE, F. R. S. { 1 
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ADVERTISEMENT. 


HE Method of folding together the Schemes 
contained in the following Plates, is ſo obvious 
that I apprehend but very little need be ſaid concern- 
ing it; therefore only obſerve, that if each of their 


Sides or Faces be firſt raiſed up and preſſed down flat, 


divided. [EE 
Vbdoriiy will be publiſhed an additional Plate confit- | 


| 
| 


with the Finger, according to the Direction of the © 


Lines which are cut half thro on the back fide, it will 
occaſion the Solid to form more readily. The Part 

which is ſhaded is the Baſe, or part round which the 
reſt are to be folded; except fig. 15, £late's, where 
the ſhade is miſplaced, as appears by, cutting of that 


Figure. As to thoſe Figures in Plate 9 and 10. which 


have ſome of their Lines half cut thro* on one ſide, 


and ſome. on the other, it will be proper to begin with 
folding thoſe Parts firſt which ate neareſt the Baſe, or 


part which remains fixed, obſerving when you come to 
a black Line which is cut half thro to fold it back, fo 
that the two Sides may lie cloſe together, by which 
means the ſeveral Solids which the whole is divided 
into, will cloſely adhere to cach other, each appearing 
l A which altogether will compoſe the whole 

lid itſelf, 


ing of Iwo Sides, each of the ſame fizz with thoſe n- 
tained in this Work, containing the real Inſcription of the 
five regular Solids, treated of in Euclid's fifteenth Boot, 


. each body being properly cut, from Schemes which are 
Jo adapted that they plainly exbibit the actual ah 
, Circumſcription of each, Price One 


— 


according to its real form before it was ſo  -? 
6 | SH | | a 
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